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PREFACE: 


In this treatise I have tried to present in systematic and defi- 
nite form a simple, rigorous, and thoroughly modern introduc- 
tion to the fundamental principles of electromagnetic theory, 
together with some of the simpler of their more interesting and 
important non-technical applications. The work makes no pre- 
tense to completeness, but is written for the serious student of 
physics, who will make liberal use of more detailed treatises, of 
hand-books, and of journals, as occasion demands. 

I am of course indebted to many books and memoirs. My 
obligations are especially great, as the most cursory examination 
of the book will show, to the works of Maxwell, Heaviside, and 
Poynting. I am also much indebted to Professor A. G. Webster 
for the use of a number of excellent diagrams from his treatise 
on electrical theory. 


S. J. BARNETT. 
STANFORD UNIVERSITY, CALIFORNIA 
June, 1903. 


CONTENTS. 


Cnrarrzr. Pace. 
1) GENESAL ELECTROSTATIC. (L MEONS,. 2, sctcsarcassctevecartatsceanes I 
II. IpEAL ELectric FIELDS AND CONDENSERS WITH HOMO- 
GENEQUS - DIRUECERICS tose, sserecsadnenisece cas caceetnerneciescciee 57 

Ill. STANDARD CONDENSERS. CONDENSER SYSTEMS. ELECTROM- 
ETERS os. 8isfts leche reset an eee Seerineae 122 
IV. ELectric FIELDS WITH Two OR More DIELECTRICS........ . 139 
V. REVERSIBLE THERMAL EFFECT. ELECTROSTRICTION......... 168 
VI. ELECTRIC ABSORPTION. ELECTRETS..........6 cssccececseees feeaes 176 

VII. COMPARISON OF DIELECTRIC CONSTANTS. SPECIFIC INDUC- 
TIVE CAPACITY........ Geka tress eereee Reeevuve>npentaee: Peesere Wares . 192 

VIII. THe Evecrric CONDUCTION CURRENT. INTRINSIC ELEC- 
TROMOTIVE. FORCE. sscccssssvicss stent Watery conens saudradasvensckeswer . 199 
IX. ELECTROLYTIC AND METALLIC CONDUCTION........... ceestesseen 220 
X. THERMAL AND VOLTAIC ELECTROMOTIVE FORCES............. 246 
XI. MAGNETS. MAGNETOSTATIC FIELDS..........cceceeeees eatroTr 265 

XII. THe MAGNETIC FIELD OF THE CONDUCTION CURRENT....... 286 

XIII. ELecrroMAGNETIC INDUCTION........... REPRE ET ee ee 332 

MLV ee UNiTs ANDA DIMENSIONS 6.65525 S20 soe secs crcecees econ sa ten tactoeeeee 415 

XV. CONVECTION AND DISPLACEMENT CURRENTS, THE GENERAL 

ELECTRIC CURRENT............00. ENOL A CODE ORE COOL Decne acess 424 

XVI. THE Friux oF ELECTROMAGNETIC ENERGY. ELECTRIC 

WAVES. csccscccts-cindecssececstaeatawseteaccoeeceerane tess eee a atenes 433 






¥e nae _ ¢ a = oo 
ene ris wr ae) ire) Tony 
e¢" — ete ™, os 
oc? nv oe% eiyie = ~s = satl usar 
% —dernatiet= 8 =aOSl sdeeyT  arpeseyed 
i ? sec ssrPeomA Memed 
a) wate Wigitaacay. Se ares eas 
bes il 5 ? deaf cite. AUC! er 
Cit Grainy) as me Tapes): weyeesh in 
OT Gices mie —— ihe = , pnd tet (neues 
a ») i eee) oma aang 
hs >. ae) apres Silt ,coeeat 
pve 5 a nee ee 
< mo) o@-—aee aT> em ) San 4et 
LT - - 
ie aot 
endapes Ap? 
oes : 
eU rs» 2 
sa) --< 


ey fee eu amie 









a* 


i 
¢ 


PRE 






ELEMENTS OF 
ELECTROMAGNETIC THEORY. 


CHAPTERS 
GENERAL ELECTROSTATIC THEORY. 


1. Electrification by Contact. Positive and Negative Charges. 
Let one end of an ebonite rod and a dry woolen cloth be ruhhed 
or strongly pressed together and then separated ; and let a second 
rod and cloth be treated in the same way: The rubbed part of 
each cloth will be found, on trial, to be attracted toward the 
rubbed part of each rod, while the rubbed part of each cloth will 
be repelled from the rubbed part of the other cloth, and the 
rubbed part of each rod from the rubbed part of the other rod. 

These are examples of e/ectric phenomena. The region in 
which they are manifested is called an electric field (§ 11), and 
the medium which permeates this region — air and ether in the 
above case —and through which electric influences are trans- 
mitted is called a dielectric. The parts of the ebonite and wool 
rubbed together are said to be electrified, or to possess electric 
charges. The two pieces of woolen cloth are said to have Ake 
charges, since they were similarly treated and since what is 
repelled from one is repelled from the other, and what is attracted 
toward one is attracted toward the other. Similarly, the two 
ebonite rods are said to have like charges. But the wool and the 
ebonite are said to have wxlike or opposite charges, since what is 
repelled from one is attracted toward the other. 

I 
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Like ebonite and wool, any two different substances, or por- 
tions of the same substance in different physical conditions, 
exhibit electric properties after intimate contact and separation. 
One of the bodies behaves like ebonite rubbed with wool, the 
other like the wool. 

An electric charge like that of wool after contact with ebonite 
is called a positive charge, and a charge like that of the ebonite, 
a negative charge. The terms positive and negative are justified 
by the opposite properties of the two kinds of clectrification, but 
there is no reason except convention and resulting convenience 
why the two terms should not be interchanged. 

In addition to the forces between electrified bodies, forces are 
found to exist, in general, between an electrified body and an 
insulator (§ 2) not electrified (Chapters 1V. and VI.). 


' 2. Conductors and Insulators. Electrification by Conduction. 
A rod of ebonite electrified at one end exhibits electric properties 
only at that end; while a rod of metal, held by an ebonite 
handle and electrified at one end, becomes electrified at once 
(apparently) all over its surface. Substances like the metals, by 
which an electric-charge is distributed with extreme rapidity, so 
as to come into a state of equilibrium within (usually) a small 
fraction of a second, are called electric conductors. A body 
charged by connection with an electrified body through a con- 
ductor, like the far end of the metal rod mentioned above, is said 
to:'be clectrificd by conduction, Substances like ebonite, over or 
through which an electric charge is transferred only with extreme 
slowness, are cafled electric zmsulators or non-conductors,. 

Among ordinary molecular substances perfect insulators and 
perfect conductors do not exist, no such substance completely 
and for an indefinite time preventing all transfer of electrification, 
and all offering more or less obstruction to such transfer. There 
is'every reason to believe, however, that free zther (a “ vacuum ta 
and-clean dry gases ‘containing no (electrolytically) dissociated 
molecules have the properties of a perfect insulator (Chapter IX.), 
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Among substances possessing high conductivity are the metals, 
graphite, and salt or acid solutions; among those with high in- 
sulating properties are (undissociated) gases, fused quartz (cold 
and in the solid state), ebonite, cold glass, silk, and wool. A 
substance which is an excellent insulator in one condition, how- 
ever, may in another condition have the properties of a conductor. 
Thus cold glass is an excellent insulator, but as the temperature 
is raised its insulating properties disappear. Also, under very 
great electric stress the insulating properties of all molecular 
substances break down. 

A body completely surrounded with insulators is said to be 
insulated. 

A conductor can be completely discharged by bringing it into 
contact at any ove point with the inner surface of a hollow closed 
conductor (§ 4), such as the walls of the room within which the 
experiments are performed, provided there are no (insulated) 
electrified bodies within. When connected to the walls of the 
room, or the earth, the conductor is said to be earthed. From 
an insulator the electrification can be entirely removed only by 
applying a conductor at every electrified point, ¢. g., by immers- 
ing it in a conducting gas or liquid. 


3. Electrification by Induction. An insulated conductor, when 
brought near an electrified body, z. ¢., into an electric field, itself 
becomes electrified. Examined by the methods of § 1, the 
charges of the more remote and nearer ends of the conductor are 
found to be similar and opposite, respectively, to that of the 
original electrified body. A conductor electrified in this manner 
is said to be electrified by znduction. 

If the conductor, while still insulated, is removed from the 
electric field, all signs of electrification disappear. But if, while 
still in the field, it is connected with the walls, or earthed, the 
electrification similar to that of the original charged body disap- 
pears, while the opposite electrification of the near end remains. 
If the conductor is now insulated and removed from the original 
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electric field, this charge becomes more evenly distributed over 
its surface (§ 42). In this manner any number of conductors 
may be given charges opposite to that of a given electrified body 
without, as may be proved by the method of § 5, diminishing or 
increasing the latter’s electrification. 


4-8. Experiments with Hollow Closed Conductors. Electric 
Screens. Let 4 denote an insulated hollow conductor having a 
closely fitting conducting lid, 2, with an insulating handle. Let 
A be connected with an electroscope or electrometer (Chapter 
III.), C, by means of which any change in the state of electri- 
fication of its exterior (or interior) surface may be detected ; and 
let A be kept closed except when another body is being intro- 
duced into its cavity, or removed therefrom, or its position in- 
side (or outside) altered. 

4. (1) Let the electrometer be placed outside of A. If A is 
initially unelectrified, and an insulated whelectrified conductor, D, 
is now introduced into A without touching it, the inner and outer 
surfaces of A will become electrified by induction (§ 3) with 
charges opposite and similar, respectively, to that of D. And 
the electrification of the external surfacé, as indicated by the 
electrometer, will be found to remain absolutely unaltered how- 
soever D is moved about within, even when it is brought into 
contact with A ; but JD, on being insulated after contact, and then 
removed from A’s interior, will be found completely discharged. 
This process may be repeated indefinitely, D always becoming 
completely discharged on coming into contact with the inner 
surface of A. If A is initially electrified in any manner, the phe- 
nomena will be precisely the same, except that the external 
electrification and the corresponding indication of the electrom- 
eter will be different. 

(2) Let the electrometer be placed within 4, either connected 
with 4 metallically, or insulated therefrom. In this case it will 
be found that if there are insulated charged bodics within 4, the 
electrometer will give a certain deflection; that if there are no 
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insulated electrified bodies within A, the clectrometer will give 
no deflection; and that its indication in either case will remain 
absolutely unaltered howsoever the electrification of the exterior 
of A or of external bodies is changed, even if A is connected to 
the walls of the room. 

These experiments are due to Faraday, who constructed for the 
purpose of performing (2) a closed conductor large enough to en- 
able him to make the observations while himself inside the cavity. 

An experiment similar in principle to those of Faraday, but 
less general, performed earlier by Cavendish and repeated later 
by Maxwell with all the precision of modern investigation, gave 
identical results. 

From the experiments just described it follows that, when 
there is electrical equilibrium, 

1. An electric charge cannot exist in the substance of a con- 
ductor, or on the inner surface of a hollow closed conductor 
(unless there are insulated electrified bodies within). For D, on 
being removed from A, of whose substance it formed a part, 
electrically, while in contact, was always unelectrified. 

2. An electric field (§ 11) does not cxist within the hollow 
of a closcd conductor (unless there are charges inside). For in 
(2) the electrometer was unaffected (by induction or otherwise) 
no matter what the external electrification, except when there 
were insulated charges within. 

3. The electric charges and electric fields within and without a 
hollow closed conductor are absolutely independent of one another. 
The conducting shell thus completely screens each of these re- 
gions from all static effects in the other. 

4. An electric field does not cxist within the substance of a con- 
ductor. See § 15. 


5. Equal Charges. Two electric charges of the same sign 
are, by definition, of the same magnitude if they produce the 
same effect on the electrification of the vessel 4 when intro- 
duced in succession separately. 


6 ELEMENTS OF ELECTROMAGNETIC THEORY. 


Similarly, two charges of opposite signs are, by definition, 
equal in magnitude if they produce no effect on the electrification 
of A when introduced simultaneously. 

These definitions are independent of the particular closed 
conductor A used, as two charges defined as equal by means of 
one such vessel are found to remain equal when tested in the 
same way with any other hollow closed conductor. 


6. Positive and Negative Charges are Always Developed 
Simultaneously in Equal Amounts. If two bodies electrified by 
contact are introduced into the vessel A simultaneously, the in- 
dication of the electrometer remains unaltered. 

If an electrified body is insulated within A, and if an insulated 
uncharged conductor is then introduced in addition, the latter 
becomes electrified by induction, in conformity with § 3, but the 
indication of the electrometer remains unaltered. ; 

In these cases, therefore, positive and negative charges are 
developed in equal amounts (§ 5); and in the same way it may 
be shown that this is always the case, howsoever the electrifica- 
tion is produced. 


7. The Total Quantity of Electrification is Unaltered by Con- 
duction. If the two insulated bodies of the last experiment are 
brought into contact with one another while inside the vessel 4, or 
if they are brought into contact with the inner surface of 4 itself, 
conduction occurs, but no effect on the external electrification is 
produced. From this it follows that when conduction occurs, 
the total (algebraic) amount of electrification is unaltered. 

Corollary. The charges induced on the inner and outer sur- 
Jaces of A when an electrified body ts introduced and insulated 
within, as in § 4, are cach of the same magnitude as that of the 
insulated body. For when D touches A, the charges of D and 
the inner surface of A completely disappear by conduction, since 
D on removal is unelectrified ; thus their algebraic sum is zero. 
And the (opposite) charges on the inner and outer surfaces, 
being induced, must, by § 6, be equal in magnitude. 
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8. Electric Charges of Both Kinds Measured in Terms of a 
Single Arbitrary Unit. In addition to the hollow conductor. A 
of §§ 4-7, let there be provided another similar insulated vessel 
B, sufficiently large to admit A through its opening ; and let the 
conductor D be given a certain charge (suppose positive for the 
sake of definiteness), which will be adopted as_a provisional unit. 

If now PD is brought within A and kept insulated, the outer 
surface of A will have unit positive charge. If A is. brought in- 
side B and then into contact with it, this charge will disappear, -as 
will also the charge induced on J's inner surface, leaving the 
outside of B with unit positive charge. If A is now removed 
from #’s interior and then JD from A, the negative charge in- 
duced on /’s inner surface will pass to the. outer surface and 
will disappear when A is discharged. This complete process 
may be repeated any number of times. Each time & will acquire 
an additional unit positive charge, and thus may be given a 
measured positive charge which is any integral multiple of the 
original unit. 

To give & a negative charge measured in terms of the same unit, 
the outer surface of A must be brought into contact with the 
inner surface of a hollow closed conductor after the introduction 
of D, when the positive charge will disappear from the outside, 
leaving unit negative charge upon the inner surface. When D 
is removed, this charge will pass to the outer surface of 4, and 
will be given up wholly to B when 4 is brought into contact 
with 4's interior. B will now have unit negative charge, and by 
removing A and repeating the process may be given any number 
of units negative charge desired. 

To obtain any submultiple, 1/7, of the original charge, it is 
only necessary to arrange symmetrically in contact the onginal 
conductor D and » —1 precisely similar and equal conductors, 
all other bodies, except the surrounding dielectric, supposed 
homogeneous and isotropic, being so remote as to have no appre- 
ciable effect. Then, by the principle of symmetry, AE con- 
ductor will take 1.'” of the original charge. 
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9. The Law of Coulomb. Let two small spherical insulated 
conductors which can be given any charge desired, measured in 
terms of some provisional unit by the methods of §§5 and 8, 
be so connected with a dynamometer, such as a gravity balance, 
that the force # between them can be measured as thcir charges, 
g,and q,, the distance Z betwcen their centers, and the surround- 
ing dielectric are varied. Then it is found by experiment that, 

(t) However the distance Z and the charges g, and g, are 
varied, provided all the experiments are performed in the same 
dielectric, and provided that this dielectric is homogeneous and 
isotropic and extends to a great distance on all sides of the clec- 
trified bodies, F is in the straight line joining the centers of the 
conductors; is directly proportional to the product of their 
charges, being repulsive (considered positive) when the charges 
are like and attractive (considered negative) when the charges 
are unlike, as already known from §1; and the greater Z in com- 
parison with the linear dimensions of the charged bodies, the 
more nearly inversely proportional to Z’. 

(2) In different dielectrics, with all other conditions the same, 
the force is different, and always less than in vacuo (free ather). 

The general expression for /, when the linear dimensions of 
the (not necessarily spherical) charged bodies are negligible in 
comparison with their distance apart, is therefore 


f= Ag,g, cL? (2) 


where ¢ is a constant depending on the medium in which the ex- 
periments are performed, called its permuttruty or diclectric con- 
stant, and -1 is a positive constant depending on the units in 
which g,, g., £, /, and ¢ are expressed. 

(1’) expresses Cozlomé’s law. 


The Rational Electrostatic Unit Charge. Unit Permittivity. In 
what follows, unless the contrary is stated, the centimeter will 
be used as unit length, the dyne as unit force, the permittivity 
of free zther, which will be denoted by ¢,, as unit permittivity, 
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and as unit charge the charge which each of two indefinitely 
smal] bodies must have in order that when at a distance of 1 cm. 
apart in a vacuum the force between them may be 1/47 dyne. 
This unit charge is called by its originator, Oliver Heaviside, the 
rational electrostatic unit charge, and c, is called the electrostatic 
unt permittinty. 

Methods of measuring permittivity are discussed in Chapter 
MAE: 

The conventions just made give, by the above equation, 
A = 1/47, and the equation reduces to 


F= 99,/c4nL (1) 


which, in addition to being a particular case of (1’), is a particular 
case of (2). 

The direct experimental investigation of the law of force is 
due to Coulomb, but is not capable of great precision. The law, 
as stated by Coulomb, is most satisfactorily established by the 
consideration that all experimental knowledge is in perfect accord 
with an electrical theory based largely upon the assumption that 
the laws expressed in (1) are exact.* A reason for the law of 
inverse squares and a justification of the term rational unit will 
be given in §§ 5, II., and 24. 

The dimensions of electric charge and the other electric quan- 
tities, as well as other systems of units, will be considered in 
Chapter XIV. 

For ratonal electrostatic the abbreviation RES will hereafter 
be employed. 

10. If any one of the experiments described above is repeated 
in different dielectrics, the results in all cases will be identical, 
except that, in conformity with §9, the force between two 
charged bodies will always depend on the surrounding dielec- 
tric. 


* The common deduction of the law of inverse squares from the results of the 
Cavendish experiment cannot ve accepted as valid. See The Physical Review, Sep- 


tember, 1902, p. 175. 
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11. Electric Field. Electric Intensity. — Any region in which 
an electrified body is acted upon by a mechanical force in virtue 
of its charge, or in which an uncharged conductor is charged by 
induction, is called an electric ficld. Such a field exists, for ex- 
ample, around an electrified body (§ 1), but may also exist with- 
out the presence of electrification (Chapters VI. and XIII.). 

As aresult of experiment, it may be stated that the force F 
acting upon a small charged body, or small portion of a charged 
body, at any point of an electric field is proportional to its charge 
g— provided that the distribution of electric charge (real and 
apparent, Chapter IV.) originally accompanying the electric field 
remains undisturbed by the introduction of g. Expressed in the 
form of an equation, this relation is 


F= Eq (2) 


where £ is a constant for the given point of the field called the 
clectric intensity, electric force, or voltivity at the point. 

The conditions for the rigorous proof of this relation by direct 
experiment would be impossible to realise, and the remark at the 
close of §9 with reference to the establishment of Coulomb's law 
applies without alteration to (2). 

As (2) shows, £ is not a mere number, but a physical quan- 
tity specifying the state of the field and such that its product by 
an electric charge is a mechanical force. £ is clearly a vector 
quantity, its direction being that of the force on a positively 
charged body, and its magnitude the number of dynes per unit 
charge. When gq is expressed in the RES unit charge and F in 
dynes, £& is said to be expressed in the RES untt electric inten- 
sily. 

The term electric field is often used to denote the collective in- 
tensity in a region, instead of the region itself. The direction of 
the field at any point is the direction of the intensity, and the 
strength of the field is the magnitude of the intensity. 


12. The Superposition of Electric Fields. — Experiment also 
shows that any number of electric fields (up to a certain limit, 
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when the dielectric breaks down and conduction occurs) may be 
superposed upon one another, the effect of each being indepen- 
dent of all the rest. Electric intensities, being vectors, may 
therefore be compounded like all other vectors for which the 
principle of superposition holds, the resultant intensity at any 
point being the geometric or vector sum of the component in- 
tensities. 

An electric field is wzform if its intensity is the same at every 
point. Since £ is a vector, this condition necessitates a constant 
direction as well as a constant magnitude. In most cases £ 
varies from point to point. Examples of uniform and other elec- 
tric fields, as well as of the superposition of clectric fields, will 
be given below. 


13. Electric Displacement or Induction. Electrisation. The 
physical nature of every electric quantity is at present unknown. 
Many phenomena, however, support the hypothesis that ¢ is an 
elastic permittivity (7. ¢, the reciprocal of an elastic modulus) 
and that Z£ is an elastic stress. For the sake of constructing a 
mechanical conception of the electric field we shall provisionally 
assume cand £ to be a permittivity and a stress, respectively. 
The so-called permittivity ¢ will then be the actual permittivity 
of the zther or ether entangled in matter for the (unknown) 
kind of strain concerned. 

Now, in the case of ordinary elastic substances subjected to 
slight mechanical strains we have, very approximately, the rela- 
tion (Hooke’s law): strain/stress = 1;modulus = permittivity, or 
strain = permittivity x stress. If then cis a permittivity of a cer- 
tain type and £ a stress of the corresponding type, their product 
c£ must measure the corresponding strain or displacement of the 
dielectric. 

Whether this conception is correct or not, the product cE is 
called the electric displacement (also the electric induction), and is 


denoted by D. That is 
D=ck (3) 
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E being a vector, and ¢ being the same for every direction of 
the intensity, since isotropic substances only are to be considered 
here, D is a vector with the same direction as that of £. When 
c and £ are expressed in RES units, D is said to be expressed in 
the RES unit displacement (or induction). 

A substance in which there is electric displacement is also said 
to be in a state of c/ectrisation, or to be electrised. If the dis- 
placement and permittivity are uniform throughout, the electrisa- 
tion is said to be usform. 


14. Mechanical Conception of the Electric Field. A definite 
conception of the electric field based on the assumptions made 
above will now be given. According to this conception (which 
leads to results by no means wholly consistent, however) the 
zther is the simplest possible kind of dielectric and is composed 
of two kinds of minute, incompressible, elastic cells, called 





a. No electric displacement b, Eiectric displacement 
directed to left 
Fig. 1, 
positive and negative cells, respectively, so arranged (in rows), 
Fig. 1, a, that only unlike kinds are in contact, and that no slip 
between adjacent cells is possible. 

When the zther supports an clectric field, the cells remain un- 
changed in volume, but their shapes are distorted and their centers 
of volume displaced, Fig. 1, 4, the centers of the positive cells in 
the direction of the electric intensity, and the centers of the 
negative cells in the opposite direction. The electric displace- 
ment is measured by the relative linear displacement of the 
centers of volume of the cells of a positive row with reference 
to the centers of volume of the adjacent negative rows divided 
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by the distance between two adjacent rows. The electric inten- 
sity is the force per unit area in the direction of D acting upon 
the positive cells, or the force per unit area in the opposite direc- 
tion to that of D acting upon the negative cells, in any plane 
passing through the direction of D. For small displacements, 
the displacement and intensity so measured will be proportional, 
as required by (3) in a// cases. The total mechanical force acting 
upon the whole substance within any element of volume is zero. 

From what precedes and from the nature of the distortion as 
shown in the figure, it is clear that there is a fenston in the 
zther parallel to the intensity, and a pressure in all directions 
normal to the intensity. That this deduction from our mechanical 
conception is consistent with fact is demonstrated in §§ 40-41. 

When the dielectric, instead of free zther, is a molecular sub- 
stance permeated by zthcr, the same general conception is use- 
ful. Like the zther which permeates the matter, its molecules 
may be thought of as composed each of two constituents, positive 
and negative atoms, or atomic groups, or corpuscles (Chapter 
IX.), which suffer a displacement similar and in addition to that 
of the ether cells entangled among them. However this may 
be, the. permittivity of all molecular substances yet investigated 
is greater than that of free ather. Thus, in ordinary matter a 
greater displacement than in free ather accompanies a given 
intensity. 

In perfect insulators, according to our conception, the cells 
cannot slip over one another, and thus c/astic displacement only 
can accompany electric intensity. In an imperfect insulator the 
cells can slip only with extreme slowness, and more slowly the 
more highly insulating the substance. In a conductor electric 
stress can exist only temporarily (unless an impressed electro- 
motive force, Chapter VIII., is continuously acting), and is 
always accompanied by rapid slip. That the substance of a con- 
ductor cannot support electric displacement in a static field will 
be shown in § 15. The mechanical conception of electric con- 
duction will receive further consideration later on (Chapter IX.). 
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15. Electric Displacement and Intensity Zero within a Conduc- 
tor in a Static Field. We may now restate (4), § 4, as a corol- 
lary of (3), § 4: A static field cannot exist within the substance 
of a conductor. For the fields within and without a hollow 
closed conductor are absolutely independent of one another, 
however thin the conducting shell. Hence they cannot be con- 
nected by an electric field or electrically strained medium, and 
the whole substance of a conductor, except an extremely thin 
surface layer, is without electrical significance (in a static field). 
Thus the electric intensity and displacement in the outer region 
terminate at the outer surface of the conductor, and the electric 
intensity and displacement of the inner region (if the conductor 
is hollow and encloses insulated electrified bodies) terminate at 
the inner surface. 


16. Lines and Tubes of Intensity, Displacement, etc. A line 
so drawn in an electric field as to have at every point along its 
length the direction of the electric intensity (electric force), elec- 
trisation, or displacement (induction) is called a /ine of intensity 
(force), electrisation, or displacement (induction). 

A tubular surface the elements of which consist wholly of 
lines of intensity or induction (etc.) is called a ‘¢ude of intensity 
or induction (etc.). 

The strength cf a tube of induction or displacement is defined 
in § 23. 


17. Voltage, Electromotive Force, and Difference: of Potential. 
The work done by the electric field in carrying an indefinitely 
small body with electric charge g along an element ¢Z (Fig. 2) 
of a path Z between two points P, and P, of an electric field, if 
aL makes an angle @ with the electric intensity £, is 


dW= qE cos 0aLl (4) 
and the total work done in carrying g along Z from P, to P, is 


W= 9 {Ecos 0dL (5) 
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the integral being taken from P, to P, To carry g from F, to 
P, along the same path would of course require the expenditure 
of the same amount of work against the field by an outside agent. 

In the same way the work E 
done by the field in carrying the 
body with charge g from /”, to 
P, along another path ZL’ is 


W! = q fE' cos 6’ aL’, 


If the electric field isa static Py 
field, W= W’, and therefore 





L 
f£cos OdL = f[E’ cos 6’ daL’. Fie. 2. 


For if the work done along any path Z were greater than that 
done along any other path Z’,’a positive amount of work, 
}V — IV’, would be done on the charged body by the field dur- 
ing each completion of a circuit from P, to P, along Z and back 
along L’, and yet the energy of the field would remain unaltered. 
Since this is inconsistent with the principle of the conservation 
of energy, uf E cos 6 aL is the same for every path between two 
given points in an electrostatic field. 

The line integral of the electric intensity, ff Ecos 6aL = W/q, 
along a path Z from P, to P,is called the e/cctromotive force 
(e.m.f.) or voltage along the path Z from P, to P,. When, as in 
the case just considered, this quantity is the same for every path 
from P, to P,, it is called also the difference of potential between 
P, and P,, or the fall of potential from P, to P,. 

Since a voltage is a quantity of work divided by a charge, it is 
evidently not a vector. 

When W is expressed in ergs and g in the RES unit charge, 
or when £ is expressed in the RES unit intensity, and Z in cm., 
the voltage (= W/q = fz cos 8 dL) is said to be expressed in 
the RES unit voltage. In magnitude, the voltage between two 
points is equal to the work done in carrying unit charge from 
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one point to the other along the given path, or any path if the 
voltage is a potential difference. 


18. Potential, Equipotential Surfaces. The fall of potential 
from a given point P to any point at an infinite distance from all 
electrified bodies is called the electric potential at P. 

This term is also commonly applied to the fall of potential from 
P to any point of the carth. That the two definitions are not 
identical will be shown in § 6, Chapter IJ. 

The symbol V will be used to denote the potential at a point 
P. Inconformity with this notation, the fall of potential from a 
point P, to a point P, will be wntten VY, —V,, V,,, or, where there 
is no danger of confusion, simply 

A surface which is everywhere normal to the electric intensity, 
and between any two points of which there is therefore no voltage, 
is called an cgutpotential surface, or simply an eguipotential, It is 
clear that an equipotential surface is always a closed surface or 
else (in certain ideal fields) an infinite plane. 


19. Electric Intensity in a Static Field the Space Rate of Dimi- 
nution of Potential.— For the voltage from P, to P, we have 


V.—V,= f EcosOdL = fF, dl 


by writing £, for £ cos 6, the component of electric intensity in 
the direction of dL. That is, the potential of P, exceeds that at Fe: 
by { Z, dL from P, to P,; or the diminution of potential from P, 


to P, is fi aL from P, to P,. If the two points are taken an 


infinitesimal distance @Z apart, the diminution of potential along 
dL becomes — @V, and the integral becomes simply £, dZ. Thus 


we have 
—dV=E, dal 
and therefore 


E, = —dblal (6) 


That is, the component of electric intensity in any direction is the 
space rate of diminution of the electric potential in that direction. 
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V obviously diminishes most rapidly along a line of intensity, 
and not at all along a line in an equipotential surface. 


20. Electric Field Mapped out by a System of Equipotentials. 
If a line of intensity is denoted by JX, the last equation gives 


Ly= E=— adViaN. 


From this it follows that an electric field can be completely 
mapped out by a system of equipotential surfaces so drawn that 
the voltage between successive surfaces is constant. For the 
direction of the intensity at any point is that of the normal to the 
equipotential passing through the point; and its magnitude is, 
by the above equation, proportional to the number of successive 
equipotential surfaces crossed at the point per unit length by 
this normal or line of intensity. _Maxwell’s method of drawing 
such an equipotential system is described in §§ 7, 11, 13, 14, II. 


21. Electric Flux. Let dS, Fig. 3, denote an element of area 
at any point of an electric field where the displacement is D, and 
let the angle between D and the normal NV to aS be denoted by 
@. The product of dS into 
the component of D normal 
to dS, that is, Dcos@ dS, 
is called the electric flux 
across aS. 

To obtain the electric flux, 
II, across an extended sur- 
face S, over which D may 
vary in any manner, the in- 
tegral of D cos 8 dS must 
be taken over the whole sur- Fig. 3. 
face. Thus 





ll = {Dcos dS (7) 


22. Gauss’s Theorem: The electric flux outward across any 
closed surface S so drawn as to enclose a total charge ¢ is equal 
to g. 
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The theorem will first be established for the case in which all 
space is filled up with a single homogeneous isotropic dielectric 
with permittivity c (or with any number of isotropic dielectrics all 
of which have the same permittivity c). 


N 
4 
‘ 

/ 

/ 





Fig. 4. 


Consider, first the field about a charge g concentrated at P, 
Fig. 4, any point within S, a closed surface of any shape. For 
the magnitude of the displacement, D, at any element of area 
dS, distant ZL from P, we have from (1), (2), and (3) 


D= cE = ¢e(g/47 cL?) == g/4anL’ 


In direction, D and Z are evidently radial from P (or to P if 
q is negative). 
For the flux across dS we have therefore 


a1] = D cos 6 dS = qd5S cos 0'47L? = ¢ dS' lanl’ = 9/47 - dw 


where aS’ = dS cos @ is the projection of dS normal to Z, and 
dw = aS"/L? is the elementary solid angle subtended at P by dS 
and d@S’, that is, the angle of the elementary conical tube of in- 
duction cutting out the area dS. 

If the surface is folded, so that some of the tubes cut it more 
than once, as the tube of angle dw which cuts out the arcas dS,, 
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dS,,--+, aS, in the figure, each of these tubes must obviously 
cut it an odd number of times. And since the angle dw of the 
cone is the same for all the elements dS,, dS,, etc., the magnitude 
of the flux across each will be the same, viz., g/47-dw, but the 
flux will be outward (positive) across all the elements with odd 
numbers, and inward (negative) across all the elements with even 
numbers. Thus all the elements except one, across which the 
flux is positive or outward, cut one another out in pairs, leaving 
the total flux outward through the tube equal, as for a tube of 
the same angle cutting the surface but once, to g/47 - dw. 
The outward flux across the complete surface is therefore 


N= fdll=g/4n fdw=¢ (8) 


since the whole solid angle, i, dw, subtended by any closed sur- 
face at a point within it is 47. 

This result is independent of the position of P within S; hence, 
by the principle of superposition, it must hold for charges dis- 
tributed in any manner within S, g denoting now the total (alge- 
braic) charge within. The validity of the theorem for all isotropic 
electrostatic fields will be established later (§§ 29, I. and 1, IV.). 


23. The Strength of a Tube of Induction. From (8) it fol- 
lows that the flux across every cross-section of a given tube of 
induction is the same. For by the definition of a tube there is 


Fig. 5. 


no flux across any part of its sides; and since in the space en- 
closed within the sides and two diaphragms 5S, and S,, Fig. 5, 
there is no electric charge, the flux which enters this region 
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across S, must equal that which leaves across S, Thus there 
is an analogy between the electric flux and the flux of an incom- 
pressible fluid. 

The strength of a tube of induction is defined as the magnitude 
of the flux across any diaphragm of the tube. A unit tube is a 
tube whose strength is unity. 


24. Electric Charge and Discontinuity of Electric Flux. With 
the exception of closed tubes of induction (Chapter VI.), all 
tubes in a static field emanate from positively charged bodies and 
terminate upon negatively charged bodies. To prove this state- 
ment, consider two electrified bodies (there cannot be less than 
two) alone in the field, there being no charges upon other 
bodies. If one possesses the charge + ¢, the other possesses the 
charge — g(§6). The total electric flux outward across any closed 
surface surrounding + g is g, and the total inward flux across 
any closed surface surrounding — g is 7; or the total flux across 
any closed surface separating the charge + ¢ from the charge 
— gis equal to g in magnitude, and in direction is from + ¢ 
toward —g. That is, all the tubes emanate from the body 
with charge + g and terminate upon that with charge — g, the 
total strength of all the tubes being g. 

Exactly the same mode of reasoning may be applied to a single 
tube of induction. The strength of a tube is thus equal to the 
magnitude of the positive charge at one end or to the magnitude 
of the negative charge at the other. The whole electric field 
indeed may be regarded as a single tybe of induction passing 
from one charge to the other. 

Thus the electric charge resides only where the displacement 
is discontinuous, and is measured by the amount of this discon- 
tinuity. In fact Gauss’s theorem simply states the identity of an 
electric charge and the flux from the charge, or rather the dis- 
continuity of the flux at the charge. 

Rational Units. The system of units here adopted is called 
rational for the reason that it makes the flux from a charge equal 
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to the charge numerically, as it is dimensionally, instead of to 47 
x the charge, as in the common systems, and, as a consequence, 
does away with the factor 7 except in the case of spherical or 
circular distributions, where it would naturally occur. 


25. Electric Field Mapped Out by Tubes of Induction. In the 
elementary tube 7, Fig. 6, let the diaphragms d@S,, dS,, be drawn 


aS, 


dS, 
i D, 


Fig. 6. 


at right angles to the axis of the tube. Then we have, by §23, 
D,dS, = D,dS,, whence 


D/D, = dS jas, = £/, (9) 


Thus the intensity and induction at every point along a narrow 
tube are inversely proportional to its right cross-section at the 
point. Since therefore the magnitude of the right cross-section 
of a tube at a point indicates the magnitude of the induction and 
intensity, and the direction of the tube the direction of these 
quantities, an electric field may be completely mapped out by 
drawing a system of tubes, all of the same strength, filling the 
field. Maxwell's method of drawing such a system of tubes will 
be explained in §§ 7, 11, 13-14, II. 


26. The Surface of a Conductor in a Static Field is an Equipo- 
tential Surface. For, since ina static field there is no electric 
intensity within the substance of a conductor, the voltage 
fz cos @aZ is zero along any line drawn wholly through the 
substance of a conductor and connecting any two points of its 
surface (and therefore along any other line connecting the two 
points, since the field is static). 


27. Equipotential Region. If in the region on one side of a 
given equipotential surface there is no electric charge, the elec- 
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tric induction and intensity in this region are also zero, and all 
parts of it are therefore at the same potential as that of the 
equipotential surface. For all the tubes which cross an equipo- 
tential surface cross it normally and but once; and in the region 
considered there is no electric charge with which such tubes 
could originate or terminate. Hence there are no tubes in the 
region, by Gauss’s theorem, and no voltage. 

That the space containing the substance of a conductor, or the 
space included within a hollow closed conductor, is an equipo- 
tential region, has already been established. 


28, In a Static Field a Conductor may be Replaced by a Die- 
lectric of any Permittivity. Since there is no electric field ina 
region without charge bounded by an equipotential surface 
(charged or uncharged), the substance filling this region may be 
replaced by any other substance, with its surface charged in the 
same manner as that of the substance replaced, without in any 
way affecting the clectric field. Thus it is extremely convenient 
for the purpose of solving many electric problems, to imagine 
the substance of an electrified conductor replaced by a dielectric 
of the same permittivity as that of the surrounding medium, with 
its surface coincident with that of the conductor and charged in 
the same manner. This is in order to apply the law of inverse 
squares, which can be done only when all space contains the 
same dielectric of uniform permittivity. Extensive use will be 
made of this principle in what follows and it will be generalised 
in Chapter IV. 


29. Gauss’s Theorem Valid for a Finite Region and for a Field 
Containing or Bounded by Conductors. As an immediate corollary 
of what precedes, it follows that Gauss’s theorem is valid 
throughout an infinite electric field containing a homogeneous 
isotropic dielectric and any number of conductors. And as an 
immediate corollary of this last proposition and § 4, it follows 
that the theorem is valid throughout any finite electric field 
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bounded by conductors, and throughout a finite portion of any 
electric field, provided that this finite field or portion of a field 
contains only a single homogeneous isotropic dielectric and con- 
ductors. The validity of the theorem is still further extended 
in Chapter IV. 


30. Electric Surface and Volume Density. Convergence and 
Divergence of a Vector. The electric surface density at any 
point of a charged surface is defined as the charge per unit area 
at the point, and will be denoted by o. If dS is an element of 
area at the point and aq its charge, 


o = dgjdS (10) 


The outward flux across any surface enclosing dg and no 
other electric charges is @II = dg = odS, by Gauss’s theorem 
(not yet proved for this case, since the surface encloses, in 
general, two dielectrics). Let such a surface be formed by 
a right cylinder of infinitesimal length drawn through the 





boundary of dS and closed up by two planes parallel with 
dS, one on each side, Fig. 7. The lateral area of this cylinder is 
negligible in comparison with that of the ends, so that the out- 
ward flux across the total surface is equal to the flux across the 
ends. Therefore, if D, and D, are the displacements on the two 
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sides of dS, and 6, and 6, the angles they make with the normals 
drawn from @S, 


ad Il = adS = (D, cos 6, + D, cos 6,)dS 
whence 


¢ =D, cos 8, + D, cos 0, =¢,£, cos 6, + ¢,F, cos 8, (11) 


if c, and c, denote the permittivities of the media on the two sides 
of dS. 

If the charged surface is that of a conductor in a static field, 
the displacement, D, on one side is normal to the surface, and 
on the other side is zero; so that in this case (11) becomes 


o=D=cE (12) 


which might have been written down at once from Gauss’s 
theorem, already established for this case. 

The electric volume density at any point of an electrified volume 
is defined as the charge per unit volume at the point, and will be 
denoted by p._ If dg is the charge in the element of volume ar 
at the point, 

p=dg/dr (13) 

The electric flux outward from dg through the surface of dr is 

all = dg = pdt, whence 


p = dq/dt = aI /dr = div D (14) 


The symbol div D is an abbreviation for the divergence of D, 
which is another name for dII/dz, the outward flux of the 
vector D per unit volume, or, in magnitude, the amount of 
the flux leaving unit volume through part of its surface minus 
the amount entering the same volume through the rest of its 
surface. 

If p is negative, div D is also negative, or the flux is, on the 
whole, directed info dr. To the negative of the divergence the 
term convergence is applied. It is written conv. Hence 


— p= —div D=conv D (15) 
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The convergence or divergence of any other vector is simi- 
larly defined as the inward or outward flux of the vector per 
unit volume at the given point. 

An insulator may possess both volume density and surface 
density of electrification, but the charge of a conductor in a static 
field resides, as has been already shown, on the surface only. 
This statement must not be taken too literally, however, as the ° 
molecular structure of matter makes it necessary that the dis- 
placement should terminate upon the atoms of a surface layer, 
although this layer is extremely thin. 


31. Cartesian Expression for the Divergence and Convergence 
of a Vector. The Equations of Poisson and Laplace. First we 
shall obtain the expression for the divergence of the vector D. 
Let the components of D at the point whose coordinates are ~, 
y, 2, parallel to the rectangular axes YX, Y, Z, be D,, D,, D,, 
respectively, Fig. 8. Consider the elementary parallelepiped 
whose edges are parallel to the coordinate axes and have the 
infinitesimal lengths dz, dy, 
dz, the coordinates of the 
comer nearest the origin of 
coordinates being +, y, 2. 

The flux t/o the parallel- 
epiped through the face 13 
is D, dxdsz (or the flux out 
across the face 13 is — D, 
dxdz), and that out through 
the opposite face, 57, is (D, 
+ dD,/dy dy) dzdz. Hence 
the resultant outward flux 
across the two faces parallel 
to the XZ plane is (D,+ dD, /dy dy)dxds— D,drds=dD, dy dxdydz. 

In exactly the same way the resultant outward flux across the 
two faces 26 and 35 is dD,/dx dxdydz, and that across the faces 
46 and 37, dD dz dxdyds. 





Fig. 8. 
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Hence the total flux outward from the parallelepiped is 


a1l = (dD,/dx + dD,fdy + dD ds) dxdydz 
= (dD,/dx + dD,/dy + dD,fdz) dr 
and 
p=div D=—convD=alII/dr 


16 
= dD,/dx + dD jdy + dD,'dz (16) 


Similarly, for any other vector, as £, we have 
div £ = — conv £ = dE/dx + dE£,/dy + dE /dz 


If c is constant (independent of x, y, z), we have, since D = cZ£, 


div D = dD,/dx + dD,/dy + dDydz 


(17) 
= dE/dx + dEJdy + dEjdz) =c div EB 
Equation (17) may be written 
p= div D=d/dx(cF,) + d/dy (cE,) + d/dz (cE,) (18) 
I J 


= — djdx(cdV/dx) — djdy (cdVidy) — d/dz (cd V/dz) 
If c is independent of the coordinates, this equation becomes 
p=div D= —c(d*Vida? + d*Vi/dy + d*V/ds*) — (19) 


(18) and (19) are the equations of Poisson. When p =o, the 
equations become 


d/dx(cdV/dx) + d/dy (cdV/dy) + d/dz(cdVjdz)=0 (20) 
a’ Vide + d*Vidy + a?*VidF =o (21) 
which are the equations of Laplace. 


32. The Equilibrium of Superposed Electric Fields. (1) If in 
each of any number of electric fields separately each of a given 
system of surfaces of fixed configuration is an equipotential, then 
in the electric field resulting from the geometric superposition of 
these fields each surface will remain an equipotential. For since 
in each field separately the tubes meet the surfaces normally, by 
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definition of an equipotential, the tubes in the geometrically 
obtained resultant field will also meet the surfaces normally. 

(2) That the superposition of any number of distributions of 
electric charges in or upon insulators gives a resultant distribution 
of charges in equilibrium is evident from the definition of an insu- 
lator. That the resultant field (obtained by geometrical super- 
position) connected with these charges is in equilibrium, and that 
this is the only possible resultant field in equilibrium, follows 
from §12. 

(3) If each or any of the equipotentials of (1) encloses no 
charges, then it encloses no field, and it is immaterial so far as 
the external (z. ¢., the only) field is concerned whether the sub- 
stance within this surface is an insulator or a conductor (§28). 
If the field is in equilibrium in the one case, it will be in equi- 
librium in the other. Hence we may state that if each of any 
number of electric fields surrounding or bounding a given system 
of conductors with fixed configuration is separately in equilibrium, 
then the electric field resulting from their geometric superposition 
will also be in equilibrium, and will be the only possible resultant 
field in equilibrium (z. ¢., static). The last statement is proved 
again in § 46. 


33. The Superposition of Voltages and Potentials. If the vol- 
tage from any point P to any other point /” is V, when the field 
surrounding the points is a given field 4,, V, when the field is 
A, ---, V, when the field is A,, then the voltage from Pto P 
when all the fields are superposed is 


VaVit+V,4---4¥, (22) 


For, all the integrals being taken along the same path Z (which 
may be any path from P to /”), we have, in the notation of 
§§ 17-19, 


V, = fE, cos 6, aL, V,= fE,cos6,dL,-.., V, = [Ecos 8, aL 
and V= {Ecos 0aL 
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By the principle of superposition of electric intensities 


E cos 6 = E, cos 6, + E, cos 6, + --. + £, cos 8, 
Hence 
V= fEcos 0dL = V+Vi4---+¥, 


which is identical with (22). 

If /’ is any point in the region of zero potential, Vand V,, 
V,,---, V, denote the resultant and component fotentials, re- 
spectively at P. 


34. Voltages and Charges Proportional. It is clear from §§ 32 
and 33 that when the intensity at every point, and therefore the 
voltage between every two points, of a static electric field is 
altered in any ratio, the resulting electric field will be in equi- 
librium, and the electric surface or volume density at every ele- 
ment of charged surface or volume will be altered in the same 
ratio, and vice versa. The original field has simply been super- 
posed on itself a given number of times. 


35. Capacity of an Electrical System. Permittance of a Dielec- 
tric. 8 is Proportional to c. In an electric field terminated by 
two conductors A and B& all the tubes emanate from one of the 
conductors and terminate upon the other, so that the charges of 
A and B are equal and opposite whatever their common magni- 
tude, g. This relation still holds when any number of other con- 
ductors, uncharged except by induction, are in the field, the tubes 
connecting A and # simply being rendered discontinuous at the 
surfaces of these conductors (§ 42). By the last article, if the 
voltage V,, between A and BF is altered in any ratio, ¢ will be 
altered in the same ratio, and vice versa. That is 


12 (23) 


where S is a constant, called the capacity of the system AB, or 
much better, the capacity or permittance of the dielectric bounded 
by A and B, 
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The above equation may be written 
Sm 9[¥q= [DAS | f Fat (24 


aS being the element of area of any equipotential surface (neces- 
sarily closed around one of the conductors or else extending to 
infinity), and ¢Z the element of length of any line of intensity, the 
integrals extending over the whole surface and along the whole 
length of the line, respectively. 

The term permittance is applied to S (surface integral of dis- 
placement/line integral of intensity) for the same reason for 
which the term permittivity is applied to c (displacement /intensity). 

When the charge and voltage are expressed in RES units in 
(23) and (24), S is said to be expressed in the RES unit capacity 
or permittance. The unit capacity is thus the capacity of a sys- 
tem, or dielectric, upon each of whose terminating conductors 
the charge is unity when the voltage is unity. 

Two conductors which completely bound an electric field, like 
the system ABZ, are called, with the intervening dielectric, an 
electric condenser or leyden. These terms are commonly applied, 
however, only when the conductors are near together, in which 
case the displacement may be very great, or the electric charge 
highly ‘‘condensed’’ even when the voltage 


( f EdL = 1/cf DaL) 


is small (since Z is small). The term condenser is also applied 
to a system in which xear/y all the tubes of induction pass from 
one of the conductors to the other. 

If the voltage V of a leyden is kept constant, and the permit- 
‘tivity c of its dielectric altered everywhere in a given ratio, the 
intensity £ will remain constant, but the displacement D, and 
therefore the charge g, will be altered everywhere in the same 
ratio. Hence S is proportional to ¢. 

Although a charge of one sign cannot exist without the com- 
plementary charge of opposite sign, it is sometimes convenient 
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to imagine one of the charges removed to an infinite distance, 
when the electric field within a finite distance is connected with 
only a single electrified body and conductors with induced 
charges. The intensity and potential at every point will then be 
proportional to the charge of the electrified body. 


36. Mechanical Analogue of the Relation g = SV’,. If aspring 
(analogous to the dielectric of a condenser) which obeys Hooke’s 
law and has perfect elasticity (¢ = D/# = constant) is stretched 
a distance Z (analogous to q) by a force F (analogous to V,) then 


Lam (25) 


where X (analogous to S) is a constant depending on the spring. 
A similar relation of course exists between the deformation and 
the forcive in the case of any other perfectly elastic strain. 


37. The Electrostatic Energy of a Field Bounded by Two Con- 
ductors. Energy Contained in a Tube of Displacement Between 
Two Equipotentials. The energy contained in the dielectric 
bounded by the two conductors A and £& due to its electric dis- 
placement is equal to the work done in creating the electric 
field, or the work done against the electric field in charging the 
system (provided there is no dissipation of energy in dielec- 
tric hysteresis, § 1, VI.). Let the process of charging consist in 
carrying successive elements of charge dg from B to A, or — ag 
from A to £, or both. Each time this is done A gains a charge 
+ dq and B a charge — ag, and the work done in effecting the’ 
transfer, if the charges of A and B, at the time are + g and — ¢ 
respectively, and if the corresponding voltage from A to ZB is 
Vis 


by (5). 
If S=g/V= constant, which is true except when intrinsic 
displacement (VI.) is present, (26) may be written 


dW = Vdg (26) 


aW = Vdg=1/Sgaq = SVdV 
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Hence the total work done in establishing the field, or the total 
electrostatic energy of the field, is 


W= [Vig = 1/5 | 'odg = 44/5 


> (27) 
5 f VaV =}4SV =49V 
0 

The electric field may be considered as a single tube of dis- 
placement connecting A and 8, the strength of the tube being 
g and its voltage V. The energy of this tube is then one half . 
the product of its strength by its voltage. Or the field may be 
divided up into tubes of displacement in any manner, and since 
the above result is wholly independent of the shapes of the tubes, 
the energy contained in each tube is in the same way one half of 
the product of its strength by its voltage. Also, the energy con- 
tained in the portion of any tube of strength ¢ between two equi- 
potential surfaces differing in potential by V is }¢V, whether the 
tube terminates at these surfaces or not. 

In any case, whether energy is dissipated or not, or whether 
g/V=S is constant or not, the work done in charging the con- 
denser from a neutral state to charge g, or the work done in 
changing the strength of a tube of displacement from O to g, 
and its voltage from O to JV, is 


W= Le Vdg (28) 


38. Electric Energy Density in a Dielectric. From § 37 it fol- 
lows that when D = c£ (no intrinsic electrisation present, Chapter 
VI.) the energy per unit volume at any point of an electric field is 


U=3ED = 4ck? (29) 


To prove this, consider an elementary tube, of strength dg, 
cutting two equipotential surfaces distant dZ apart, the point con- 
sidered being at the center of the element of volume @r enclosed 
by the sides of the tube and the equipotentials. If the right 
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cross-section of the tube is @S at the point, dtr =dLdS. The 
energy contained in dr 1s 


dW = ldg Edl = }DdS Edl = }ED dt = $ ck? dr 
and the energy per unit volume is 
U=dW|/drt =}tED =} cE* 


which is identical with (30). 

Without assuming the relation g/V=S=constant, or 
c = D/E=constant, or that there is no dissipation of energy, 
* we can show that the work done per unit volume in creating a 
displacement D is 


U= i "EdD (30) 


which reduces to (29) when c = D/£ = constant. 
For in the general case, § 37 (28), the work done in changing 
the strength of a tube of displacement from O to g is 


We [ Vdg=f ff EdDdlLaS = f{ [ EdDdr 
which, on differentiating with respect to 7, gives (30). 


39. Electric Tension and Pressure (Preliminary). From the 
consideration of a static electric field (such as the field of Fig. 22, 
24, or 47), in which tubes of induction stretch, in general, from 
a positively charged body to another body negatively charged; 
in which there is always a force of attraction between the op- 
positely charged bodies; and in which a small electrified body 
(if the force of gravity is eliminated) will move along a line of 
intensity ; it follows immediately that at every point of an clec- 
tric field there is a tension in the dielectric in a direction parallel 
to the intensity —the tubes of induction tending to contract in 
length indefinitely and to pull together the electrified bodies on 
which they end. 

It is clear also from the manner in which the tubes of induction 
spread out laterally as they pass from one of the bodies to the 
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other, filling all space except as the field is bounded by conduc- 
tors, that at every point in the dielectric there is a pressure per- 
pendicular in every direction to the intensity at the point. Were 
the tension along the tubes the only stress, it is clear that a// the 
tubes would contract in cross-section as well as in length and 
stretch straight across from one charge to the other; and the 
electromotive force from charge to charge along all paths not 
passing through the region occupied by these tubes would be 
zero, which is of course HAGE SI 

It is clear also that the intensity and pressure at any point are 
greater the greater the intensity and induction at the point. 
These stresses are referred to in §14, and will receive detailed 
consideration in the next two articles. 


40. Electric Tension, Method I. At any point in a dielectric in 
which (29) holds there is a tension in the direction of the in- 
tensity, with magnitude per unit area 


T=jED=}cE*=U (31) 


To prove this, consider a uniform field which is terminated at 
one end by a plane conducting plate of area A (necessarily) nor- 
mal to the electric field (III, § 2). If the plate is moved in a direc- 
tion parallel to the field an infinitesimal distance dZ, the volume 
of the dielectric under strain terminated by the plate of area A is 
increased by AdZ and the energy by dW = AdLiED, the dis- 
placement of the plate being so small that Z and D remain sen- 
sibly unaltered. This increase in energy is equal to the work 
done in moving the plate the distance dZ against the force 
normal to its surface due to the tension in the dielectric. If the 
force per unit area on the plate, which must equal the tension in 
the direction of the intensity in the dielectric, is denoted by 7, 
we have therefore 


dW = TAdL =}ED AdL; and T=1/AdW/dL = }ED, ete., 


which is identical with (31). 
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This result has been deduced for a uniform field, but since 
every field is uniform throughout an infinitesimal volume, the 
result is perfectly general. 

The best form of apparatus for investigating the electric tension 
experimentally is described in §§ 2 and 4, III. 

Electric Tension, Method II. The proposition just established 
may also be demonstrated as follows: Let dS be an element 
of the charged surface of a conductor, and let Pand Q be two 
points indefinitely near the surface, one without and the other 
within the conductor at the center of dS. Consider the sub- 
stance of the conductor replaced by a dielectric of the same per- 
mittivity as that of the surrounding medium (c), § 28. Then 
the electric intensity at Pand at Q may be resolved into two 
components, one which can be calculated from the charge upon 
aS, and the other from the rest of the charges in the field (or, as 
ordinarily expressed, one due to the charge on dS, and the other 
due to the other charges). Let the two components at P be 
denoted by &, and £,, and the resultant intensity by EZ. By 
symmetry, &, is normal to dS, and there is an equal and oppo- 
site component, — £,, at Q. Since £ and £&, are both normal 
to dS, £,, their vector difference, is also normal. Hence 


ISIE OIE 


The resultant intensity at Q, inside the surface, is zero, and 
has the components, £, normally outward, and £, normally in- 
ward (that is, — Z,). Hence 


O=£F,-—E£, 

Therefore Zi, = £,=4£ 
The charge upon the element of surface dS is odS = DdS; 
and, since the intensity at the charged clement due to odS is 
zero (being directed symmetrically toward the outside and in- 


inside), and since the intensity due to the other charges is 1 £, the 
mechanical force per unit area upon the charged surface between 


Pand Q is T = }ED = }o?/c = ete. (31) 
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Electric Tension, Method III. The same result may be ob- 
tained by still another method. As we have seen, the electric 
charge is not strictly a surface distribution, but is confined to 
a very thin surface layer. At the outer surface of the layer 


aF’ 
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the intensity and displacement, which are normal to the surface 
throughout the layer, have their full surface values E and D; at 
the inner boundary of the layer they are zero. If Zand D de- 
note also the intensity and displacement at a distance x from the 
inner boundary of the surface layer, of thickness Z (Fig. g), the 
charge within the small volume of thickness dx and cross-section 


dS is dg = dxdS divD = dx dScdE|dx 


£ being 2 function of x only. The outward force upon the por- 
tion of the conductor within this charged volume is 


@F! = Edg = dS cEdE/dxdx 
and the total force upon that part of the surface layer whose 
cross-section is dS is 
L E 
aF = far = as { cEdE|dxdr=dSc} EdE=dS}\cE* 
° 0 0 
whence the force per unit area upon the charged surface, or the 
tension in the dielectric at the surface, is 
T = dF{dS = icE* = }ED (31) 


41. Electric Pressure. Equilibrium of a Dielectric Supporting 
Electric Displacement. In a dielectric supporting an electric 
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field there is at every point, in addition to the tension 4ED in 
the direction of the intensity, a pressure normal in every direc- 
tion to this intensity and equal to 


p=}£D=T=U (32) 
To establish this proposition, consider the radial field from a 


charge upon a very small body at P, Fig. 10, and an elementary 
(conical) tube of displacement 7 cutting two (spherical) equipo- 





Fig. 10. 


tentials S, and S, a distance @Z apart, and enclosing areas dS, 
and @S, of these surfaces. Let £,, D, and £,, D, be the inten- 
sity and displacement at S, and S,, respectively. The portion Z 
of the dielectric enclosed by the sides of the tube and S, and S, 
is in equilibrium under the action of the stresses of the field. 
The force on 2 arising from the tensions is, by (31), 


4ck’dS, — hcEZdS, 


measured toward P, and must be balanced by an equal force 
directed from P. We shall assume that this equilibrating force 
arises from a pressure ~ normal everywhere to the surface of the 
tube, and shall proceed to find its value. If p, and f, are the 
values of at dS, and dS,, respectively, its average value over 
the surface of the small volume Z is approximately 


a(A, + Pr) 
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From the figure it is clear that the resultant force due to p is 
outward along the axis of the tube and equal, approximately, to 


4(A, + f,) sin 0B 


if B is the lateral area of the surface of Z. Since 


sin 86 = (aS, — dS,)/B 
very approximately, 


4(P, + P,) sin 6B=4(p, + p)(aS, — dS)) 


Z is evidently, by symmetry, in equilibrium laterally, so that 
it will be in complete equilibrium if 


Si +( A, st Pp) (dS, Bs aS)) al yc£ aS 1 hcEJdS, 
ince 
EdS, = EJS, 


the last equation may be written 
ip, + p,) (dS, — 4S) = 2 cE, Eds, ve aS) 


which becomes, when the tube 7 is made indefinitely narrow, 
and the surfaces S, and S, are brought indefinitely close together, 


p= }cE* = JED 


which is identical with (32). : 

Since the field within the element of volume is uniform when 
the element is made indefinitely small, and since this is true of 
any electric field, the result just obtained for a radial field holds 
universally. 

A method of proving (32) by direct experiment is described 
in § 3, VII. 


42. Electric Conduction and Induction. The tension in the 
direction of the intensity at every point of a dielectric supporting 
an electric field and the pressure perpendicular to this direction 
throw much light on the disappearance or transfer of electric 
charges by conduction and their development by induction. 
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Conduction. First it will be shown that this stress system will 
account for the result of § 26. Forif the surface of a-conductor 
were not an equipotential, z. ¢., if the tubes of induction did not 
meet the surface normally, there would be in the dielectric at the - 
interface a component of the intensity parallel to the surface, and 
therefore a component of the tension parallel to the surface 
and a component of the pressure perpendicular to the surface. 
Since the charges, or the ends of the tubes, can move freely along 
a conductor, the tubes would therefore contract, their ends, or 
the charges, slipping along the conductor; and since within the 
substance of the conductor the intensity, and therefore the pressure 
perpendicular to the surface, is zero, the component perpendicular 
to the interface of the pressure in the dielectric would be un- 
balanced by any pressure from within, so that the tubes would — 
be continually pushed toward and into the conductor (there to 
break up). Since these processes are inconsistent with the nature 
of a static field, there can be no component of the intensity 
parallel to the surface of the conductor. 

Consider two electrified conductors A and & with positive 
and negative charges respectively, A being the only positively 
charged body in the field; and suppose g, the charge of A, nu- 
merically greater than g’, the charge of B. Of the g unit tubes 
emanating from A, g’ terminate upon B, and g — g’ upon other 
bodies at a distance. If d and B are connected by a wire C, in 
which permanent electric stress cannot exist, the tensions along 
the tubes and pressures at right angles to them will cause the g’ 
tubes connecting A and B& to be pushed, contracting as they go, 
into the regions of no permanent stress, the conductors 4, B, 
and C, until the positive and negative ends of each tube meet 
and the tube disappears. 

The remaining g — g’/ tubes emanating from 4 will be redis- 
tributed by the system of tensions and pressures until there is 
again equilibrium, when the remaining g — g’ tubes will emanate 
normally from 4, B, and C. 
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During the process of conduction the field is not in equilib- 
rium, nor is it zero within the conductors, and the tubes are not 
normal to the surfaces of the conductors, but are inclined from 
the normal at each end in the direction of motion of that end. 
If the conductivity were perfect, the tubes would always end 
normally at the conducting surfaces and would never disappear 
in the conductors (Chapter VIII, § 9). 

The phenomena here described are only a part of the phe- 
nomena occurring during conduction, and a more complete dis- 
cussion will be given later (Chapters VIII., XII). 

Induction. Into an electric field, as that bounded by a concen- 
trated charge A and the walls of the room, let a conductor B be 
introduced. The state of strain previously existing in the space 
now occupied by # is annulled by its introduction, the tubes 
formerly crossing this space being cut in two by the conductor, and 
those sufficiently near being pushed against its surface and there 
also cut in two, until all the tubes so severed touch B normally 
and there is again equilibrium. For every tube terminating upon 
B there is therefore a tube of equal strength emanating from it. 
That is, the positive and negative charges developed by induction 
are equal, 

All the tubes severed by B may be regarded as still belonging 
to A; they are simply rendered discontinuous at the surface of 
B, where the induced charges therefore reside. 

If B is connected to the walls by a wire C, the tubes stretching 
from BZ to the walls will disappear by the process of conduction, 
described above, leaving 4 charged oppositely to A. The tubes 
between B and the walls having disappeared, more of the tubes 
from A will crowd into their places until there is again equilib- 
rium, part to end on B, part on C, and part on the walls. The 
charge on B of the opposite kind to that of A is thus increased 
by earthing B. 

Fig. 11 (from Nichols and Franklin’s Elements of Physics, 
Vol. II., §§ 165-6) illustrates the process of introducing a small 
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charged conductor &, insulated, into a nearly closed hollow con 
ductor I, §4, putting on the conducting lid, moving B about 
inside, and finally bringing B into contact with A’s inner surface. 
The distribution of the tubes here, as well as in the preceding 
cases, can be roughly predicted from the considerations that all 
the tubes meet both conductors normally and that the voltage 
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Fig. 11. 


along every line from one conductor to the other is the same. 
Since the voltage along a line of intensity is equal to the average 
value of the intensity along the line x its length, the intensity 
and the induction must be greater, or the tubes more concen- 
crated, the shorter the distances through which they stretch. 

If, instead of a conductor, an insulator of permittivity different 
from that of the dielectric in the region is introduced into the 
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field, phenomena similar in some respects are observed. This 
subject will receive consideration in Chapter IV. 


43. Electric Tension and Pressure and Forcives in the Electric 
Field. The force upon a conductor in or bounding a static field 
is due wholly to the tension in the dielectric, the force per unit 
area at any point of the surface being 7 normal to the surface. 
Since £ and JD are perpendicular to a conductor’s surface, no 
component of the force upon a conductor can be due to the elec- 
tric pressure, which is tangential to the surface and balanced in 
every direction. Inasmuch, however, as the distribution of the 
tubes, and thus the distribution of 7, over the surface of a con- 
ductor is determined by both tensions and pressures, the latter 
contribute to the force indirectly. 

The force upon a dielectric is in general due to both tensions 
and pressures. See Chapter IV., § 9. 

In Chapers II., III., I1V., VI. and VII. many examples will be 
found. 


44. The Equilibrium of a Given Field is not Altered if its 
Direction is Reversed at Every Point. For the tension parallel 
to the intensity and the pressure perpendicular to the intensity, 
at any point of the field are proportional to its square, and are 
therefore not altered by the reversal of direction. The signs of 
all charges are of course reversed with the reversal of the in- 
tensity. 


45. When the Algebraic Charge upon Each Conductor of an 
Isolated System is Zero, there is no Charge and no Field. If the 
total algebraic charge of each of a system of conductors is zero, 
and if there are no other electrified bodies, or electrets (Chapter 
VI.), or a changing magnetic flux (Chapter XIII.) anywhere, 
then there is no electric charge or displacement anywhere. For 
if the electric field were not zero, tubes of displacement would 
emanate from each conductor and terminate upon conductors of 
lower potential, since each conductor would have both positive 
and negative charges. And since the algebraic charge of each 
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conductor is zero, as many tubes as emanated from the conductor 
at highest potential would terminate upon its surface, while there 
would be no body at higher potential at which such tubes could 
originate ; and as many tubes as terminated upon the conductor 
at lowest potential would emanate from its surface, while there 
would be no body at lower potential for these tubes to terminate 
upon. Thus the supposed case is impossible, and there is no 
charge or intensity anywhere. 


46. A Single Electric Field Corresponding to Given Charges. 
If an electric field A, bounded by a system of fixed conductors 
with given total charges, or by a system of insulators with both 
charges and their distribution given, or by both, is in equilibrium, 
this is the only field satisfying the given conditions which is in 
equilibrium. For suppose that A, is a second field satisfying the 
conditions: It will be shown that A,=A,. For if A, with its 
sign reversed is superposed upon 4,, the resultant field will be 
in equilibrium, and the charge at each point of every insulator 
and the total charge of each conductor (the last statement in 
§ 32 not being assumed as known) will be zero. Hence by the 
last article there is no electric charge or displacement anywhere. 
Thus at every point D, + (— D,) =0, or A, = A,,. 


A Single Field Corresponding to Given Potentials. If an elec- 
tric field A,, bounded by a given system of conductors, the po- 
tential of each being given, or the voltage between each and 
all the rest, is in equilibrium, this is the only equilibrium field 
satisfying the given conditions. For let A,, another field, sup- 
posedly, satisfying the conditions be superposed upon 4, with its 
sign reversed. In the resultant field the potential of each con- 
ductor, or the voltage between each and all the rest, is zero, by 
the last article. Hence the intensity is zero everywhere, and 
A = A. 


47. Equipotential Replaced by Infinitely Thin Conductor of 
Same Shape. In any electric field any equipotential surface 


GENERAL ELECTROSTATIC THEORY. 43 


S (always closed or else an infinite plane) can be replaced by an 
infinitely thin conducting sheet S’ without disturbing the electric 
field on either side. For all the tubes which before the substi- 
tution crossed S normally, after the substitution terminate nor- 
mally on one side of S’ and emanate normally from the other 
side (induced charges being developed). But since S’ is coinci- 
dent with S, this necessitates no change in the direction or posi- 
tion of any tube, and the substitution therefore leaves the field 
in undisturbed equilibrium, the tensions and pressures remaining 
precisely the same as before the substitution. This result is 
also a corollary of the next article. 

Definition of Electric Images. The two charges, or systems 
of charges, in the regions on opposite sides of S’ (but not in- 
cluding the charges upon S’) are called the electric tmages of one 
another in the surface S’. 

Since the conducting sheet S’ renders the fields on its opposite 
sides absolutely independent of one another, either field may be 
destroyed or modified in any manner without affecting the other. 
If we are concerned with only one of these fields, the substance 
of the conductor whose surface S’ coincides with S may be ex- 
tended in any manner into the region (previously) occupied by 
the other field. 


48, Additional Propositions Fundamental to the Method of Elec- 
tric Images. If the potential of a surface S and the charges on 
one side of S (closed or an infinite plane, being an equipotential) 
are given, the electric field on this side is fixed independently of 
the way in which the surface is kept at the given potential. For 
suppose that two fields 4, and A, satisfy the conditions. If A, 
with its direction everywhere reversed is superposed upon A,, S 
will be at zero potential, and there will be no electric charge on 
the side of S considered. Hence there is no field on this side, 
and A, = A,. 

Similarly, if the position of an equipotential surface S is given, 
together with the flux across it and the charges on one side of it, 
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the field on this side is fixed and independent of the way in which 
S is kept equipotential and of the way in which the flux across 
it is kept of the given magnitude. For suppose that two fields 
A, and A, satisfy the conditions. If — A, is superposed upon 
A,, the surface S will still be an equipotential, the flux across it 
will be algebraically zero, and there will be no charge on the 
side of S considered. Hence not only the total flux across S is 
zero, but the flux across every part of S, and there is no field on 
the side of S considered. Thus, as before, 4, = A). 

In the above two cases, if the given charges are upon con- 
ductors, only the total charges need be given; but if the 
charges are upon insulators, the distribution as well as the mag- 
nitude of each charge must be given. 


49. The Electrostatic Energy of an Electric Field Surrounding 
any Number of Conductors. We shall now proceed to find the 
energy of an electric field containing any number of conductors, 
A,, A., -::, A,, with any charges 4,, 9,,°-+,9,, and at any po- 
tentials V,, V,, ---, V.; V, and V, being the highest and lowest 
potentials, respectively. For the sake of keeping the field 
within finite limits and eliminating the field of the earth, let all 
the conductors A,, A,, etc., be enclosed within a hollow closed 
conductor 4_,, such as the walls of a room, at potential V.. This 
limitation will be removed later for ideal cases. Some of the 
conductors will, in general, be at higher, and some at lower po- 
tentials than V. Let the field be divided into regions of higher 
and lower potential than V, (by equipotential surfaces of poten- 
tial V7). 

Consider first the conductors A,, A, ---, in a region above V, 
in potential. On A,, the conductor at highest potential in the 
region, no tubes terminate, and from it g, tubes emanate, some 
terminating on A, and others cutting the part of the equipotential 
lV’ separating the region under consideration from the neighbor- 
ing region at lower potential. Some of the ¢g, tubes are discon- 
tinuous at the surfaces of the conductors A, 4, etc., in the region 


GENERAL .ELECTROSTATIC THEORY. 45 


(the discontinuities corresponding to induced charges), but all 
finally reach the boundary, at potential V,, of the region. The 
voltage along every tube from A, to the boundary of the region 
is therefore V,—V,. The energy contributed to the region by the 
tubes emanating from A, is thus 4¢,(V,— V.). Since A, pos- 
sesses a charge g., 7, unit tubes emanate from 4, (in addition to 
the tubes from A,, which both terminate upon and emanate from 
A,, and have already been considered), and all finally reach the 
boundary of the region at potential V.. The energy contributed 
to the region by the g, unit tubes from A, is thus 4¢,(V,— V,); 
and so on for the other conductors in the region. 

Consider now a region of lower potential than V, containing 
conductors -- -, A, A,, A, 4, being the conductor at lowest poten- 
tial in the region. No tubes emanate from A, and the g, unit 
tubes terminating upon it all come from, some through, the 
boundary of the region at potential V., though some are discon- 
tinuous (induced charges) at the surfaces of A, and the other con- 
ductors, at higher potentials than V,, in the region. The voltage 
of each of these tubes from the boundary to 4, is thus V, — V, 
and since the total strength of all the tubes is — ¢ (¢ being nega- 
tive since V, is less than V.), the energy contributed to the region 
by the tubes of A, is }7,(V,— V,). The energy contributed by 
the g, tubes belonging to A, is likewise }9,(V,— V,); and so 
on for the other conductors of this region, and for other regions. 

Summing up these expressions for the whole electric field 
within 4,, we have for the total energy within 4, 


W=49(4,—V)+4¢(V,—V)+--: 
faa) = te a) (33) 


If A, is connected to the earth, and if we define the potential 
of the earth as zero potential, (33) becomes 


W=}2d9V (332) 


If we suppose 4, removed to infinity, if we suppose the x con- 
ductors to be the only electrified bodies in space, and if we define 
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the potential of 4,, in a region infinitely remote from all electrified 
bodies, as zero potential, (3 3@) will give the total electrical energy 
in space surrounding this ideal system. 


50-56. A System of Conductors 4,, 4,, ---, A, Surrounded by a 
Closed Conductor A. The voltage from any conductor of the 
system, such as A,, to A, will be denoted by V with the proper sub- 
script, as V,, and its charge by g with the same subscript, as g,. 


50. Voltages in Terms of Charges and Charges in Terms of Volt- 
ages. The voltage V, from any one A, of the system of con- 
ductors to A, is a linear function of the charges of all the con- 
ductors. For, by §§ 34, 35, V, is proportional to the charge of 
any one conductor of the system 4,, A,, ---, A, when all the 
rest are insulated without charge (except induced charges), and 
therefore, by § 33, when all the conductors are charged the ex- 
pression for V,, consists of a series of terms each proportional to 
the charge of one conductor. Hence 


V. = Pu + P29. + mit Pind, (1) 
Va= Pudi + PaGe ++ °> + Pan (2) 

(34) 
Ve = Padi + ParPa + °° + Pann (7) 


The coefficients of the charges, viz., ~,,, ~,, etc., are called 
voltage coefficients, or coefficients of potential. Each has two sub- 
scripts, the first identical with that of the conductor in the ex- 
pression for the voltage from which to A, it occurs, the ‘second 
identical with that of the conductor to whose charge the coef- 
ficient belongs, and denotes the ratio of the voltage to 4, from 
the conductor with the first subscript to the charge of the con- 
ductor with the second subscript when all the conductors except 
that with the second subscript are insulated without (algebraic) 
charge. Thus for example, 


i= V19, 


when'¢,, Ys °""; 9.) are ero mm (44) (a): 
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By solving the x equations (34), each of the charges may be 
expressed as a linear function of all the voltages. Thus 


QS Vi +5,V,4+-°-+5,V, (1) 
Ig Su V, + 54 V, 4+ -°- + 5,,V, (2) 

(35) 
Gums VPS, gat oes, (2) 


the s’s being functions of the 7’s. 

Each s has two subscripts and denotes the ratio of the charge 
upon the conductor with the first subscript to the voltage to 4, 
from the conductor with the second subscript when the voltage 
to A, from each of all the conductors except that with the second 
subscript is zero (all the conductors except that with the second 
subscript connected metallically with A_). 

Those coefficients with the two subscripts equal are called 
coefficients of capacity, while those with the subscripts unequal 
are called coeffictents of induction, 

The f’s and s’s are functions only of the configuration of the 
conductors and of the dielectric constant of the medium in which 
the system is placed. 


51. The Coefficients. Any two coefficients of potential with 
the same subscripts in different order are identical. That is 


Pu = Pu (36) 


To prove this relation, let all the conductors of the system 
A, --- A, except A, and A, remain insulated and uncharged (alge- 
braically). The energy of the dielectric within A, when A, and 
A, have the charges ¢, and q, will be independent of the manner 
in which the field is established. The energy obtained by 
charging A, first and then A, may therefore be equated to that 
obtained by charging 4, first and then A,. Denoting the energy 
in the first case by W, and that in the second case by IV,, we 
have 
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Va G1 
Wi = i; V.a9,[¢,= 0] + i Vag[o,=%] 


% um 
. if PrrVn89, + fi (Panda + PuV@%i = FP andr 
: ; + PyAT + buf 
=W,= f Vaq,(9,=°] LE Hi V29, [7 = 71] 


a VT 
— : PA PY, + i (Pdi t+ ParPr@n = itr 
+ Prdati + 3 PanZs 
from which (36) immediately follows. 

If moreover the expressions in 7’s for any two coefficients of 
capacity with the same subscripts in opposite order, e. g., 5,, and 
S,, are examined, it will be found that they differ only in having 
such coefficients of potential as ~,, and p, interchanged. But 
Pu = Pus hence 


a (37) 


With the aid of (34) and (35) these results may be interpreted 
as follows : 

(36) The voltage to 4, from any conductor A, when A, has a 
given charge g and all the other conductors of the system 
A,-+-A,, including A,, are insulated without algebraic charge, 
is equal to the voltage from A, to A, when A, has the same 
charge ¢ and all the other conductors, including A,, are without 
charge. 

(37) The charge upon any conductor A, when the voltage 
from any other conductor A, to A, is V, and the voltage to 4, 
from each of all the other conductors, including <A,, is zero (all 
the conductors except A, connected metallically to 4,), is equal 
to the charge upon 4, when the voltage from A, to 4, is V, and 
the voltage to A, from each of all the other conductors, includ- 
ing 4,, is zero (all the conductors except A, connected to 4,). 

The coefficients of voltage are all positive. For if one con- 
ductor has a positive charge, a// the rest being uncharged (alge- 
braically), lines of intensity emanate from it and pass to 4,, some 
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of them crossing (discontinuously) the other conductors as they 
go. Thus lines pass from each conductor to d,. Hence the 
voltage from any conductor to A, is greater than zero, or posi- 
tive, and the coefficients of voltage are therefore positive 
( (34) ff). 

The coefficients of capacity are all positive, and the coefficients 
of induction are all negative. For if any conductor is so charged 
that the voltage from it to 4, is positive, while the voltage to 4, 
from each of all the rest is zero (the conductors connected to 4,), 
lines of intensity pass from this conductor to all the others. 
Hence its charge is positive, and the charges of all the rest are 
negative. Hence the coefficients of capacity are all positive, and 
the coefficients of induction are all negative ( (35) ff). 

The coefficient of capacity of any conductor A, is numerically 
equal to, or greater than, the sum of all the coefficients of in- 
duction (with 4 as first subscript) between A, and the other con- 
ductors. For when A, is insulated and charged, and the voltage 
to A, from each of all the other conductors (connected to 4,) is 
zero, the number of unit tubes ending on the other conductors 
cannot be greater than the number emanating from A, (since all 
emanate from 4,), and can equal this number only when 4A, is 
completely surrounded by one or more of the other conductors 
(of the system A,, A,,---, A.) as it is surrounded by A, (or 
when A, is removed to infinity and the other conductors are the 
only two charged bodies in space). 

When the dielectric is homogeneous and isotropic throughout, 
the coefficients of induction and capacity are proportional, and 
the voltage coefficients inversely proportional, to its permittivity. 

Every voltage coefficient with its subscripts equal, as ,,, is 
diminished, and every coefficient of capacity, as s,,, is increased, 
by the introduction of another conductor into the field. For V,, 
the voltage from A, to 4, is equal to i £,aL along any path 
from A, to A,; and when another conductor is introduced, 
whether it is insulated or connected to 4, tubes of displacement 
are pushed toward and into this conductor, making the field less 
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intense, and il E,dL \ess, along some paths not passing through 
the new conductor (and therefore along all paths). Hence, 
while g, remains unaltered, V, is diminished by the introduction 
of the new conductor. When 4, is insulated with charge g,, and 
all the other conductors are insulated without algebraic charge, 
Pua = V,/¢,, and is therefore diminished by the introduction of 
the new conductor. When 4, is insulated with charge g, and 
the voltage to A, from each of all the other conductors (con- 
nected to A) is zero, 5,,=9,/V, and is therefore increased by 
the introduction of the new conductor. 

It is easy to see that the effect in question is greater in each 
case the nearer the new conductor is brought to the conductor 
whose coefficients are under consideration, and, in general, the 
greater its volume (space included within its exterior surface, if 
hollow). 

Similar and opposite effects, respectively, are produced by in- 
troducing into a part of the field a dielectric of greater or less 
permittivity than that of the rest of the dielectric within A.,, as 
will be apparent after reading Chapter IV. 


52. Additional Expressions for the Electric Energy. The 
energy of the electric field within 4, surrounding the system of 


conductors 4,, A,, --- , A, (§49) can also be expressed as a 
quadratic function of all the charges ¢,,---,9¢,, or of all the 
voltages V,,---, V.. For by (30) and (35) 


W i= 3 29V= uly + $5, VP + es 5aViV;, 


/ 
8 
Fish itact cats ahaha. me 
and by (30) and (34) 
et ZqQV = 3PM + bnIs + °° + Pi2%%o (39) 


+ Pis:9s + ° ++ + P9295 + *- 


W, denoting the energy expressed in terms of the voltages, and 
W the energy expressed in terms of the charges. 
By partial differentiation we find that 
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aW, /dV,=s,V, Easy gt Geet SY, 
= 9,, 2W,/dV,= 9, etc, and 


dW, /dq, =P + Aids ++ t+ Pi9. = V,,aW /dq, = V,, etc. (41) 


(40) 


53. 2Vq’ ot zV’q. Let Fi» Viv Vp» V,, sot Wy ie and q's Vv", 
qx), Vi,-++,9,', V,’ denote the charges and voltages to A, for 
two static fields surrounding the system of conductors A,, - 
A, within A,. Then 


2Vq' = zV'¢ (42) 
For 2Vq' = Vg + Vg, + --- + Vig,'. Whence, by (34), 
Vig! = Pudi + Pudi +++ + Pada’ 
Vis! = Pu%ifa + Pada + -+- + Panes! 
Vila = PaQiIn + Palle FH Pela. 
and EVq! m Vig, + Vigg t+ 0 + VG, = EV"q 
by adding up in vertical columns the corresponding terms. 


54. Change in Energy when Charges and Voltages are Altered. 
If the charges and voltages to A, of the given system of con- 
ductors are changed from one set of values ¢,, V,, ¢,, V,, etc., to 
another set ¢,’, V;’,9,’, V,’, etc., the increase in the energy of the 


field is W! —W= }(2q'V'— 2¢V) (43) 


This equation may be put in two other forms, sometimes con- 
venient, by (42). Thus 


h(dg’ V'— SGV) = h(2q'V'— UqV'+ 2q'V— ZV) 


=42(7 —9XV'+V) (44) 
= }(29'V'+ Ze’ — 297 V— ZqV) 
= 429 + 9)(V'—V). (45) 


55. Electric Energy, Mechanical Energy, and Change of Con- 
figuration. From §53 it follows that if the system of conductors 
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A,, A,,--, A, suffers a certain change of configuration, the 
charges 9,, 7 etc., remaining constant, and the voltages to 4, 
therefore changing from V, V,, etc., to V,’, V,/, etc., the energy, 
W, lost by the electric field minus the energy, W', gatned by the 
field when the same change of configuration occurs with voltages 
V,, V,, etc., constant, and charges therefore changing from 4,, 9, 
tC t017, 17, .etc., 19 Cqualto 


W—W! = 32q(V—V') — 329 — 9) 
= 42(9 — 9) (V’—-V) (46) 


For in the first case, after the change of configuration, the 
charges ¢,, 9,, etc., correspond to the voltages V7’, V,’, etc.; and 
in the second case, after the same change of configuration, the 
charges q,', 9,', etc., correspond to the voltages V, V, etc. 
Hence by (42) 

2gV = Xq' V' 


Substituting 2¢’V’ for ZgV in the first term of the central 
member of (46), we obtain }(29’V'’— 2¢V'+ ZqV — Sq'V), 
which, on being factored, becomes identical with the last member 
of (46). 

If the energy dissipated in heat during the change of con. 
figuration (owing to electric resistance (VIII.)) and that radiated 
away (both of which are, or may be made, exceedingly small) 
are neglected, the system gains in the first case an amount of 
mechanical energy equal to W, the loss of electric energy. If 
now, after the change of configuration, the voltages to A, are 
brought back to their initial values by means of batteries (or other 
agents possessing intrinsic e.m.f.s (VIII.)), the state of the system 
will be the same as after the change of configuration in the second 
case above, and the electrical energy will surpass the initial 
energy by the amount W’’. The energy IV’ supplied to the 
system by the batteries is equal to the sum of the increases in 
mechanical and electrical energy, or 


Ww" =W+W! 
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But W' = W—}42(9' —¢)(V'—V) 
hence W" =2W—}2(9'—g)(V'—V) (47) 


If the change of configuration is infinitesimal, W, W’,and W’ 
are infinitesimals of the first order, and } 2(¢ —g)(V'—V) 
an infinitesimal of the second order. Hence, putting W= 
—dW and W’ = dW,,and neglecting W—W’ = —dW,—dW, 
= }42(¢'—9)(V'’—V), we have 


— dW = dW, (48) 
and W" = — 2dW, = 2dW, (49) 


That is, during any infinitesimal change of configuration the 
decrease in the electric energy of the system when the charges 
are kept constant is equal to the increase when the voltages to 
A, are kept constant; and the energy supplied by the batteries, 
or other sources of electric energy, in the latter case is equal to 
twice the increase of electric energy — one half going to increase 
the mechanical energy of the system. 

The principle developed in this article will be applied exten- 
sively in what follows to find the forcive upon a given conductor 
A in the field. 

Thus suppose the forcive upon A to consist of a force F in the 
direction OX of increase of the coordinate x of a point of A. 
Let the configuration of all the other conductors remain fixed 
while A is displaced in the direction OX a distance dx. Then 


or F= — dW |dx= dW, |dx (50) 


In the same way, if the forcive consists in a torque 7 in the 
direction of an increase of an angle 6, 


T = — dW, /d0 = dW,/d0 (51) 


56. The Discharge by Successive Contacts with 4, of two Con- 
ductors, 4, and A,, of the System. Let all the other conductors 
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within A, be kept permanently connected with A,, thus becoming 
permanent parts of A, Then we have at all times, by (37) and 


(35), = 5, V+ 52%, 
q,= Sat ot sale 
Initially, let A, be insulated, with voltage V to A, and with 
charge g, and let A, be connected to A,. In this state we have 
from the above equations 
M1 = VHS V 
192 = 5,V = (5,./5,,)7 
the first subscript of g, and 7, denoting the number of times the 
conductor with the second subscript has been connected to A,. 


Next let A, be insulated, and let A, be then connected to A,. 
After this operation 


ifs (S13 /5y)9 
191 = S22 = (Sq? /5i15e2)9- 
Next let A, be insulated and A, then connected to A,. Then 


M1 = (52/5 1522)9 
M2 = (Sir / 51250): 
Then let A, be insulated, and let A, be connected to 4,. In 
this state 
43 = (S12°/5u'522)9 
1 = (St2'/ 51512 )7 
and so on for any number of contacts. 
Thus each time either conductor is connected to A, its charge 
is diminished in the ratio s,,*/s,,5,. After » contacts the charge 


of A, is . 
afi = (52 /S15m2)"7 (52) 
If after the xth contact A, is insulated and A, connected to A, 
the voltage from A, to A, is 


A= p (510° /5i1599)"9 = (5,0 / 51502)” 7 (53) 
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When s,, is nearly equal to s,, and s,, which is the case when 
the two conductors are parallel and close together, especially 
when the dielectric constant of the medium between them is 
larger than that of the rest of the dielectric within A,, the charge 
diminishes very slowly with the increase of 2. 


57. Electric Surface Density and Surface Curvature of Con- 
ductors. The electric surface density upon any isolated electri- 
fied conductor is, in general, greater at any point of the surface 
the greater the curvature at the point. For it is obvious that 
the equipotential surfaces drawn about any such conductor ap- 
proach more and more nearly the form of spheres about the 
conductor’s “center of charge’’ as their distances from the con- 
ductor increase. That is, at great distances the field is prac- 
tically radial, and tubes of equal strength have equal cross-sec- 
tions. If now tubes of equal strength are followed backward 
toward the conductor, they become narrower; and those which 
emanate from the more highly curved portions of the sur- 
face become narrower more rapidly than those which emanate 
from less highly curved portions, since the lines bounding 
each tube emanate normally from the conductor. Thus the 
area from which a tube of given strength starts is smaller, or 
the electric surface density upon it greater, the more highly the 
surface is curved (convex outward) at the point. 

In the same manner the density is smaller the more concave 
the surface. 

At a sharp edge or point the density is very great. If the 
edge or point were really sharp, the density there would, of 
course, be infinite, as tubes would emanate from bases of no 
dimensions. 

Where two parts of a conducting surface make with one an- 
other a reéntrant angle the surface density vanishes, since any 
displacement there would be perpendicular to both parts of the 
surface, which is impossible. 

In addition to the curvature at the given point, the curvature 
of the neighboring parts of the surface is of importance in deter- 
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mining the density. Thus the density would be small on a 
‘‘point ”’ on the inside of a vessel nearly closed, and it might be 
great in a small cavity in a highly convex portion of the outer 
surface. , 

If the conductor is not isolated, the effects here described will 
be rendered more or less conspicuous according to the signs, 
magnitudes, and distributions of the charges on neighboring 
bodies. 

In the following chapter many examples illustrating the prin- 
ciple of this article will be found. 

58. The Capacity of a Conductor is a very commonly used 
and convenient, but otherwise objectionable, abbreviation for the 
permittance of the dielectric (supposed homogeneous and iso- 
tropic) enclosed between the conductor and an infinitely remote 
surrounding conductor when no other conductors or electrified 
bodies are present. 


CHAPTERS 1. 


SIMPLE IDEAL ELECTRIC FIELDS AND CONDENSERS WITH 
HOMOGENEOUS DIELECTRICS. 


In the following articles describing various electric fields all 
more or less ideal, the dielectric is supposed to be homogeneous 
and isotropic throughout, and the electrified bodies in each case 
are supposed to be infinitely remote from all other electrified 
bodies, unless the contrary is stated. The potential at a point 
will be taken in this chapter and in Chapter IV. as the line inte- 
gral of the electric intensity from the point to a region infinitely 
distant from all electrified bodies. 


1. The Spherically Radial Electric Field. Let an electric 
charge g be concentrated at a point P. The field can be found 
at once from (1) and (2), Chapter I., or from Gauss’s theorem 
and the principle of symmetry. By symmetry, the electric dis- 
placement is directed radially from P(or to P if g is negative) 
and has the same magnitude at every point of any sphere with 
center at P. All such spheres are evidently equipotential sur- 
faces. Since the electric flux across any of these equipotentials 
is g, the flux per unit area across a sphere of radius Z, or the 
electric displacement at a distance Z from P, is 


D=gfanrl’ (1) 
from which 
E=q [canL? (2) 


From (2), the potential at a point distant Z from P is 


Vm { Edb=g|c4n PL La lcanl (3) 
L L 
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the integration being performed along a line of intensity for sim- 
plicity. 

Maxwell’s plane diagram of the field is given in Fig. 14 and 
described in § 7. 


2. The Spherical Condenser. If in the radial field of §1 infi- 
nitely thin conducting sheets are placed coincident with two 
equipotential spheres of radii Z, and L, = L, +d, the electric 
field will remain unaltered, except that it will be rendered dis- 
continuous at the surfaces of the conducting sheet (§ 47, 
Chapter I.). The charge upon the outer surface of the inner 
sphere is now g, and that upon the inner surface of the outer 
sphere is —g, the two surfaces with the intervening dielec- 
tric forming a condenser whose field is radial and given by (1) 
and (2). 

The charge q at the center of the spheres is the electric image 
in the inner sphere of the charge on the inner surface of the outer 
sphere and all external charges; or, if one of the conducting 
sheets is removed, q is the electric image in the remaining sphere 
of the complementary charges at an infinite distance (on the in- 
finite sphere at zero potential surrounding g). The conducting 
substance may be extended into the regions within the inner 
sphere and without the outer sphere in any manner, or the fields 
in these regions may be wholly destroyed, without affecting the 
field of the condenser. 

For the voltage between the two conductors (2) gives 


Ly 
ie ii Ed = q/4me-(1]L,—1/L,) = ¢d/4ncL,L, (4) 
The capacity of the condenser is 
S=9/(V,— VY) = 4reL,L,/d = ancl? /d-(1 + a/L,) (5) 
and the capacity per unit area of the inner sphere is 


S! = SlamL? = c/d-(1 + d/L,) (6) 
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The energy contained in the dielectric, or the energy of the 
condenser, is 


W = ho V, — V,) = 9'd/8mcL (1 + d/L,) =4S(V, — V, 
= ancl /d-(1 + a/L)-(4—v, 9 7 


Limiting Cases. (1) The parallel plate condenser. If d is 
kept constant, and Z made to increase, the electric field normal 
to a given portion of the inner or outer sphere obviously ap- 
proaches uniformity. When Z becomes infinite, any finite por- 
tion of the condenser becomes a parallel plate condenser (§ 12) 
of capacity per unit area S’ =c/d. In any case when d/Z is 
small, the field is approximately. uniform (in magnitude) and the 
capacity per unit area approximately c/d. This field is fully 
discussed in § 12. 

(2) The isolated sphere. If ZL, is made infinite while Z re- 
mains constant, (4), (5), (6), and (7) become 


V, = 9] ancl, (8) 
S,=9/V, = 4reL, (9) 
S/=c/L, (10) 


and 
W,=4hqV, = 9 [8mrcLl, =4S, V2 = arcLl,V} (11) 


The coefficients of potential and capacity for the system of 
two spheres can be easily found from the equations of § 50, I., 
together with those just developed. Thus 
Su=9/V, (when VY; =0)=S 

Pu=Y,/% (9, = 0) = 1/4mel, 
$= 9,/V,(when VY, = 0) =—S=—5, 
Py = V.19, (7, =0)= 1/4mcL, 
Syq = 9,/ V, (when V, = 0)=S + S,(= 4mcl,)=S,, + 1/Pr5 
Pa=V,/9, (9, = 0) = 1/4mcLl, = py 


(12) 
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3. Laplace's Equation for the Spherically Radial Field. As 
an example of the use of Laplace’s equation we will determine 
V,— V, by a different method. Since the field is radial, the 
equation may, with the aid of Fig. 12, be put in a much simpler 
form than that of (21), Chapter I. The simplified form could be 
obtained from (21), Chapter I., by a mathematical transformation, 
the proper conditions being put in, but can be developed more 
simply by starting from first principles. ’ 





Fig. 12. 


The electric flux into the elementary volume dr across the 
surface dS is DdS. The flux out from the volume across dS’ is 
(D + dD/dL-dL)dS', and there is no flux across any other part 
of the tube. Hence the resultant flux outward is 


IDXdS’ — dS) + dD/aL-dLdS = pdLdS = pdt = 0 


Dividing this equation by dS, writing for dS’/dS its equal 
(L + aL)'/L’, and passing to the limit, we obtain, on putting 
D=cE equal to —cadV/dL, 


2dV/dL + Ld*V/dl? =o (13) 


which is the form taken by Laplace’s equation for a radial field. 
From (13) we obtain by integration 


L’dViaL = C,, or dV[dhL = C,/L? (2) 
where C, is a constant to be determined, and 


V=C, fal/D (6) 
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Integrating from L= 7, to L=L,, we have 


eal ac OR GU igs aS (6) 
Since when L=L,, dV’/dL = — ac, (a) gives 
p= —oL'/e (2) 


Hence (c) becomes 
V, az V, ae cL ic: (1/Z, we 1/L,) = g/4me -(1/L, Ege 1/Z,) (¢) 


which is identical with (4). 

The potential at any point distant Z, greater than Z, and less 
than Z, (the field being confined within the space between the 
spheres of radii Z, and L,) from P is 


L 
Vien Gal dL|L? (14) 
1 


4. The Potential at a Point Due to Any Electric Distribution in 
a Homogeneous Isotropic Dielectric. For the potential at a point 
distant Z,, L,,---, 2, from point charges g,, 7,,---, 7,, respec- 
tively, § 33, Chapter I., gives, by means of (3), 


V= t/eqm-(9,/Z, + 9/L,+ ---+9,/L,) = ieqmr Xg/L (15) 


If the charges, instead of being concentrated at points, which, 
to be exact, is of course impossible, are distributed over surfaces 
and through volumes, (15) becomes 


V = /cam fdg/L = 1 /eam( fodS|L + fear/L) (16) 


the first integration extending over all electrified surfaces, and 
the second throughout all electrified volumes. 

While (15) and (16) have been deduced for a space filled up 
with a single dielectric, they are also true, by § 28, Chapter I., 
when the field contains any number of conductors. The equa- 
tions will be extended later to include all cases (IV.). 


5. The Law of Inverse Squares. A consideration of equations 
(1) and (2) shows that the law of inverse squares, which they 
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state in its simplest form, is due to the continuity of the electric 
displacement (or the ‘‘incompressibility of electricity’’), the flux 
from a charge g being g across every surface surrounding the 
charge, and to the spherical or three-dimensional nature of space, 
the flux from a point charge being distributed equally in all direc- 
tions (when the medium is homogeneous and isotropic, in which 
case only the law is valid). 


6. The Normal Electric Field and the Potential of the Earth. 
Numerous investigations upon the electrical state of the earth’s 
atmosphere, made at altitudes above its surface ranging from 
nothing up to 4000 meters, have shown that the atmosphere is 
the seat of an electric field whose intensity, in normal conditions, 
is directed toward the earth. 

In good weather, the magnitude of this intensity at the earth’s 
surface ranges from about 0.00005 RES unit (about 50 volts/ 
meter) to about 0.00040 RES unit (about 400 volts/meter), ac- 
cording to season, locality, etc. Thus the electric surface density 
of the earth's surface, in normal weather, ranges from about 
—o.00005 RES unit to about — 0.00040 RES unit. The magni- 
tude of the intensity increases with the altitude above the earth’s 
surface up to heights of some 2000 meters, showing that the 
atmosphere in this region, like the earth’s surface, is negatively 
charged. In the higher regions of the atmosphere, on the other 
hand, the intensity decreases with the increase of altitude, with- 
out becoming greatly reduced, however, at the greatest altitudes 
yet investigated. Thus the higher regions of the atmosphere are 
positively charged ; but whether all the tubes of displacement 
terminating upon the earth and in the lower regions of the at- 
mosphere originate in the upper regions, or whether some of these 
tubes emanate from other bodies in space, is not yet known. If 
further investigation demonstrates that at greater altitudes the 
intensity vanishes, the former alternative will be shown to be 
correct. The altitudes here considered are so small that no sen- 
sible variation in the intensity would occur within them owing to 
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the increase in the cross-section of the tubes of induction with 
the distance from the surface of the earth. 

The earth itself in any case is negatively charged; and since 
the electric intensity in the atmosphere is directed toward the 
earth, its potential is negative if the (wholly unknown) electrifi- 
cation of all other bodies in space beyond the atmosphere is not 
considered. From the magnitude of the intensity given above and 
from the great altitude to which the field extends without great 
diminution in strength, it is obvious that the magnitude of this 
potential is very great. 

It follows from (15) that that part of the potential at the center 
of a conducting sphere of radius Z due to any charges 2y upon 
its surface is 2g/4zcL. Since the sphere is conducting, this ex- 
pression gives the part of the potential at any point of the sphere 
due to the surface distribution. From this and §6, I., it follows 
that the potential of the earth is not appreciably affected by the 
the development of any charges retained upon or near its sur- 
face. For by §6,I., 2g is always zero; and L, the distance from 
the center of the earth, is very great and practically the same 
for all the charges. 

The field surrounding the earth, as a matter of fact, is by no 
means strictly static, and the surface of the earth is never strictly 
an equipotential. 


7. Maxwell's Plane Diagram of the Spherically Radial Field. 
Maxwell’s diagrams are all so drawn that the successive equipo- 
tential surfaces differ in potential by the same amount (for ex- 
ample, unity), and that the tubes of induction corresponding to 
the intervals in the diagram between successive lines of displace- 
ment are of equal strength (for example, unit tubes). 

(1) The egutpotential surfaces. The radius of the sphere whose 
potential is Vis 

L=q/ancV 


Hence by giving V in succession the values 1, 2, 3, etc., the 
radii of the equipotentials with these values of the potential can 
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be obtained. The circles in which any plane passing through the 
charge cuts these spheres form the equipotential lines in the 
diagram. The circles may of course be drawn for any constant 
increment of potential instead of unity. 





Fig. 13. 


(2) The lines and tubes of displacement. The lines of displace- 
ment are straight lines radiating from the charge. The tubes of 
displacement in Maxwell’s method are formed by rotating the 
diagram of lines of displacement. about a straight line drawn 
‘through the charge. We proceed to find the distribution of the 
lines in the plane diagram when drawn so that the tubes thus 
formed are of equal strength. 

Let a circle of any radius AP, Fig, 13, be drawn about P, the 
seat of the charge, as center; and let the diameter 47 be divided 
up into g equal parts by straight lines drawn perpendicular to AB 
and cutting the circle in the points I1, 22, etc. From P let 
straight lines be drawn through 11, 22, 33, etc. These lines are 
the lines of Maxwell’s diagram. 

For if the figure is rotated about AF as axis, the circle traces 
out a sphere, the lines 11, 22, etc., trace out equidistant parallel 
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planes which cut the sphere up into zones 141, 2112, etc., of equal 
area (1/g that of the sphere). Hence the lines Pi, /2, and P3, 
etc., trace out cones 1P1, 1/2, 273, etc., through each of which 
the electric flux is the same and equal to 1/¢ x g = unity. Hence 
these cones are the tubes of displacement required, and the lines 
Pi, P2, P3, etc., are the lines of displacement in the diagram. 

The field may of course be divided up into tubes of any other 
strength instead of unity by cutting AB up into the desired 
number of equal parts in the above construction. 

The diagram is given in Fig. 14 for the case in which the 
strength of each tube is taken as 7/8. 
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8. The Cylindrically Radial Field, or field surrounding a uni- 
formly electrified infinite straight line or circular cylinder. Con- 
sider first an electrified straight line, and let the charge on unit 
length be denoted by g. By symmetry J ts everywhere normal 
to the line and to the circular cylinders about it as axis, which 
are the equipotential surfaces, and has the same magnitude at 
every point of any such cylinder. Since the flux across a length 
A of any equipotential is 7A, the flux per unit area across a cylin- 
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der of radius Z, or the electric displacement at distance Z from 
a D = gA/omLA = g/2nL (17) 
whence E= Die = qfanrcl (18) 


The potential at a point distant Z from the axis is 
V= gmc | aL /L (19) 
JL 


9. The Cylindrical Condenser. If two equipotentials of radii 
L, and ZL, = Z,+ d are replaced by infinitely thin conductors, 
the electric field will remain unaltered except that it will become 
discontinuous at the surfaces of the conductors. The charge 
upon unit length of the outer surface of the inner cylinder is now 
g, and that upon unit length of the inner surface of the outer 
cylinder is — g, and the two conducting surfaces with the inter- 
vening dielectric form a condenser whose field is given by (17) 
and (18). The charge upon the straight line and that on the 
inner surface of the outer cylinder together with all the external 
charges are electric images of one another in the inner cylinder, 
etc. The conducting substance may be extended into the 
regions within the inner surface and without the outer surface in 
any manner, or the fields of these regions may be wholly de- 
stroyed, without affecting the field of the condenser. 

For the voltage between the plates of the condenser, (18) gives 


Ls 
V—V,mglame { “dl/L = g/ame-log(t + d/L,) (20) 
Lh 


The capacity of a length A of the condenser is 

S=gA[(V,— V,)= 2mcAflog(1 + d/L,) (21) 

and the capacity per unit area of the inner cylinder is 
S’ = S/arL,A =c/Llog (1 + a/L,) 


=c/d(1 — fa/L, + 4a?/L? —---) (22) 
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If dis kept constant and Z, made to increase, the field normal 
to a given portion of the inner (or outer) cylinder evidently ap- 
proaches uniformity; and in the limit, when Z, = infinity, any 
finite portion of the condenser becomes a parallel plate condenser 
(§ 12) of capacity c/d@ per unit area. In any case when a/Z is 
small the capacity per unit area is approximately ¢/d. 

The energy of a length 4 of the condenser is 


W = lg AV, — V.) = 7’ A/4me-log (1 + @/Z,) 


= rAcflog(: +4/L,)-(%—Hy 


The field of an infinite isolated circular cylinder uniformly 
charged is given by the above equations on making J, infinite 
and V, zero. 

V, — V, can be easily obtained by the direct application of the 
law of inverse squares. Let the field outside the condenser be 
zero (though the results obtained will be independent of this 
assumption); then V,= 0, and V/ is the potential at any point 
on or within the inner cylinder, and is therefore the potential at 
any point Pon this axis. Hence, from the figure (Fig. 15), 








V— Vie V.=2[ [gonLldrlandx +L) 
= y 
— gouLdx/amc(2?+ L3)) = g/27e -log L,/L, 
as in (20) above. 


10. Laplace’s Equation for the Cylindrically Radial Field. 
V, — V, can also be obtained directly from Laplace’s equation. 
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Without transforming the general equation, we can obtain 
directly, by a simple process similar to that employed in § 3, the 
special form it assumes in a cylindrically radial field. Thus we 
find 


Ld’ V/adl’? + dV/dL =o (24) 
Hence, by integration, 
Ld V/dL=C 
or (2) 
dV=CaL/L 
and 
Ly 
Bare =cf PIA [yentg ian loci Pe (6) 
i : 
since when ZL = L,, (a) gives 
C=—Lefle=--g¢/2mre (c) 


The potential at any point between the two cylinders, distant 
L from the axis, is 


L 
gi tase cf dL ji 25) 
pe : 


11. Maxwell's Plane Diagram of the Cylindrically Radial Field. 
This diagram, like that of § 7, is drawn so that the tubes of dis- 
placement corresponding to the intervals between the successive 
lines of displacement are of equal strength, and so that the volt- 
age between successive equipotential lines or surfaces is constant. 

Since every line of displacement lies wholly in a plane perpen- 
dicular to the axis of the cylinders or electrified straight line, and 
since the lines of displacement are exactly similar in every such 
plane, any such plane is chosen as the plane of the diagram, and 
the tubes of displacement are supposed to be formed by moving 
the diagram perpendicularly to its plane. We shall suppose the 
diagram to represent unit depth of the field, all the tubes having 
this thickness. 

1. The equipotential lines in the diagram are circles centered 
on the axis. Though the potential of every circle, as given by 
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(19), is infinite, we may draw a system of circles differing in 
potential successively by a constant finite quantity, as unity, by 
starting with any equipotential circle of any radius a and potential 





Fig. 16. 


VY, (infinite) and applying (20) to find the radius Z of the circle 
whose potential is V, — V, less than .. Thus we have 


Ls ae iret (Fg Fy) 


By giving to V,— V, in succession the values 1, 2, 3, etc. (or 
any set of successive values differing by a constant), as many 
tircles of the system as desired may be obtained. 

2. The lines of displacement are straight lines drawn from the 
center of the circles and dividing each circle into g (or any inte- 
gral number) of equal parts. 

Such a diagram is shown in Fig. 16. 


12. The Uniform Electric Field. Let the field be terminated 
by an infinite plane conducting surface. The surface will be 
uniformly electrified, the displacement everywhere uniform and 
normal to the surface, and the equipotentials planes parallel to 
the surface. The displacement is 
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D=¢ (26) 
and the intensityis &= D/e=o/e (27) 


The Parallel Plate Condenser. If an infinitely thin conduct- 
ing sheet is placed coincident with the equipotential plane dis- 
tant d from the electrified surface, the electric field will remain 
unaltered except for the discontinuity introduced at the surfaces 
of the sheet, and each side of the sheet will therefore have the 
same electric surface density o (numerically). The two adja- 
cent surfaces and thé dielectric between them form a condenser 
whose field is uniform and given by (26) and (27), and which 
will remain unaltered if the conductors are extended into the 
region outside the condenser. 

The voltage between the two conductors is 


Vi — V,= Ed=calc (28) 
and the capacity of a portion of the condenser of night cross- 
section A is 

S=9|(V,— V,)=A/Ed = AD[Ed= Ac|d (29) 
The capacity per unit area is, as already proved less directly 
mie) 2s 9, Se Guise (30) 


The energy of a portion of the condenser of right cross- 
section 4 is 


W = 49(V, — V;)= pAotd/e 
= }Ac/d-(V,— V,)'= JEDAd (31) 
The force F (positive when tending to increase d, or to separate 
the plates) upon an area A of either plate, if the tubes in the 
condenser are the only tubes terminating upon the plates (that 
is, if there is no external field), is 
F = — dW/dd(o constant) = — }0°A/c = — JcE*A = etc. 
= + dW/dd [(V, — V,) constant] | (32) 
= —4Ac(V, — V,)?/d? = —}cE*A = ete. 
by § 55, Chapter I. 
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This result also follows from § 40, I., or the result there given 
follows from (32). 

V, — V, can be obtained also by the direct application of the 
law of inverse squares. We assume that there is no field ex- 
ternal to the region within the plates, though the results will of 
course be independent of this assumption, since the internal and 
external fields are wholly independent of one another. From 
any point P of the positive plate imagine a straight line drawn per- 
pendicular to both plates. Imagine the surfaces of the conduc- 
tors divided up into infinitesimal circular zones centered on this 
line, and let x denote the radius of any zone and dx its width. 
Then the potential at P, 2. ¢., the potential at all points of the 
positive plate, is evidéntly 


V= {it o2nrxax/ amex? + d )b+ o2rzrdx|4ncxr] 
0 


— oj2e{ Lt — x/(x? + d’)\] dx = + od/2e 
Similarly Vi = — od/2e 
Hence Vi —V,=cdle (28) 
Laplace’s Equation for a Uniform Field. The same result can 
be obtained also from Laplace’s equation. In a uniform field, if 


we take YX in the direction of D, the equation (21), Chapter I., 


simplifies to d°V/dz* =o (33) 


since D, = D,=0 (or dV/dy = dV /dz = 0). 
By integration, (33) gives 


aVi[dr= C= —afe (a) 
By a second integration 
Vi.—V,=C(o—d)=—Cd=cdle (28) 


At any point distant x from the positive plate, when x is less 
than d, we have 
Lomi TACs (34) 
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13. Maxwell's Plane Diagrams of the Uniform Field. (1) The 
equipotentials are equidistant planes perpendicular to the lines of 
displacement. 

(2) The diagram of the tubes of displacement may be drawn in 
two different ways. If the tubes are to be formed by moving 


Fig. 17. 


the diagram perpendicularly to its own plane, the corresponding 
lines in the diagram must be drawn equidistant. But if the tubes 
are to be mapped out by rotating the diagram about a line of 
displacement as axis, the distances of the successive lines from 
the axis (or the radii of the outer surfaces of the cylindrical 
tubes) may be found by giving to the expression wX’D(= the 
flux through a tube of radius R) values which are multiples of 
the successive whole numbers by a constant, and solving for the 
corresponding values of R. A diagram of the former kind is 
given in Fig. 17, and one of the latter kind in Fig. 18. 





Fig. 18. 


14. Maxwell's Plane Diagram of the Resultant of two Fields. 
If the plane diagrams of two fields are given, both drawn for the 
same strength of tubes and the same potential differences, and if 
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both are diagrams which trace out the tubes of displacement by 
their revolution about the same axis, or by motion at nght 
angles to their plane through the same distance, the resultant 
diagram of the two fields superposed can easily be drawn. 

(1) The equipotentials. Since the potential of each line in both 
diagrams is known, the potential of every point of intersection 
when the diagrams are superposed is known. Hence by draw- 
ing curves through all the points of intersection which have the 
same potential we get the resultant equipotential curves. This 
is equivalent to drawing the curves forming the diagonals of the 





quadrilaterals made by the superposition of the two systems of 
equipotentials, since in passing from one corner to the other the 
potential of one diagram diminishes as much as that of the other 
increases. There is no difficulty in choosing the proper diagonal. 
The difference of potential between the successive curves in the 
resultant diagram is the same as that between the successive 
curves in the original diagrams. A particular case is illustrated 
in Fig. 19, the lines of the resultant diagram being dotted. 

(2) The lines of displacement. The lines of displacement in 
the resultant diagram are the curves forming the diagonals of 
the quadrilaterals resulting from the superposition of the two 
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diagrams of lines of displacement. For across every element of 
such a curve, as aé in the figure (Fig. 20), the flux is zero, since 
the flux through one tube as 7 in one direction just cancels that 
through another as 7’ in the other direction. It is also obvious 





Fig. 20. 


from the figure that the flux along any resultant tube is equal to 
that along any of the original tubes. No difficulty can be ex- 
perienced in choosing the proper corners of the quadniaterals to _ 
connect. 

By compounding diagrams in pairs it is clear that the diagram 
of the resultant of any number of fields superposed can be ob- 
tained by the above method. 


15. The Field Terminated by two Equal and Opposite Concen- 
trated Charges. Let the charges, which will be denoted by g 
and — g, be located at A and B, Fig. 21, distant 2d apart. The 
field is evidently symmetrical about the line AA, and is the re- 
sultant of two radial fields, §1. The displacement and intensity 
at any point P distant Z, from A and ZL, from BZ are therefore 


D = Vector sum of D\(= ¢/47Z,? directed from A) and 


D= 97/47L; directed toward B) (35) 
and 
E= Die (36) 


For the potential at P, (36) gives 
V=V + V,=9/4ne (1/L,—1/L,) (37) 
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(37) is also the equation of the equipotential surface whose 
potential is V. 

The lines of intensity are the lines orthogonal to the surfaces 
given by (37). The equation of a line of intensity can be ob- 
tained at: once by writing down the condition that there is no 





Fig. 21. 


component of electric intensity perpendicular to such a line. If 
ds (Fig. 21) is an element at P of the line of intensity through 
P, and if a, and a, are the angles made by £, and £&, with the 
normal JN at P, we have, to express this condition, 


£, cosa, + £, cos a,=0 


If Z, and LZ, make with AB the angles @, and 8,, this condition 
may be written, as the figure shows, 


dO, /L,+ 20,/L, = 0 


Multiplying by PD, the perpendicular to AB from P, and inte- 
grating, we have 


Constant = C = — (fsin 6,40, + f sin 6,40,)= cos 6,+ cos 0, (38) 


which is the equation sought, in terms of @, and 6,. 
By giving to C different values, the equation of any line, of 
intensity may be obtained. To find C for the line which cuts 
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the plane normal to AZ through its central point C at a distance 
x from C, we have, for this point, 6, = @,, and 


L=L,= (a? +21) 
Therefore 


C= 2 cos 6, = 2 cos 0, = 2d/(d* + 2*) (39) 


The lines of displacement and the equipotential lines, drawn 
by the method of Maxwell, § 14, are shown in Fig. 22. (See 
(Maxwell's 7reatise, §123.) 

If the distance 2d is diminished indefinitely and the charges ¢ 
and — g increased in such a way that g x 2¢ = constant = ©, 
the system becomesa potnt doublet of moment M7. This doublet 
and its field are discussed in § 27. 

From (37) it follows that the infinite plane perpendicular to 
AB through its middle point C is at zero potential. 

At any point on this plane the resultant intensity and displace- 
ment are normal in the direction AB. If Pis distant x from C, 
the displacement at P will be, by (35), 


D = 29/47(d? + x7)-d]/(d? + x?)\t = gd/2r(d? + x) (40) 


If for the infinite plane equipotential surface through C an in- 
finitely thin conducting sheet is substituted, the field on either 
side will remain unaltered, and the two point charges will be- 
come electric images of one another in the sheet. 

If the field on the side toward B is destroyed, or if the con- 
ductor is extended toward B in any manner, the field on the side 
toward 4 will not be affected, and we have the electric field 
bounded by a concentrated charge g and the (induced) charge 
upon an infinite plane conducting surface distant @ from g and 
maintained at zero potential. If ¢g is positive the electric surface 
density is negative at every point of the surface, since D there 
has the direction AB. The magnitude of D=o is given in 
(40). The total charge upon the infinite plane is — g, since all 
the tubes from A terminate upon the plane. 
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Since the field about A was unaltered by the introduction of 
the conducting sheet and the destruction of the field on the side 
toward B, the force between the charged body at A and the plane 
conductor is the same as the force formerly acting between 4 


and B,. That is, 
F= —¢/1\6rcd* (41) 


Since concentrated charges do not exist, we shall suppose the 
charges at A and B distributed over extremely small conducting 
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Fig. 22. 


spheres each of radius a, so that the field in the region outside 
the spheres will be practically the same as that already discussed. 
From (34), I., the potentials of the spheres A and B are 


Y=pugt+PxX—) and V,= p97 + p2(— q) 


the subscripts t and 2 being applied to A and B respectively. 
Since the spheres are very small, these equations become very 


approximately 
V, = 9/4nca — 9/4nc2d 
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and Vi, = —9/4mca + 9/4nc2d = — V, 
from which V, — V;= 2V, = @/2me-(1/a— 1/2d@) (42) 
The capacity of the system AB is 
$= 9(V,— Vj) = 2me/(1 Ja — 1/22) (43) 


and the energy of its field is 


W= 7 /4me-(1/a—1/2d) =4rceV7/(1fa—1/22) (44) 
When the conducting sheet is placed coincident with the zero 
equipotential, the capacity of the dielectric between A and this 
surface is 
S,=9/V,=2S (45) 
The energy of the dielectric is 
W,=4W (46) 


The force tending to increase the distance between the charge 
at A and the plate can also be found from (44) or (46) by the 
method of §55, I. Thus 


F= —dW,|dd = — dWd(2d) = — ¢ [16cd? 
= + dW,|dd = + dW/d(2d) = — eV /d%(1/a—1/2ay¢ 47) 


in agreement with (41), the first differentiations being performed 
with the charges constant, and the second with the potentials 
constant. 


16. The Electric Field Surrounding Two Concentrated Charges 
of the Same Sign in the Ratio of 4:1, and its Derivatives. Max- 
well’s diagram with twenty tubes emanating from one of the 
charges (A) and five from the other (£) is given in Fig. 23 (from 
Maxwell’s 7reatzse, § 118). One equipotential surface, indicated 
by the dotted line, consists of two lobes meeting at the point P. 
At P, which is distant from A two thirds of the distance AB, 
the intensity vanishes. Within this surface, each charge is sur- 
rounded by a separate system of equipotentials, which become 
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more and more nearly spherical as they become smaller, though 
no one of them is an exact sphere. 

If two of these surfaces, one surrounding each point, are taken 
to represent the surfaces of two conductors with charges of the 
same sign in the ratio 4:1, the diagram will represent the equi- 
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Fig. 23. 





potential surfaces and tubes of displacement of the field sur- 
rounding the conductors, provided that all the lines within the 
surfaces are annulled. 

The diagram shows that the force between the two bodies will 
be the same as that between the two points A and & with the 
same charges. The distribution of the tubes shows that this 
force tends to pull the bodies apart. 

If a conducting surface is placed coincident with the two-lobed 
equipotential, its electric surface density at P will be zero (cf. 
$57, 1). 

Outside the two-lobed surface a single system of equipoten- 
tials surrounds both charges. By making any of these surfaces 
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conducting and annulling all the tubes within, we obtain the field 
surrounding the isolated conductor with a charge upon its sur- 
face equal to that of A plus that of B. The equipotentials sur- 
rounding both A and B approach the form of spheres as their 
distances from A and 8 increase (cf. § 57, I.). 


17. The Electric Field Surrounding Two Concentrated Charges 
of Opposite Signs in the Ratio 4 to 1, and its Derivatives. Max- 
well’s diagram, with twenty tubes emanating from one charge at 
A and five terminating with the other at B, is given in Fig. 24 
(from Maxwell’s Treatise, § 119). 

Here again one of the equipotentials, indicated by a dotted 
line, has two lobes, an inner one surrounding the point 2 and an 
outer one surrounding both the points A and B. All the sur- 
faces in the region between the lobes surround A only and 
become more nearly spherical as A is approached; while all 
those in the region within the inner lobe surround & only and 
become more nearly spherical as B is approached. The equi- 
potentials lying outside the surface with two lobes become more 
nearly spherical as their distances from 4 and 2 increase. 

One of the surfaces, that with the potential zero, is a sphere, 
and is indicated by the dotted circle Q. 

If two of the surfaces, each surrounding one of the two points 
A and £&, are made conducting, and the fields within them an- 
nulled, the diagram gives the tubes and equipotentials surround- 
ing these conductors when charged oppositely in the ratio 4:1. 

The diagram indicates that the force between two such 
charged conductors is one of attraction, and the same as the 
force between the. two charged points 4 and B. The field sur- 
rounding the charge at A or B when the sphere Q is made con- 
ducting and the field on the other side annulled is discussed in 
S223, 

If we consider points on the axis AB beyond the point B, we 
find that the resultant intensity diminishes up to the point P, distant 
from d twice the length 44, where it vanishes, It then changes 
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sign and reaches a maximum at ©, after which it continually di- 
minishes. The distance of Mf from A is %4/(¥%4—1)-AB 
= 2.70 x AB (approximately). 








Fig. 24. 


18. The Electric Field Surrounding Three Points A, B, and C, 
with Charges Proportional to 15, — 12, and 20, respectively, so 
Situated in a Straight Line that AB: BC: AC::9: 16:25, and its 
Derivatives. Maxwell's diagram of the field is given in Fig. 25 
(from Maxwell’s 7reatise, § 121). 

In this field one of the equipotentials, corresponding to the 
potential 1 / 4c, consists of two spheres intersecting at right angles, 
with centers A and C, and radii 15 and 20, respectively, as indi- 
cated by dotted lines in the diagram. The point B is at the 
center of the circle of intersection DD, the radius of which is 12, 
and at all points of which the intensity is zero. 

If the sphere 4 is made conducting and all the lines within it 
annulled, the diagram will represent the field surrounding the 
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insulated sphere A with charge 3 upon its surface in the pres- 
ence of a concentrated charge 20 at C. The part of A within 
the spherical surface about C will be negatively charged and the 
rest positively charged, the electric surface density along the 
circle DD being zero. 
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Fig. 25. 


In the same way, if C is made conducting, the diagram repre- 
sents the field surrounding the conducting sphere C insulated 
with charge 8 upon its surface in the presence of the concen- 
trated charge 15 at A. . 

These two fields are particular cases of that discussed in § 24. 

If both spheres are made conducting, and the lines within 
annulled, the diagram represents the field surrounding a con- 
ducting surface consisting of the external segments of two spheres 
intersecting at right angles in DD and with charge 23. This is 
a particular case of the field discussed in § 36. 
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19. The Electric Field Terminated by Two Infinite Parallel 
Straight Lines or Circular Conducting Cylinders, with Charges 7 
and —g on Unit Length. Consider first two electrified straight 
lines, distant 2@ apart, and cut by a perpendicular plane in the 
points A, and A,, Fig. 26. By symmetry, the distribution of 
the lines of displacement is the same in every such plane. More- 
over, all the lines emanating from a point A, pass to the point 
A, in the plane containing the two points and perpendicular to 
the two lines. 





Fig. 26. 


The potential at any point P distant Z, from A, and ZL, from 
A, is 


Ve V+ V,=9/2m (f aziz ~f aziz) 


je (48) 
=g/2mc} dLl/L=9/2me-log L,/L, 
Lh 
This is also the equation of the section by the plane of the 
paper of the equipotential surface whose potential is V. By giv- 
ing to V different values the corresponding surfaces may be 
obtained. 
The displacement at P is 


D = Vector sum of D,( = ¢/27L, directed from A, ) 
and D,(= ¢/27L, directed toward A,) (49) 


and the intensity £ is D/c. 
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From (49) the equation of any line of intensity can be obtained 
by the method of § 15. Proceeding exactly as in that article, 
we find the equation 


6, + 0, = C = constant (50) 


which is evidently the equation of the arc of a circle terminating 
at d, and A,, and cutting perpendicularly the line normal to 
A,A, at its middle point. If the line whose equation is sought 
cuts the normal to A,A, at its middle point O at a distance x 
from O, we have, for this point, 6, = 6,, and 


C = 26, = 20, = 26 = 2 cos"[a/(a* + 27)*] (51) 
The equipotential surfaces given by (48) are circular cylinders, 


or their lines of intersection with the plane 4,A,P circles, orthog- 
onal to the lines of intensity. For (48) may be written 


T [Ly e778 wx h (52) 


a constant for the curve, or surface, whose potential is 1”; and 
this is the equation of a circle cutting the line 4,A, and with its 
center C on the line 4,4, produced. 

The radius of the circle whose potential is Vis 


R = 2haj(i? — 1) (53) 
the distance of its center C from 4, is 
A,C = Rh (54) 
and the distance of C from J, is 
A,C = Rik (55) 


To obtain the resultant displacement D’ at P we must obtain 
the vector sum of D, and D,, Fig. 26, which will be along R 
normal to the equipotential. Since D, and D, are directed along 
L, and L, respectively, and since, by (49), D,/D,=L,/Z,, the 
triangle whose sides are D,, D,, and J” is similar to the triangle 
A, PA, ; so that 

D’ |D, = 2a/L,, and D'/D,= 2a/L, 
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whence DY = 2aD, [L, = 2aD, /L, = ga [rLlL, (56) 


and the resultant intensity Z is equal to D’ /c. 
The force F upon a length A of either electrified line, con- 
sidered positive when tending to increase a, is 


Fe —  7A.q[c27T2a = — GA/4nca (57) 


The plane diagram of the field, drawn by Maxwell’s method, 
§ 14, is given in Fig. 27 (from Webster’s Theory of Electricity and 
Magnetism, § 159). The tubes of displacement and the equipo- 
tentials are mapped out by moving the diagram perpendicularly 
to its plane. 
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Or ecen nce 


4 
fe 

ne 
05 





Fig. 27. 


If for any equipotential surface the coincident surface of a con- 
ductor is substituted, the electric field on the side facing this sur- 
face will remain unaltered. The above field therefore includes, 
as particular cases, the fields bounded by 

(1) An infinite straight line and a parallel infinite conducting 
circular cylinder, 
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(2) An infinite straight line and a parallel infinite conducting 
plane, 

(3) An infinite conducting circular cylinder and a parallel in- 
finite conducting plane, 

(4) Two parallel infinite conducting circular cylinders, internal 
or external (either or neither surrounding the other), all with 
charges g and — g upon unit length. 

The fields of §§ 8-9 are particular cases of (4) when one of 
the two lines is removed to infinity. 

As systems of practical importance, we shall discuss (4) for 
the case in which the two cylinders are external to one another, 
each of the same given radius &, with their axes at a given dis- 
tance 2d apart, and charged to potentials V and —V, and (3), 
which is a particular case of (4). 

To obtain the electric field terminated by the two cylinders, we 
must find the distance a and the charge g upon unit length of 
the positive cylinder. 

From the similar triangles A,CP and A,CP (Fig. 26) we have 


(d+ a)(d—a)=R (58) 
a = (d?— RO (59) 


whence 


From (54) and (55) 


k= (d+ a)/R=Ri(d—a) = [d+ (d?—R]/R 


Rife (ates Ra) 


For the cylinder whose potential is — V we have 


log A = 2mcV/¢ 
and therefore 


q = 2mcV/log h = 2rcVflog[{d + (d* — Ri} /R] (61) 
= 2ncV/log[R/{d — (d? — R*)}}] 


From (49) and (56) the field can be determined, by making use 
of (61), at all points. 
The capacity of a length 4 of the system is 
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S = gA/2V= meA/log hk = wcA /log[{@ +(d*— R*)t}/R] (62) 
and the energy in the same length is 
W = 1¢A:2V = 2amcAV*/log[{d + (ad? — R")h} / RY} 
= 4¢A/me-log[{d + (d?— RV} /R] 

If the infinite plane surface of a conductor is placed coincident 
with the surface of zero potential (the plane passing symmetric- 
ally between the conductors) the field on the side facing the 
conductor will remain unaltered ; it is simply half the field just 
considered. 


The capacity of a length A of the condenser formed by the 
infinite plane and the cylinder with the dielectric is 


S, = gA/V=2S (64) 


(63) 


and the energy is half that contained in the complete field sur- 
rounding the two cylinders, or 


W,=34W (65) 


The force F acting upon a length of A of either conductor, 
plane or cylindrical, is given by (57). It can also be obtained 
by differentiating W, with respect to d, or W with respect to 2d, 
by the method of § 55, I. Thus 


F=— GA/4nca 
= — wcAV?/(d* — R’)tlog[{d+ (da? — R*)t} /R]* 
20. The Field of a Line Doublet. When 2a is small in com- 
parison with Z, and Z,, we have 
V= g/anc-log L/L, . 
= (approximately) ¢/2mc- log (1 + 2a cos 0/R) (67) 
= ¢/2mc-2acos 8/R(1 — 2acos 8/2R + ---) 


(66) 


if R is written for Z, and if @ denotes the angle between Z, and 
the line 4,A,. 

If now the product ¢ 2a is kept constant while @ is diminished 
indefinitely, (67) approaches the limit 
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V = 2a¢ cos 0/2mcR = Mcos 0/2mcR (68). 


where is written for 2ag. This system is called a “ine doublet, 
and J is called the soment of the doublet. 
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Fig. 28. 


The radial and tangential displacements at a distance R from 
the doublet, at a point where R makes an angle 6 with the line 
A,A,, now infinitely short, are 


D = —caV/dR= Mcos 0/arR (69) 
D,= —cd V[dT = —c/[R-dV]/d6 = Msin @/2rR* (70) 


and 


The total displacement is equal to 
De (D? + Di) = MarR (71) 


and makes an angle 20 with the line A,A, (the axis of the doublet). 
The lines of intensity are evidently circles tangent to the axis 
at O, and the equipotentials circles perpendicular to the axis at 
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O. The plane diagram of the field is given in Fig, 28 (from 
Webster's Theory of Electricity and Magnetism, § 44), the tubes 
of displacement and equipotential surfaces being supposed gen- 
erated by moving the diagram perpendicularly to its plane. 

The method of drawing the diagram is easily understood from 
Fig. 29. Since there is an infinite number of lines of displace- 





ment within a circle of any finite diameter a, only the lines lying 
outside some such arbitrarily chosen circle can be drawn. The 
same is true of the equipotential lines. 

The flux through the tube between the cylinders of unit depth 
with diameters a and y is 


Hm [Mom dy |x? = M[2m-(1/a— 1/y) 


Hence by giving II any set of successive values differing by a 
constant the diameters (7) of the corresponding lines of displace- 
ment may be obtained. 

The voltage from the circle of equal potential of diameter 4 to 
the circle of diameter 7 is 


Vi — Vi = M/fame: (1/6 —1/x) 
Hence by starting with a circle of diameter 6 and giving V, 
— V, any set of successive values differing by a constant, the 


diameters (x) of the corresponding equipotential circles may be 
found. 
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21. The Electric Field Surrounding an Isolated Conducting 
Spheroid. First it will be shown that within the region enclosed 
by a homogeneous material shell whose surfaces are similar and 
similarly situated ellipsoids there is no gravitational field of force. 
Such a shell is called an ed/ipsordal homeeord. 

Let a cone, Fig. 30, of infinitesimal angle dw at any point A” 
in the region cut from the shell the volumes B’C” and D’E”. 
If p denotes the density of the shell, ¢ the gravitation constant, 
L the distance from A” of any element of volume d7 of the shell, 
the intensity at 4’ in the direction A’’C’’ due to the masses in 
BUC" and D'E" is 

Aron ANE" 
aG=g par? — ¢ f par) Lt 
A 


A”"'B ” "zB ” 


since the attractions due to the masses in B’’C” and D/’£” are in 
opposite directions. Since dt = L’dwdL, the integrals reduce to 


aG = gpdw(B'C" = DAG LEN 


and since the plane W’’OC"’ intersects the ellipsoids in two 
similar and similarly placed ellipses, the same diameter O.\” 
bisects B’D" and C”E"”, Hence B’C” = CE", and 


daG=0 


In the same manner it may be shown that the intensity at 4’ 
due to the matter within any other infinitesimal cone with vertex 
at A” vanishes. Hence 


G=0 


or the region contains no gravitational field. 

When a conducting ellipsoid is charged the tubes of displace- 
ment are distributed by the tensions and pressures until they 
touch the surface normally, or until the surface becomes an equi- 
potential. The conducting substance may then be considered 
replaced by a dielectric of permittivity c equal to that of the exte- 
rior medium, for the sake of applying the law of inverse squares, 
§ 28, I. At any point A within this region the intensity and dis- 
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placement are zero. And therefore, since the law of inverse 
squares prevails in electrostatics as in gravitation, the law of 
variation of the electric surface density, or outward displacement 
at the surface, must be identical with the law of variation of the 
thickness of the shell in the above gravitational problem. In 
discussing the electric case the shell must be considered as of 
infinitesimal thickness, since the charge resides wholly at the 
surface of the conducting ellipsoid. . 

The distribution of charge or displacement at the surface of an 
ellipsoid of revolution, or spheroid, only will be determined here. 
We proceed to find the distribution of the charge by investigating 
the law of the variation of the thickness of a. spheroidal homceoid, 





Let the given spheroid be generated by the revolution of the 
ellipse BAB’, Fig. 30, about the line BAB’, and the exterior sur- 
face of the infinitely thin homeoid by the revolution of the sim- 
ilar ellipse B,A,B,’ about the same axis. We must find the ratio - 
of ¢, thickness of the shell at any point P, to 7, the thickness at 
B. Since the shell is infinitely thin, ¢ is to be measured in the 
direction of the normal P,PC to the spheroid at P. 

From the similar triangles PP,P, and PCD we have 


t= PP,y[PC =a y,—9)[Ka — exit = fy, — 9) OR/[P 
By the equations 
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Paver O| eat ty ine | eae) 
b,/a, = 6/a (since the spheroids are similar), 


and 
t=2t, y=y, (in the limit), 


HI, — I) = Hb, — 6) = bt, 
and the equation for ¢ becomes 


t/t, = 6/PC = al(a? — 21°) = OR/b = D/D, =0/0, 


we have 


or 
D=ceo= a,a/(a’ _ ex*)t aS Dal(@ a a%e)t = D, /6 = 0d, /b (72) 


where a, and o denote the electric surface densities at B and at 
points of the spheroid distant x from the axis BA’, and D, and 
D the corresponding outward displacements. 

Thus the surface density increases in passing from 8 to JA, at 
which point it has the value 


o=0,a/b (73) 


To obtain the total charge g upon the spheroid, the charge 
od@S upon the elementary zone cut out by PP, as the ellipse re- 
volves about OB must be found and integrated over the whole 
surface. Thus 


odS = o2xPP, = ba,/PC: 2nxdx: PCly = — 210,a"/b- dy 
and 


-d 
Gime i odS = —27a"o,/b}| dy = 4na’o, (74) 


+6 


The potential of the spheroid when the charge is g may be ob- 
tained by finding the potential at the center O, since the potential 
is uniform over and within the spheroid. 

The potential at O due to the charge upon the zone dS is 


dV = adS/4me(x7 + fia — o,ady/2be(x? + 7’) 
= — 0,a°/2c(a? — P)- dy/[a7P/(a — #) — ¥'|t 
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and the total potential is 


-» 
Vm [dV = — apt lada— #) if Ol(eee—-P-)' 
+ 
= 0,a'/c(a’ — &)t- sin“ [(a? — &)¥/a] 
The capacity of the tsolated spherotd, or the permittance of the 


dielectric bounded by the spheroid and an infinitely remote sur- 
rounding surface (§ 58, I.), is 


S == 9/V = 4nc(a’? — &)t/sin [(a — &)i/a] (76) 
The isolated sphere. If 6= a, the equations reduce to those 
already developed (§ 2) for an isolated sphere. 


An infinitely thin circular plate. Vf 6=0, the spheroid re- 
duces to an infinitely thin circular conducting plate of radius a, 


and (72), (74), (75), and (76) become 


D (or a) = aD or o,)/(a* — x") (77) 
since ¢ = [(a? — &)/a*]#= 1, 
g = 47a", = 4ra’D, (78) 
V = was,] 2c (79) 
S = 8ac (80) 


Near the edges the displacement is vcry great, D becoming 
infinite when += a. But the total charge is finite since an edge 
has no area. 

The ratio of the capacity of a thin circular plate to that of a 
sphere of the same radius is 


8ac/4mac = 2/7 = 1/1.571 


a relation established experimentally by Cavendish long before 
the development of the theory. 

If two thin circular plates of the same radius a are placed par- 
allel to one another with the distance @ between them so small 
that the field is sensibly uniform between them, and relatively 
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weak outside, the capacity of the system will be very approxi- 


mately ae|d 
mac 


The ratio of the capacity of a single isolated plate to this 


capacity is 
8d/1a 


The energy of the field connected with two such plates very 
remote from one another and with charges g and — g, respec- 


tively, is 
2($9°/8ac) 


The energy of the field when the two plates are parallel and 
separated by the very small distance d is 


49d /1a*c 


Hence the work which would be done by the electrical forces 
in drawing the two plates into the latter configuration from the 
former is 


q'(1/8ac — d/2ma’c) = gf 2ac:(1/4 — d/7a) 


It may be shown that the equipotential surfaces surrounding 
the isolated plates are the confocal spheroids with the edge of 
the plate as focal line, and that the lines of displacement are the 
corresponding confocal hyperbolas. 

If any one of the spheroidal equipotentials is made conducting, 
and the lines within annulled, the remainder of the field just 
described will be the field surrounding this spheroid. 


22. The Average Value of the Potential over a Spherical Sur- 
face in any electric field whose charges are situated wholly out- 
side of or upon the sphere and whose dielectric is homogeneous 
and isotropic within the sphere is equal to the potential at its 
center. To prove this, consider first the spherical surface S of 
radius F in the radial field from a concentrated charge g distant 
x from the center of the sphere, g being the only charge in the 
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field. Let the charge be at A and the center of the sphere at 
Grtigias 1: 

The area of an elementary zone of the sphere included be- 
tween two planes perpendicular to AC, at distances y and y + dy 


from A, is esiatakdy 
The potential of this zone is 
V, = gland Rt — 2° + 249) 
The integral of the potential over the zone is therefore 


V dS = qRdy/2c (R' — x* + 2xy)t 





Fig. 31. 


To obtain the average value, V, of the potential over the sur- 
face of the whole sphere, the integral of this expression must be 
taken over the sphere, and the result divided by the area of the 
sphere. Thus . 


zr+R 
V= [ark [ V,dS = 9/8meR [ ay |(R? — x? + 2xy)* (81) 
z—R 81 
=9/4mcx 
which establishes the proposition for a single concentrated charge. 
If, instead of a single concentrated charge, there is any other 


electric distribution, subject to the limitations above mentioned, 
we have by the principle of superposition 


V= t/amc- {dg/zx 
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which establishes the proposition for a homogeneous dielectric, 
or such a dielectric and conductors, filling all space. That the 
proposition is perfectly general will appear from Chapter I'V., (17). 

As an example, the average potential of the insulated sphere 
of § 24, which is the same as the potential of any point of the 
sphere, since it is a conducting surface, is 


V=9,/4mrex + 9/4ncR = 9,/4mcex 


since g, the sum of the (induced) charges on the sphere, is zero. 
If, in addition to the induced charges, the sphere possesses a 
charge g, its potential is 


Vex g,/4ncx + g/4acR 


The same results are obtained by another method in § 24. 
They also follow immediately from (15) and § 28, I. 


23. The Electric Field Surrounding a Concentrated Charge in 
the Presence of a Spherical Surface at Zero Potential. Consider 
first the case in which the given charge, ¢,, is at A, external to 
the sphere, S, Fig. 26. Let R denote the radius of S and x the 
distance between its center and the charge q,. 

If a charge g, and its position within the surface S can be 
found such that in the field surrounding 9, and g, S is a surface 
of zero potential when there are no other charges in the field, 
then, by § 48, I., the portion of the field outside S will be the 
only field satisfying the given conditions, and g, and g, will be 
the electric images of one another in the surface S if it is made 
conducting. 

If a charge 9, is placed at A,, the potential at a point P of the 
sphere will be 


V=Vi+ Y= 1/4me-(9,/L, + 9,/L,) = 1/4mcl,-(9, + h9,) 


where 4 = L,/Z, has the same significance as in § 19. 
If g, is so chosen that 
7, +97; =0 
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V = oO for every point upon the sphere. Hence the portion out- 
side S of the field surrounding the charge ¢, at A, and g, at 4,, 


where 
Ye [h (82) 
is the field required. 


A, and A, are called tnverse points, or geometrical tmages of one 
another, in the sphere (§ 30). 

The part of the field within S is the field surrounding a con- 
centrated charge g, in the interior of a spherical surface at zero 
potential, the charge being distant 4,C, = x’ from the center of 
the sphere. 

The resultant displacement, D, at any point of either of the 
required fields (given charge inside or outside the sphere) is thus 
the vector sum of D, and D,, the radial displacements which 
would accompany the charges ¢g, and g, separately. We shall 
find the displacement only at the surface of the sphere, to which, 
an equipotential, it is everywhere normal. 

When 4g, is positive, and g, therefore negative, D,, D,, and D 
are in the directions A,P, PA,, and PC, respectively, their direc- 
tions being reversed when ¢, and g, change signs. Moreover, in 
magnitude, 


D,[D, = (9,/47L£7)/(9,/47£,) = 4 = 2x(/R= R[x = L/L, 


from the geometry of § 19. Therefore the triangle with sides 
D,, D, and D is similar to the triangle A,PA,, and 


D= 20D. (lL, = 2aD,]L, 
in magnitude. 
If D is reckoned positive along the outward normal to S, we 
have, therefore, 


D = — 2ahg,/4nLs = — 9,R( — 1)/4rL$ 3 


which is equal to the electric surface density on the outside of 
the sphere at P, when the sphere is the surface of a conductor at 
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zero potential in the presence of the charge g, at 4,. The total 
charge upon the sphere is evidently 4, 
If D is reckoned positive along the inward normal to S, we 


have 
D= 9,R(li — 1)/4nL? = 9(2 — R’)/4amRL?Y (84) 


which is equal to the electric surface density on the inside of the 
sphere at P when the sphere is the inner surface of a conductor 
at zero potential surrounding a charge g, = — ¢,/h at A,. Since 
when the internal field is sought, ¢,, 2’, and Z, are the given 
quantities instead of g,, x, and Z,, (84) must be transformed by 
substituting for g,, x, and L, their equals — 9,4 =—g,R/2’, R?/2’, 
and AL, = RL,/x', respectively. On making these substitu- 
tions, we have 


D=— 9,R(h' — 1)/4nh'L = — 9{R* — x") /arRL, 8 
= — 9,/47L,) (R—2’\(R + #)/R SH 


The total charge on the inner surface of the sphere is — g,. 
The force between either charged body and the sphere is 


F= 9,9,/47c(2a) 
= — 9/Rr/ 4me(? — RB) = —93 Rx! [amc(Rt— x) (86) 


Maxwell’s plane diagram of the field, for the case in which 
h = — 9,/9, = 20/5 is given in Fig. 24, the sphere, of radius 
R = AB/h = }AB, being indicated by the dotted circle Q. 

If the radius R, in what precedes, is made to approach infinity, 
while (x — A) or (R — 2’) is kept constant, we have, in the limit, 
a concentrated charge in the presence of an infinite plane surface 
at zero potential, and the above equations reduce to the equa- . 
tions of § 15. 


24. Sphere at Any Potential, or with Any Charge, in the Pres- 
ence of a Concentrated Charge. The field external to the sphere 
in § 23 is a particular case of the field surrounding a concen- 
trated charge and a spherical equipotential surface (as that of a 
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spherical conductor), the potential, V, of the surface, or the out- 
ward flux across it (or charge upon it, if a conducting surface), 
9, being given. 

1. If the potential V is given, the required field is found by 
superposing upon the external field of § 23 the radial field from 
a charge g,= 4mcRV at the center of the sphere. For the po- 
tential at every point of the sphere due to the fields from g, and 
7, is zero, and the potential due to the radial field from g, is the 
same at every point of the sphere and equal to 


q,/4mcR = 4mcRV[amcR = V 


so that the resultant potential is the same all over the sphere and 
equal to V. The field outside the sphere is therefore determined 
(§ 48, I.) and is identical with the field surrounding the charge 
g, and a spherical conductor of radius R and at potential V. 
The total charge upon the conductor is g = 9, + 9. 

2. If the outward flux g (or total charge, if the surface is that 
of a conductor) is given, the required field is found by superpos- 
ing upon the external field of § 23 the radial field from a charge 
73=9-—49, placed at the center of the sphere. For, as in (1), 
the surface will remain equipotential, and the flux across it (or the 
charge upon it) will be (¢—9,)+9,= 9. The position of the 
equipotential surface being given together with the flux across it 
and the outside charges, the external field is determined (§ 48, I.) 
and is identical with the field surrounding a conducting sphere 
of radius R and charge g. The potential of the sphere is 


V=9,/4rcR = (9 — 9,)/4mcR 


The outward displacement at the surface of the sphere (or the 
electric surface density if the equipotential sphere is the surface 
of a conductor) is 


D = D,+ D'( =D of preceding article) = 9,/47R’ (1) 
— 9,(2? — R’)/4rRLS (87) 

= ¢V/R— q(x — R*)/47RLS (2) 

= (9 + 9,R/2)/ank’ — o(x" — R)/4nRL! (3) 
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Maxwell’s plane diagram of this field is given for two particu- 
lar cases in Fig. 25, and is discussed in § 18. 

The force between the body with the charge g, and the spher- 
ical conductor is equal to the force between this body and those 
with the charges g, and g,. Thus 


F= 9,9,/47(2a) + 995/472" (1) 
= — 9) Rxr[amex? — RY + 99 + 9,R/2)/4rex (88) 
= — 9) Rx/4ne(z? — RY + gVR/X (2) 


If the sphere is insulated without algebraic charge, g = 9, + 4, 
= 0, and g,= —9,=49,R/z. In this case (87) and (88) become 


D= 9,/4nR-[1/x— (2 — R)/L.) (89) 
= — 97Rr/ arcs? — RY + 97R/4mcs? (90) 


and 


If the given charge is internal, the internal field is exactly the 
same as that in § 23, and the external field is the radial field 
from the charge g at the center of the sphere. 

If a conducting sphere is in the presence of any number of 
fixed charges, internal and external, the electric images and the 
electric field can be got at once from what precedes by the prin- 
ciple of superposition. 


25. A Conducting Sphere in a Uniform Field. If ¢7= 0, § 24, 
and if g, is kept constant and x made to increase without limit, 
D, approaches a uniform direction, parallel to x, and a uniform 
magnitude, at all points within and near the sphere. But this 
uniform magnitude is zero. If, however, as x increases, ¢, is 
made to increase at such a rate that g,/47r2? remains constant and 
equal to D,, then, when x = infinity, 


D, = 9,/47Li = 9,/4n7 7 = D, 


and we have an insulated spherical conductor in a field whose 
displacement is uniform (except for the disturbances due to the 
presence of the sphere) and equal to D,,. 
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We can obtain the resultant displacement D at the surface of 
the sphere by substituting in (89) for g, its value 47z*D,, and for 
L, its value (27 + KR’ +2Rx cos 6), where @ is the angle PCE, 
Fig. 26, reducing, and passing to the limit x = infinity. Thus 


D= D/R- { [a2 + FR’ + 2Rxr cos 6)i 

— 27(47 — R*)]/(2? + FR? + 2Rx cos 6)i} 

= D,2[1 + §(4?/ + 2K cos O/x) + --- 

—14+ Rx )/R[1 + §(R72? + 2R cos O/x + ---)] (91) 

= (3D, cos @ + terms containing powers of x in de- 
nominators)/(I + terms containing powers of x 
in denominators) 

= 3D, cos 0 


in the limit, the displacement for a given value of the angle 0 
being thus independent of the radius ® of the sphere. 

















Fig. 32. 


At the poles of the sphere, where 6 = 0° and 180°, D= + 
3D, and — 3D,, respectively; while its value at the equator, 
where 8 = 90°, is zero. 

The displacement at a point of the infinite plane passing 
through the equator and distant Z from the center of the sphere 
is (§ 26) the sum of D, and the displacement — M sin g0°/47L* 
= — D,R°!L* due to the doublet of moment J7= 47R°D, at the 
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center of the sphere with its axis in the direction of the displace- 
ment D,. Thus at such a point 
D= Di — RL’) (92) 

The plane diagram of the field drawn by superposing accord- 
ing to the method of Maxwell, § 14, the diagram of the doublet 
(§ 27) of moment M = 47R*D, and that of the uniform field of 
displacement D, is given in Fig. 32 (from Webster's Thcory of 
Electricity and Magnetism, § 194). The diagram of the field 
surrounding the conducting sphere is obtained from this figure 
by annulling the lines within the circle (see Fig. 62). 

From symmetry, it is evident that there is no resultant force 
upon the conductor. 

A Hemispherical Boss upon an Infinite Plane. All the lines of 
intensity in the above field (except of course those terminating 
upon the sphere) cut the infinite plane (an equipotential, with the 
potential zero) passing through the equator normally. Hence, 
if this surface is made conducting, the fields on each side will re- 
main unaltered and each will be the field proceeding from (or to) 
an infinite plane conductor with a hemispherical boss upon it. 
The surface density upon the boss is given by (gr), and that upon 
the rest of the surface by (92), or by this expression with the 
opposite sign, according to the half of the original field con- 
sidered. 


26. The Field of an Electrical Point Doublet. Method I. In 
the problem of § 25, as x approaches the limit infinity, g, = — ¢, 
=9,R/x = 4D,1Rr also approaches the limit infinity, while the 
distance A,C = K’/x approaches the limit zero at the same rate. 
The product g,:.A,C therefore remains finite and constantly equal 
to 47R°D,. Such a system, consisting of two equal and opposite 
very great charges at a very small distance apart, when indefi- 
nitely near its limit, is called an electric point doublet, and the finite 
product of the positive charge by the distance between them is 
called the moment of the doublet. The straight line directed from 
the negative to the positive charge is called the arts of the doub- 
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let. In the case considered, the axis of the doublet is the 
line A,C, and the moment is 


M=anRD, (93) 


The total displacement D in the field of § 25 is therefore the 
vector sum of the displacement D, due to the field connected 
with the doublet and the uniform displacement JD, directed paral- 
lel to the axis of the doublet. 





Fig. 33. 


In many cases it is necessary to know the field of a doublet 
alone, that is, to know the displacement D, This quantity can 
be easily found by taking the vector difference of Dand D,, 
§ 25. 

From the figure (Fig. 33) it is evident that the radial com- 
ponent of D, at P, a point whose coordinates are FR and 8, is 
D, = 3D, cos 6 — D, cos 6 = 2D, cos 6 = 2M cos 0/4nR°* 

= M cos 8/2rR* (94) 
measured in the direction of increase of R. 
The tangential component is 
D, = D, sin 6 = Msin 6/4rR* (95) 


measured in the direction of increase of 8. 
The total displacement D, due to the doublet is 


D,=(D? + D?\)t = M/4rR -(3 cos? 6 + 1) (96) 
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The horizontal and vertical components are 


D,= Dcos@ — D, = D,(3 cos? 8 —1) 


= M/4rR°:(3 cos? 8 —1) (97) 


and 
D,= D sin @ = 3D, sin @ cos 8 = 3M/47R*-sin 8 cos 8 (98) 


The angle made by J, with the axis of the doublet is 
0 = sin“'D,/D,= sin-'[3 sin @ cos 8/(3 cos? 9 —1)] (99) 


27. The Field of an Electrical Point Doublet. Method II. In 
§ 26 the field of a doublet was obtained by using the results of 





Fig. 34. 


§ 25. The field may be found independently as follows. We 

shall first obtain an approximate solution for the case of two 

charges g and — g separated by a distance Z, short in compari- 

son with OP= R, Fig. 34, the product gZ being equal to AV. 

Then if AZ is kept constant while Z is increased indefinitely, the 

system becomes a doublet and the solution, in the limit, exact. 
The potential at P is 


V= q/4me- (4,— 4,)/L,4, 
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But L, — ZL, = L cos 6 approximately, and L,Z, = FR’ approxi- 
mately, these relations approaching exactness indefinitely as Z 
approaches zero. Hence, in the limit, for a doublet, 


V= gL cos 8/4mcR® = M cos 0/4mcR? (100) 
The radial component of the displacement is 
D,= cE, = —cdV/dR = M cos 0/2rk* (94) 
and the tangential component is 
D,= ck, = —cdV/dT = — cdV[d6-d0/dT = M sin 0/4rR* (95) 


since dT = Kd@, or d0/dT =1/R. 

From the above equations the horizontal and vertical compo- 
nents, D, and D,, and the angle 6’ made by JD, with the axis of 
the doublet, can be readily found. These quantities are given in 
the preceding article. 





Fig. 35. 


The equation of a line of intensity or displacement, Z, is easily 
found from (94) and (95) with the assistance of Fig. 35. For 
we have evidently 


D_[D, = 2 cos 6/sin @ = dR/ Rd 
from which we obtain 
dR/R = 2 cos 848 /sin 0 
The integral of this equation is 


R= Csin’ 0 (101) 


106 ELEMENTS OF ELECTROMAGNETIC THEORY. 


which is the equation sought, C being a constant for a given line 
and equal to the distance from the doublet at which the line cuts 
the plane perpendicular to the doublet’s axis through its center. 

When C is given for any line, the line can be drawn directly 
by means of (101), or it can be drawn by the process indicated in 
Fig. 36. Drawa line OA making an angle 6 with O.X, which passes 
through the axis of the doublet, and cutting in the point A a 
circle with radius C and O as center. Then let fall a perpen- 
dicular AB on the line OY, perpendicular to OX through the 
doublet, and a second perpendicular from B on OA cutting it 
in. Pisa point on the line required. For OB = C sin @, and 
OP= OB sin 6 = C sin? 6. See J. Buchanan, Nature, Vol. 21, 


5880, p. 370. , 
eso A 
( 


Fig. 36. 


If the figure is rotated about the axis OX, the flux through 
the tube enclosed between the surfaces for which C = C and 
C =awill be 


c c 
i f M/4nC*- 2mCdC = Mom uf acjc? 


= M/amr-(1/a—1/C) 


Hence by giving to II a series of successive values differing 
by a constant quantity and starting with a curve for which C has 
an arbitrary value a, the value of C can be determined, and the 
lines of displacement drawn to correspond to tubes of equal 
‘strength, for as much of the field as desired. 
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The equipotential surfaces corresponding to successive equal 
potential differences can be drawn by means of (100), which may 


be written 
R? = Mcos 0/4mceV 


and which becomes, for points along OX, 


Fig. 37. 


The plane diagram of the lines of displacement is given in 
Fig. 37 from Webster’s Theory of Electricity and Magnetism. 
§ 122) and the diagram of both lines of displacement and equipo- 
tentials for the part of the field lying outside a sphere with the 
doublet at its center in Fig. 67. 
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28. The Electric Field Bounded by a Concentrated Charge q 
and Two Infinite Planes at zero potential meeting at an angle 
6 = 1/n, where xis an integer. We shall find the image sys- 
tem of the charge g in the planes. From this system and the 
given charge g the electric field at all points can then be deter- 
mined by methods already discussed. Let P denote the position 
of the given charge, and let its distances from the two planes be 
denoted by a and 6 respectively. 

Case I. When = 1, 0=7, the two planes are coincident, 
a = ,and the image of ¢ is a concentrated charge — g distant from 
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Fig. 38. 





q 2a = 20 0n the other side of the plane on the line through 
P perpendicular to the plane. This field is fully discussed in § 15. 

Case II. When n= 2, 0= 7/2, and the image system con- 
sists of the charges + g and — gq situated as shown in Fig. 38 at 
the corners of a rectangle with sides 2a and 26 and on the 
circle of radius (a? + 4")! with center at the intersection of the 
planes. 

Case III. When 2 = 3, 0 = 2/3, and the image system con- 
sists of charges situated as shown in Fig. 39. 
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Case IV. The images when 2 is any other integer may be 
obtained in the same manner. They consist in every case of 
concentrated charges + g and —g distant a and 6 from the 
planes and situated symmetrically on the circle through the 
given charge at P and with center at the intersection of the 
planes. The charges, in going around the circle, are alternately 
+ and —. 

Case V. When a and 64 are kept constant and # is made infi- 
nite, we have a concentrated charge between two parallel planes, 
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Fig. 40. 


Fig. 40. In this case the arc of the circle through P is a straight 
line, and the images are located along this line at intervals of 2a 
and 24. 

In all the above fields the total charge upon the two planes 
is — g. 


29. The Electric Field Surrounding a Conducting Surface Formed 
of the External Segments of Two Spheres Intersecting at Right 
Angles ‘and Maintained at Any Potential V. The field will be 
found by the method of images. | 
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Let @ and 4 denote the radii of the two spheres with centers at 
A and C, respectively, Fig. 25, distant d apart. Since the spheres 
intersect at right angles, we have from the figure 


BD = ab|(a* + 8)) = ab/d 
and AB AC=P=ABd 
CB CA=a'=CBd 


Hence B is the geometrical image of A in the sphere C and 
the image of C in the sphere A. If therefore a charge g, 
= 4mcaV is placed at A, a charge g, = 47cbV at C, and a charge 
gq, = — 4mc BD = — amc ab/d = — 9, b/d = — 9, a/d at B, the 
(uniform) potential of the sphere A due to the three charges will 
be g,/47ca =V, since the potential over A due to g, and 4, is 
zero (§ 23); and the (uniform) potential of the sphere C will be 
g,/4mcb =V, in the same way. Hence both spheres are at 
potential V in the presence of the three charges. Hence the 
portion outside the surface of the field connected with these 
charges is the field sought. 

The plane diagram of the field connected with the charges 
at A, B, and C, when 6/a = 20/15 and g, = + 15, 9, = + 20. 
9, = — 12, is given in Fig, 25, in which the spheres are shown 
in dotted lines. At D, the circle of intersection, the displace- 
ment is zero, in accordance with § 57, I. The field is further 
discussed in §18 above. 

The charges g,, 9,, 7, will be found in another manner in § 36. 

The total charge upon the conductor is equal to the algebraic 
sum of the charges at 4, 8, and C. Thus 


G=%4+%+9,=47eV [a+ 6— abl/(at b+] (102) 
The capacity of the conductor is 
S=9/V=4mc[a+ 6 — ab/(a + &)] (103) 


The charge upon the spherical segment 4, or the flux across 
this segment from the images at 4, B, and C, is easily seen to be 


q9,(@ + AB)/2a + 9,6 — BC)/26+ 19, = 
amcVa +b + (8 —at—ab)fa) (104) 
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The charge upon the segment C, found by interchanging @ and 
bin (104) is oneV[a +b + (a? — — ab)/d] (105) 


If one of the spheres is made infinitely greater than the other, 
the problem reduces to that of a hemispherical boss upon an 
infinite plane, § 25. 


30. Geometrical Inversion. Let /, Fig. 41, denote any point 
distant OP = r from a fixed point O, and let a point P’ be taken 
on the line OP such that OP(=7) x OP'(= 9’) = R*. Then P 
and P! are said to be znverse points with respect to the sphere, 
called the sphere of inversion, with center O, called the center of 
inversion, and radius R. Pand P’ are also called the geometni- 
cal images of one another in the sphere. The process of obtain- 
ing P from P’, or P’ from P, by the relation 





Fig. 41. 


OP OP' =F or rr =F (106) 


is called inverting P or P’ with respect to the given sphere. 

If every point of a given surface, volume, or curve is inverted 
with respect to a given sphere, a new surface, volume, or curve 
will be obtained which is called the zaverse or geometrical tmage 
of the given surface, volume, or curve with respect to the given 
sphere. 


31. Inverse of a Sphere. Inverse of a Plane. The image of a 
sphere (or circle) is another sphere (or circle), the centers of the 
two spheres (or circles) and of the sphere of inversion being on 
the same straight line. To prove this, let C, Fig. 42, be the center 
of the given sphere (or circle) of radius a, distant OC = 4 from 
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O, the center of inversion. With O as origin and OB as initial 
line, the equation of the given circle (or sphere) in polar coordi- 
nates (7, @) is 
r — 26r cos 0+ Fh —a=0 (107) 
The equation of the inverse surface is obtained from (107) 
by substituting for 7 its equal R*/r’, the coordinates of the in- 
verse being r’, 6. Thus we find 


rv”? — 2R°6/(4 — a’)-r' cos 8+ R*/(P —a*)=0 (108) 





Fig. 42. 


which a comparison with (107) shows to be the equation of a 
sphere (or circle) with center at C’ distant 


b= Rb/(P — a) (109) 
from O, and with radius 
a’ = [6% — R/(P — a’) = Ra l/(P — a’) (110) 


When the given sphere passes through the center of inversion, 
t. ¢., when 6 =a, Fig. 43, (107) and (108) become 


y— 2acos8@=0 (ith) 
and r cos 6 — R?/2a=0 (112) 


(112) is the equation of a plane (or straight line) distant 


= K*/2a I 
from O, i / (113) 
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Conversely, (112) inverts into (111), so that the image of a 
plane (or straight line) is a sphere (or circle) passing through the 
center of inversion and with radius 





Fig. 43. 


a= K’/2p (114) 
The above propositions can also be easily demonstrated by 
purely geometrical methods. 


32. The Angle at which Two Curves or Surfaces Intersect is Un- 
altered by Inversion. To establish this proposition for two curves 
(which will also establish it for two surfaces), let dB and AC, 


\ Fed 
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Fig. 44. 


Fig. 44, be the elements of two curves intersecting in the point 
A at an angle 0, and A’S’ and A’C’ their inverses cutting at the 
angle 6’. The triangles AOB and A’OB’ are evidently similar, 
since rv’ = K’, and likewise the triangles OAC and OA’C’. 
Hence 


§’ (— angle OA’C' — angle OA’ B’) = angle OAB 


eA ieOnG =O ae 
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38. Electrical Inversion. The electric potential at a point B 
due to a charge dg at a point A is dV, = dg/4mcAB, and the 
potential at 4’, the inverse of B, due to a charge dq’ at dl’, the 
inverse of A, is dV,, = dq! /4mcA’B’. Thus 

aV,,/aV, = dq’ |dqg: AB/A'B' 
But, if O is the center of inversion, AB/A’B’ = OA/OB’. 


alee dV, = dV, dq |dg- OA/OB" (116) 
If dg’ is so chosen that 
dq [dg= —R/OA= —R/r (117) 


dq’ is called the electric image by inversion of dg with respect to 
the sphere of radius F and with center O ; and (116) becomes 


dV,,= —aV,R/OB’ = — dV 4ncR/4mcOB' (118) 


If now we have any electric distribution whatever, and it pro- 
duces at # a potential VY; = if dV,; and if we place at the geo- 
metrical images of the charged points charges related to the 
charges at the orginal points according to (117), 2. ¢., forma 
distribution which is the electric image by inversion of the orig- 
inal distribution, the potential at B’ will be V, = fdV,. Hence 
(118) gives for the potential at 8’ due to the electric image by 
inversion of the original distribution 


Vy =faV,= — 4mcR/amcOB’ fa, 
= —V,4ncR/4mcOB" (119) 


which is the potential which would be produced at B’ by a 
charge — Vi4mcR at O, the center of inversion. If, therefore, 
we place at Oa concentrated charge g = +V,47cR, the point 
B’ will be at zero potential in the presence of this charge to- 
gether with the inverted system. If the potential 1; = V’ is the 
same for all charged points of the original system, that is, if the 
original charge is distributed over an equipotential surface, as the 
surface of a conductor, at potential ’ the potential at a point B’ 
of the inverse surface due to the inverse distribution will be 
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Vy = —4mcRV/4mcOB'. Hence if a charge g = + 4mcRV is 
placed at O, the potential at all points, such as B’, of the inverse 
surface will be zero. The introduction of g does not alter the 
distribution upon the inverse surface, but renders this surface 
equipotential so that it may be made conducting without disturb- 
ing the distribution. The electric field after the introduction of 
q is the field bounded by a concentrated charge 


g=4mcRV (120) 


at O and the inverse of the original surface at zero potential. 

Conversely, if we have a charge g concentrated at a point O 
in the presence of a charged surface at zero potential, we can in- 
vert the surface and ts distribution (ot including the charge ¢) 
with reference to a sphere of radius R and center O and obtain 
the inverse surface charged to a uniform potential 


V=q/4mcR (121) 
alone in the field, the charge ¢ being annulled. 

Or, if we have a surface at zero potential in the presence of a 
charge g, concentrated at a point O, and its image system (on the 
other side the surface), we can invert the image system (not in- 
cluding the charge g) and the given surface with respect to a 
sphere of radius R with center O, and as a result obtain the in- 
verse surface at the uniform potential 


V = g/4mcR 


and within (or on one side) the inverse image system which pro- 
duces on the other side the same field as that connected with the 
surface itself when charged to uniform potential V. From the 
image system the distribution upon the surface, when charged in 
this manner, or made conducting, can readily be found. 

The direct inversion of the distribution on the surface at zero po- 
tential would be, in general, a difficult matter. Hence the second 
of the two processes of inversion just described is usually preferable. 


34. The Electric Surface Density upon the Inverse Surface. 
The electric surface density, o’, at any element @S’ of the inverse 
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surface corresponding to the element @S, with density a, of the 
original surface, can easily be found in terms of o, R, and 7’, the 
distance from O to dS’. For we have 


o’dS'/odS = dq’ dg = — R/r, or o' /o = — R'r-dSjdS’ 
But @S is similar to dS,’ hence @S/dS’ = r'/r and 
ojo = — Rrir? = — Bir? 
Thus o’ = —oR*/r'5 (122) 

As stated in § 33, o’ is not altered by the introduction of the 
charge g at O. 

35. The Sphere and Plane. Consider a sphere of radius @ uni- 
formly electrified to potential VY. Let the sphere be inverted 
with respect to a sphere of radius R with its center O upon the 
surface of the given sphere. The sphere inverts into an infinite 
plane (§ 31) distant p = K’/2a from O. If now we place at Oa 
charge g = 4mcRV, the plane will be at zero potential in the 
presence of the charge g. The electric surface density over the 
given sphere was uniform and equal to o = 4mcaVigra’® = cVia. 
Hence the density at a point on the plane distant 7’ from O is 


of = — oR /r'* = — gR4nar® = — gplamr’® — (123) 


which is the result obtained in § 15, (40), proper attention being 


paid to sign. 
Conversely, we may start with the plane at zero potential 
electrified to density o/ = — pq'2mr’*, and by inversion obtain 


the distribution upon a freely electrified sphere of radius a4. Thus 
the plane inverts into the sphere, and the image of ¢ in the plane, 
viz., — g distant p from the plane on the other side from g, in- 
verts into the charge + AXgq/2p at the center of the sphere; and 
this brings the sphere to the potential Rg/2pmr4ca = g/4mcR = V. 

Next let the center of inversion be taken outside the sphere or 
inside the sphere, and let the sphere of inversion be so chosen 
that the given sphere inverts into itself. This makes R? = 2?— a? 
when the point O is outside the sphere, and KR? = a? ~ z* when 


ELECTRIC FIELDS AND CONDENSERS. Li 


O is inside, if x denotes the distance from O to the center of the 
sphere. Thus the surface density at a point of the sphere dis- 
tant r’ from O, when a charge 9 = 4mcRV = qmc(2? ~ @)'V 
is placed at O is 


of = —oR/rs = — ox? ~ @)/4r ar? (124) 


in accord with (83) and (84). 
Conversely, we may pass at once from this distribution to that 
upon the isolated sphere. 


36, Two Spheres Intersecting at Right Angles. The field of 
§ 29 may also be obtained by inverting the distribution upon two 
infinite planes meeting at right angles and at zero potential under 





the influence of a charge g = 4mcRV at a point P distant a and & 
therefrom (Fig. 45). 

Let the planes and the image system in the planes of the 
charge g at P be inverted with respect to a sphere with center P 
and radius R. The two planes invert into two spheres intersect- 
ing at right angles (corresponding parts of surfaces are shown 
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in full or dotted lines), and of radii a = K?/2a and 8 = R*/2é, 
respectively. The images of g at Pinvert into charges gX/2a 
=ga/R at A,gR/2b= 98/R at C, and — gR/2(a* + oy 
= — gaB/R(a*+ §*)t at B. And in the presence of these 
charges the two spheres are at the potential V= ¢/4mcR, and 
the field outside the spheres is the field required. The total 
charge upon the spheres, when made conducting, the capacity, 
etc., may now be found as in § 29. 

By inverting the system consisting of two planes meeting at 
the angle 7/2, etc., § 28, the field surrounding two spheres cut- 
ting at that angle may be obtained. When x = infinity, this 
problem merges into that of the next article. 


37. Two Spheres in Contact. By inverting the two planes of 
§ 28 with respect to a sphere of radius R and center P we ob- 





Fig. 46. 


tain two spheres of radii A = K*/2a and B = K*/26 in contact at 
P, Fig. 46. All the images to the right of P invert into the 
region within the sphere B and all to the left of P into the region 
within the sphere A; and the system of two spheres in contact 
is brought to the uniform potential V= g/4mcR, and may be 
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made conducting, and the inner field destroyed, without affecting 
the external field. 
In the original system the distances from P of the positive 


charges, + 9, are 

2d, 4d, 6d, --- to the right 
and 

2d, 4d, 6d, --- to the left 


and the distances from P of the negative charges, — g, are 


26, 26 + 2d, 26+ 4d, .--to the right 
and 
2a, 2a + 2d, 2a +44, .--to the left 


This system inverts into the system of negative charges 


— Rg/2d, — Rq/ 4d, — Rq/6d, .-- within the sphere B 
and 
— Rg/2d, — kq/4d, — Rq/6d, ..- within the sphere A 


and the system of positive charges 

Rq/26, Rq/(26 + 2d), Rq/(26 + 42), .“- within the sphere B 
and am 

Rq/2a, Rq/(2a + 2d), Rq/(24 + 4d), -.- within the sphere A 


The total charge of the images within the sphere A, or the 
total charge upon the surface of A when made conducting, is 
q,= R¢/2-{{1/at+ 1/(a@+d)+ 1/(a@+ 2d)4+---] 
—(1/d+ 1/2d+ 1/3¢+4 ---)} 


and that of the images within B, or upon the surface of the 
sphere B when a conductor, is 


q, = Re/2-{[1/6+ 1/(64+ 4) + 1/(6+ 2d) + ---] 


—(1/d+ 1/2d + 1/3d-+ --)} 
Now 
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[1ifa+1/(a+d)+1/(a+ 24) +...])—(1/d+ 1/2d 
+1/3¢24+---)=(1/a—1/d) + [1/(a@+ @)—1/2da] 


+[1/(2 + 22) — 1/3¢]+ = Slt /(a + nd) 


Deri Caetniid ites b/d 1/(n + 1)(a + nd) 


. =24°B/R(A + B)-So1/[B4+m(A + B)(n + 0)] 
9, = 9A°B/R(A + B)- 5 1/[B + (A + B)(n + 1) 
Spe al (125) 

= 4ncVA'B/(A + B) 3) 1/[B+ A + B) (#4 1)] 


Interchanging A and B, we obtain 
9, = 4c VBA|(B 4 A) 1/[A t+ o(B+A)(2+1)] (126) 
n=0 


The capacity of the two spherical conductors in contact is 


ea ame (etna) te (127) 
We shall consider further two particular cases: (1) when 
A = B, (2) when B/A is very small. 
(1) 4=B. In this case 


I, = 9, = 2mcAV DD) 1/(1 + 22) (2 + 1) 
n=0 
= 4mcAV(4 +1/3-4+1/5-64+---) (128) 
= 4ncAV log 2= 4mcAV x 0.693 
and S = 29,/V= 8acA log 2= 4mcA x 1.386 (129) 


Thus the capacity of the system of two equal spheres in contact 
is equal to 1.386 times the capacity of a single isolated sphere 
of the same radius. 

The energy of the field surrounding the spheres is 


W = }qgV = 4mcdA log 2:-V? = /16mcdlog2 (130) 


ELECTRIC FIELDS AND CONDENSERS. et 


From this expression and (11) it is easy to compute the work 
done against the electrical forces, or the work done upon the 
electric field, when two equal spheres with equal charges are 
brought together from an infinite distance (or a great distance, 
practically) apart. 

(2) B/A very small. Wher 2/4 =o, the sphere 4 is alone 
in the field at potential V; hence 7, = 4mcAV, a relation which 
holds approximately when B/A is very small. In this case we 
have for g,, approximately, 


qm gueBV/A» > 1](n + 1) 
n=0 
= 4ncBPViA-(1/1? + 1/2?4+ ---) = 4rcB?] Am? /6-V (131) 
= 4amcB’/A x 1.645V 


The capacity of the system is, approximately, 
S = 47c(A + 7 /6-B/A) (132) 


The electric surface density upon the larger sphere, except 
near the point of contact, is, approximately, 


o,=cV/A (133) 


while the average density upon the smaller sphere is, approxi- 


mately, 
o,=cV/A-1’/6 (134) 


The relation ¢,/o0, = 7’/6 will hold very approximately when 
the small sphere 2 touches any conducting surface A which, like 
a large sphere, is nearly plane in the neighborhood of the point 
of contact, the nearly uniform density in that vicinity being, 
before contact with the small sphere, o.. 


CHAPTER Ii: 


STANDARD CONDENSERS. CONDENSER SYSTEMS. 
ELECTROMETERS. 


1. Actual Condensers. The electric fields and condensers or 
leydens discussed in Chapter IT. are ideal, the conditions assumed 
being impossible to realise completely in practise. Concentrated 
charges and infinite conductors do not exist; one or two con- 
ductors cannot be infinitely removed from all other conductors; 
and all the tubes from the first conductor will not, in general, 
terminate upon the second, unless the second conductor com- 
pletely surrounds the first or, what amounts to the same thing, is 
connected with the walls of the room, which thus becomes one, 
electrically, with the second conductor. The field in this latter 
case cannot be rigorously computed, however; and though it is 
possible to construct a condenser of concentric spheres with a 
high degree of accuracy, or of conductors of other form so 
arranged that one completely surrounds the other, and such that 
the electric field can be rigorously computed, yet, to use the 
system, an insulated wire must pass through an opening in the 
outer conductor to the inner, and through this opening, however 
small, some tubes will emerge and pass to the external surface 
of the outer conductor and to other bodies. The wire and the 
opening also disturb the field in other ways. 

But finite portions of all the fields can be very nearly pro- 
duced, and the results established above for ideal condensers and 
fields can be applied without sensible error to actual systems. 
This can be done, for example, with the systems consisting of 
two parallel similar conducting surfaces, as two spheres, two 
planes, or two cylinders, by making the distance between them 
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small in comparison with their linear dimensions. Then the part 
of the field between the surfaces—concentric spheres, coaxial 
cylinders, or parallel planes— becomes practically identical, ex- 
cept near the edges, with those already described, and the part 
of the field outside this region relatively very weak. The capacity 
of such a condenser, of any form, is approximately the product 
of the area of one of its conductors by the permittivity of its . 
dielectric divided by the distance between the conductors, the 
intensity being practically constant in magnitude throughout the 
dielectric. 


A plane section of the tubes of displacement of a square par- 
allel plate condenser taken parallel to one edge and perpendicu- 
lar to the plates through their centers is shown in Fig. 47. The 





(CUT TAD 


Fig. 47. 


tubes in the neighborhood of the section are supposed to be 
formed by moving the diagram perpendicularly to its plane. The 
diagram is drawn only approximately. The tubes are closely 
concentrated and uniformly distributed between the plates, except 
near the edges, where the field becomes less intense, and sparsely 
distributed over the outer surface, becoming less numerous as 
the central points A and # are approached. These results fol- 
low from the principle of symmetry and the fact that the voltage 
if EdL is the same along every line of intensity from one con- 
ductor to the other, which makes the average intensity great 
where the length of the line is small, and vice versa. 
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As the capacities of ordinary condensers are computed only 
roughly for construction purposes, and then determined or ad- 
justed accurately, when necessary, by comparison with standard 
capacities, it is of little importance whether their fields are such 
that the capacities can be determined accurately by geometrical 
measurement ornot. But this is obviously necessary in the case 
of condensers designed as absolute standards of capacity. Such 
standards have been constructed of concentric spheres, coaxial 
cylinders, and parallel plates. The first form does not need 
further description here; the last two will be described in the 
next article. 

To eliminate the electric field surrounding the earth, all the 
apparatus here described will be supposed enclosed within a 
hollow conductor, such as the walls of a room in a house. The 
phenomena would not be essentially different, however, outside 
such an enclosure. The potential of the walls of the enclosure 
(earthed) will be assumed zero, 


2. The Standard Parallel Plate Condenser. The construction 
of this condenser and its electric field near the center, drawn 
like the field in § 1, are shown in Figs. 48 and 49. A and A’ 


A Cc 8 Cc A 


A’ A’ 


are the two plates distant d apart. The central portion, 2, of A 
is separated from the rest by an air gap CC whose breadth is 
very small in comparison with d@. Above and continuous with 
the plate 4 is a metal cover D, which forms with 4A and Ba 
hollow conductor closed except forthe gap CC. If # is put in 
metallic contact with A, and the condenser then charged, the 
electric field shown in the figures will result, and will remain 
when # is again insulated from A. Since the region above B is 
the interior of a hollow conductor practically closed, all the 
tubes from 2B will proceed to the upper surface only of 4’, and 
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but few tubes will emanate from the upper surface of B and pass 
through the gap CC to A’. The field below B, being remote 
from the edges, will be sensibly uniform except in the immediate 
neighborhood of the gap C, which, however, will not sensibly 
disturb the uniform field near A’. By symmetry, sensibly half 





Fig. 49. 
(The width of the gap Cis greatly exaggerated.) 


the tubes which terminate upon the small area of A’ just beneath 
the gap CC must emanate from B and half from 4. If 6 de- 
notes the area of B, and a that of CC, the area of A’ receiving 
tubes from & is thus 

A=6+4 sa (1) 


The charge upon # is therefore the same as the charge upon 
the area A = 6 + 3a of A’, which is the same charge B would 
have if its area were A = 6 + 4a and there were no gap. The 
capacity of the condenser formed by &, A’, and the tubes con- 
necting them is therefore 


S = Ac/d = c(b + 4a)/d (2) 


The conductor A which surrounds 8, and by means of which 
the field beneath B is made uniform, is called a guard ring. 


Fig. 50. 


The force of attraction between B and 4’ is the force acting 
upon the area A = 6 + 3a of A’; that is 


126 ELEMENTS OF ELECTROMAGNETIC THEORY. 
F=}EDA = }cE*A = 4cV4/d?-A (3) 


if V denotes the voltage between the plates AB and J’. 

The Standard Cylindrical Condenser. The guard ring con- 
struction can be applied equally well to the condenser formed of 
coaxial cylinders. The construction of the condenser is shown 
in Fig. 50, the inner cylinder serving also as guard ring and pro- 
tector. 


3. Electroscopes and Electrometers. An electrometer is an in- 
strument for measuring voltages, or electric potential differences, 
by means of the forcive acting between electrified bodies. Other 
instruments for measuring voltages will be described later. An 
electroscope is a crude electrometer, used principally for detect- 
ing rather than measuring electrical effects. 


4. The Kelvin Absolute Electrometer. This instrument con- 
sists of a condenser constructed like the standard parallel plate 
condenser of § 2 with certain modifications and additions: The 
plate 2 (in one of the commonest forms of the instrument) is 
connected through a small opening in the sheath D with one 
arm of a gravity balance, so that the force / between B and A’ 
can be determined by weighing. A vertical micrometer screw 
topped by an insulating support which carries A’ enables the 
distance d to be varied and measured. A is kept in electrical 
connection with 4, and an optical device is provided with the 
aid of which the planes of A and # are always made coincident 
(by altering the weights in the balance pans or by varying the 
distance @) when the force upon B# is to be measured. 

To measure a voltage, A and 4’ are first metallically con- 
nected, and the weights on the balance pans adjusted until the 
planes of A and Bare coincident. Then the connection between 
A and A’ is broken, and they are brought to the difference of 
potential I”, to be determined. The force F, due to the attrac- 
tion between the plates is balanced by the addition of known 
weights, and the distance d is measured. Then by (3) 
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Fe }cV?/Ad*d -A 
whence VedV2FIcA (4) 


The above method of using the electrometer is called the 
idiostatic method, as the voltage to be determined is the only one 
employed. Since Fis proportional to the square of the voltage, 
alternating as well as direct voltages can be measured. 

In the heterostatic method an auxiliary agent with a constant 
voltage V’’ is also used. When this voltage alone is applied to 
the electrometer terminals, we have from the last equation 


V! = d'V2FIcA 


if / denotes the force upon B when the distance between the 
plates is d’. 

If now we connect up in series the agent whose voltage V is 
to be determined and the agent whose voltage is V”’, both 
voltages being directed in the same way so that the resultant 
voltage is V+ V’, we have, when the voltage V+ V’” is applied 
to the electrometer terminals, 


V4 V' ad" 2F/cA 


if 7d’ denotes the distance between the plates when the force F 
remains the same as before. 
Subtracting the first equation from the second gives 


V = (d" —d')V2F/cA (5) 


The advantage which this method has over the other is due to 
the much greater accuracy with which the micrometer permits 
the measurement of the difference of the two distances d@’’ — d’ 
than either separately. 

Since F is proportional to ””, it becomes so small for small 
voltages that it cannot be accurately measured with this instru- 
ment. This form of absolute electrometer is therefore used only 
for measuring large potential differences, and small voltages are 
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measured by the quadrant electrometer, the Bichat and Blondlot 
‘ electrometer, the capillary electrometer of Lippmann, or a form 
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Fig. Sit 


of absolute electrometer recently de- 
vised by Perot and Fabry. The first 
two instruments are described in the 
succeeding articles. 

§. Bichat and Blondlot’s Electrometer 
(Modified). This instrument (Fig. 51) 
consists of a metallic circular cylin- 
der C suspended from the arm of a 
balance (or connected to another 
dynamometer) by a fine wire DE, 
with its axis vertical and coincident 
with the axis of a longer hollow me- 
tallic circular cylinder AB, cut in two 
at FG and projecting well beyond the 
ends of C, the difference between the 
radii (Z, and L,, LZ, > Z,) of the two 
cylinders being small in comparison 
with either radius. 

Let A, B and C be charged, the 
voltage from B to A being denoted 
by V,,, that from C to A by F,, 
and that from C to B by V3, C being 
charged by the wire D£, dipping in a 


conducting liquid. The field, in plane section through the axis, for 
the case in which V, > V, and V;,=V, — Vz therefore positive, 
is shown approximately in the figure (all the lines of intensity 
should touch the conductors normally). Except near and beyond 
E and #H, and G and F, the field is cylindrically radial, and its 
capacity per unit length is constant and equal to 


S anomre.log L/L, 


By symmetry, there is no resultant horizontal force acting on 
C. In general the vertical forces acting on C at 7 and E& are 
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not equal and opposite. The resultant force can be found as 
follows: Imagine C to be moved downward an infinitesimal dis- 
tance dx. The capacity of the condenser AC is increased by 
Sdx and that of the condenser BC by — Sdx, no sensible change 
occurring in the capacity of the non-cylindrical parts of the field. 
The increase in the energy of the field, if the voltages are kept 


constant, is 
adW = Sdxr(V,? — V;7) 


Hence, by § 55, I., the resultant force acting downward upon C is 


F=dW/dx=4S(V~— Vy?) = 4SVz,4(V_ + Vi) 6 
= SV54(V_ + 3 V 54) 


(1) If V, is great in comparison with V,,, the voltage to be 
measured, this equation becomes, with a negligible error, 


jm Sl ipl (7) 


Hence, if V; is kept constant and V,, varied, F is proportional 
towl4,. 

(2) If A and ZB are connected to the terminal plates of an 
auxiliary battery consisting of an even number of similar voltaic 
cells in series, and if one terminal of the cell, condenser, or other 
agent whose voltage V is to be measured is connected to the 
central point of this auxiliary battery, the other to the conductor 
C, we have, if YW denotes the e.m.f. of the auxiliary battery, 
Veg = V, Vg= V—4V, Vi = V+ 3V; and (6) becomes 

Fue SV.V (8) 
so that Fis proportional to Vif WY is kept constant. 

(3) If B and C are connected together, V;=0, Vs = Vy, 


and (6) becomes 
P= $SV iy (9) 


Equations (7), (8), and (9) indicate three methods of com- 
paring voltages with the instrument, the force / being meas- 
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ured with the balance (or other form of dynamometer). If S is 
determined from direct measurement, and * measured in dynes, 
the third method gives an aéso/ute determination of the voltage 
V,,. The first and second methods are called heterostatic, as an 
auxiliary voltage, V, or V, is employed in addition to that to be 
measured. The third method is called zdtostatic, since the volt- 
age to be determined is the only one applied. 


Y) 
JS. The Kelvin Quadrant Electrometer. This instrument (Fig. 
52) is constructed as follows: A right circular cylindrical me- 





By 
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tallic box, with its axis vertical, is cut symmetrically into four 
quadrants A, A’, B, B’, separately insulated on glass rods, but 
connected by wires in pairs, A to A’ and & to BL’, so that when 
the field is static there is never a potential difference between op- 
posite quadrants. A light aluminiunt needle C, consisting of 
two equal opposite flat quadrantal arcs CC and C’C” attached by 
thin radii at their extremities to a central vertical rod R, is sus- 
pended from a support by two silk fibers (or other insulating 
torsion device) in such a way that the arcs CC and C’C” are 
horizontal, concentric with the quadrant cylinder, and midway 
between the top and bottom of the box. When the quadrants 
and the needle are all connected together, so that there is no 
potential difference between any two parts of the system, the arcs 


Fig. 52. 
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C, C” are adjusted to lie symmetrically with respect to the two 
quadrant pairs 4A’ and BB’, as shown in the figure. To the 
rod R& is attached a mirror 7, by means of which and a lamp 
and scale or telescope and scale any deflection, 6, of the needle 
can be read, and on the other side of the quadrants a vertical 
platinum wire W, ending in a platinum vane V. The end of the 
wire and the vane hang free in dry sulphuric acid contained in a 
glass vessel G, the outer surface of which is partly covered with 
tin foil. The sulphuric acid serves to make electrical contact 
with the needle, to dampen the needle’s motion, and to form with 
the tin foil and glass vessel a condenser of considerable capacity, 
whose function is to keep constant the potential difference be- 
tween the needle and the case. The whole instrument is enclosed 
in a tight case, often an extension of the vessel G (whose tin foil 
covering is then outside) and is kept dry by the sulphuric acid 
within. The case, largely metal, serves also to screen the needle 
and quadrants from any external field. 

If the instrument is symmetrically made and adjusted, the 
arcs CC and C’C’ form with the two quadrant pairs 4.4’ and 
BB’ two condensers, the capacity of each of which, per unit 
angle subtended at the center of the system, is the same, let 
us say S, and constant, except near the edges of the arcs 
and quadrants, for all but exceedingly large deflections of the 
needle. 

Also, if the instrument is symmetrically made and in adjust- 
ment, the needle will obviously not be deflected, even when 
charged, as long as the quadrants are all connected together. 
If the needle and the quadrant pairs AA’ and BB’ are charged, 
the needle will, in general, be deflected, coming to rest when the 
angle of deflection, 6, is such that the torque 7 upon it due to 
the electrical stresses is balanced by the return torque due to the 
twist of the suspension. To find the relation between the deflec- 
tion and the voltage, we may proceed as follows, using the 
method of § 55, I. 
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Let V,, denote the voltage from the quadrants AA’ to the 
quadrants BB’, V, the voltage from the needle to 4A’, and V; 
the voltage from the needle to BA’. 

When @ is increased by an amount a@@, the capacity of the con- 
denser formed by CC’ with AA’ is increased by Sd@, and that 
of the condenser formed by CC’ with BB’ is decreased by the 
same amount. The increase in the energy of the two condensers 
is then 


dW = 3 Sd0V;2 — 4 Sd0 V2 = }Sd0(Vz— Vi Vn + Vi) 
=A Sd0 Va Vet Vi) = Sd0 Va Vg Vag) = 20 
— Ko d6 


since Vz; =V,+V,,, and since 7729 = K0d6 is the work done 
in twisting the bifilar (or other) suspension through the angle d@ 
by the torque 7 of the electrical forces, A being the constant of 
torsion of the suspension. The last equation gives 
T/K = 0=3S/K- Vil Vp + Vi) = S/K- Vas Ve — 4 Vin) (10) 
(1) If V, and V, =V, + Vy, are very large in comparison with 
Vn, the voltage to be measured, ,,.may be neglected without 
appreciable error in the expression (V3 — } V5), and @ is sensibly 
proportional to V4, and to V,. Hence by making V, large, even 


small potential differences ,, may be measured with accuracy. 
In this case (10) becomes 


Vip = K/SV, - @ (11) 

(2) If the needle is in metallic contact with one of the quad- 
rant pairs, as 4A’, V, =0, Vz = Vy,, and (10) becomes 

Vig= 2K/S-0 (L2) 

Since the deffection in this case is proportional to the square 

of the voltage, alternating as well as steady voltages can be 

measured ; but low voltages, either steady or alternating, cannot be 

measured with accuracy (except with very sensitive instruments). 

(3) The quadrant pairs 4A’ and BB’ are connected to the ter- 


minal plates of an auxiliary voltaic battery consisting of an even 
number of similar cells in series, and one pole of the voltaic cell 
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or other agent whose voltage V is to be measured is connected 
to the needle C, the other to the central point of the auxiliary 
battery. Then, if YW denotes the e.m.f. of the auxiliary battery, 
Vip=V, Vi = V—4Y, Vz = V+ 49; and (10) becomes 


V==z K/SV-.6 (13) 


In this arrangement the deflection is accurately proportional to 
V, whether V is large or small in comparison with ¥. 

The first and third methods of using the instrument, in which 
a supplementary voltage is employed in addition to that to be 
measured, are called heterostatic methods; the second is called 
tdiostatic. 

While the quadrant electrometer cannot be used for absolute 
measurements, the factor multiplying 0 being impossible to de- 
termine with accuracy directly, this factor can be determined in 
any case by measuring the deflection produced by a Anown volt- 
age, such as that of a standard cell. 


7. Condensers in Multiple. When any number # of condensers 
whose separate capacities are S,, S,,---, S, are connected in 
! 2 aed 
a SOS SR EO a aE PS i 


a. 


6, 
Fig. 53. 


multiple, as in Fig. 53, 2, a compound condenser is formed whose 


papeciy, Sm S+ S++ 5S, (14) 
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provided that the field of each condenser is included, practically, 
between its plates only, and therefore does not affect appreciably 
the fields of the other condensers. 

For if Vis the common voltage between the separate pairs of 
plates of the compound condenser, ¢ the total charge on each 
compound plate, and g,, 9,,:--, 7, the charges on the separate 
plates when the condensers are charged separately to the volt- 
age V, we have, for such a system, 


I=9+9+°:: +4, and 


S=9/V=H(9,4+9+-°°+9,)/V =(S\V+t SH Ae es prey i) ha 
HS 4S, 4-045, 


8. Condensers in Series. When 2 condensers of individual 
capacities S,, S,, etc., are connected up in series, as in Fig. 53, 4, 
a compound condenser is formed of capacity 


S= 1f/(1/S, + 1/S, + +--+ 1/S,) (15) 


provided that the plates of each condenser are so close together 
that sensibly all the tubes from one plate terminate upon the 
other. 

For if Vis the total potential difference between the terminal 
plates of the compound condenser, g the (numerical) charge on 
each of them, and 4,, 7,, etc., and V7, Vj, etc., the charges and 
voltages of the individual condensers, we have 


DD Fee a 9s 


since the intermediate plates are all charged by induction, and 
sensibly all the tubes from one plate of each condenser terminate 
upon the other. 

Also V=Vi+V,4+---+4+V, 
Hence 

Soe dV hil goehitet AS) seme S yt Gi stray stag Sy) 


from which (15) follows on cancelling ¢. 
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9. Some Electrostatic Methods of Comparing Capacities. In 
each of the following methods the capacity of the electrometer, 
or electrometers, and connecting wires is supposed to be negli- 
gible in comparison with the capacities to ke compared, or else 
to be included with them. 

(1) The capacities S, and S, to be compared are connected in 
series with a battery of electromotive force V, and an electrom- 
eter is connected across the plates of each; or an electrom- 
eter is connected across the plates of one, for example S,, and 
another, with the battery, across the terminal plates. In the first 


case we have 
S, V, = S; lV. 
whence 
. S,/S; Fe Vi/ V; (16) 
and in the second case 


SLY, = V/(1/S, + 1/53) 
whence 
S,/S,= V[V,—1 (17) 


If the leakage and absorption (Chapter VI.) of the condensers 
are negligible, the two measurements may be made in succession 
with a single electrometer. 

(2) The capacities to be compared are arranged to be put in 
multiple by a switch X. With & open let S,, to whose plates 
the quadrants of an electrometer are connected, be charged to a 
voltage V, and then connected in multiple with S,, when both 
condensers will come to voltage V;, Then we have 


SV= (S, “5 S)V,; 
whence 


S,/S,= V/V,—1 (18) 


(3) In this method the condensers whose capacities S, and S, 
are to be compared are charged in multiple to the voltage V, 
insulated, and then again connected in multiple, but in such a 
way that the positive and negative plates of 1 are connected to 
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the negative and positive plates of 2, the final voltage being V, 
Immediately after charging 


Q=S,V and g,= SV 
After the final connection in multiple 
1-%2> (S, aS S)V= (S, ae S)V, 


S,/S,=(V— V/V + V,) (19) 


Hence 


It is obvious that the above three methods cannot be applied 
when one or both of the condensers are of the guard ring type, 
thus having more than two conductors. The following method of 
testing the equality of the capacities of two guard ring condensers 
was devised by Maxwell. It can also be applied when only one, 
or neither, of the condensers is of the guard ring type. In 
the last case it becomes identical with the last of the preced- 
ing methods, which is an extension of a method due to Caven- 
dish. 


10. Maxwell’s Method of Testing the Equality of the Capacity 
of a Guard Ring Condenser and that of any Other Condenser.* Let 
A be the disk, B the guard ring and sheath, and C the larger 
plate of one of the condensers ; and let A’, B’, and C’ be the 
corresponding parts of the other. If either condenser, as ABC, 
is of the simpler form with only two conductors, we have only to 
suppress # and to suppose A and C to be the two conduc- 
tors, it being understood that sensibly all the tubes of induc- 
tion pass from one plate to the other when the condenser is 
charged. 

Let B be kept always connected with C’, and B’ with C. Then 

(1) Let A be connected with 4, and C’ with /, the positive 
(for the sake of definiteness) terminal of a battery or other source 
of electrification, the other terminal of which is connected to 


* Maxwell, 7reatise, § 229. 
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earth; and let A’ be connected with &’ and C and with the 
earth. The two condensers are now charged oppositely, so that 
A is positive and A’ negative, and the field of each is sensibly 
confined to the region between the plates. 

(2) Let A, B, and C”’ be insulated from /. 

(3) Let A be insulated from B and C’, and A’ from B’ 
and C. 

(4) Let Band C’ be connected with 4’ and C and with the 
earth. The charges on A and A’ remain unaltered in magni- 
tude, but are now distributed over their whole surfaces, the 
fields no longer being confined to the regions between the 
plates. 

(5) Let A be connected with A’. 

(6) Let A and A’ be connected with one quadrant pair of an 
electrometer £, the other quadrants of which are earthed. If the 
charges of A and JA’ are equal in magnitude, the electrification 
wholly disappears, since they have opposite signs, and the elec- 
trometer is unaffected. In this case the fields connected with A 
and A’ have the same capacities. Otherwise, the electrometer 
will indicate positive or negative electrification according as 
A or A’ has the greater charge and therefore the greater 
capacity. 

By making repeated tests and adjustments, if necessary, the 
capacity of a condenser constructed with movable conductors so 
as to have a variable capacity, or a condenser in the process of 
construction, may be made equal to that of a standard condenser 
of the guard ring form. 

Other methods of comparing capacities are described in Chap- 
ters XII. and XIII. 


11. Some Methods of Extending the Range of an Electrometer.* 
If the ratios of the capacities of the condensers in the three first 
arrangements described above are known, the three methods of 
comparing capacities may be inverted for the measurement of 


*Cf. Maxwell, 7reatise, § 220; Lord Kelvin, 8. A. Report, 1885, p. 907. 
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high voltages with electrometers constructed for low voltage 
measurement. Thus we have, from (17), (18) and (19), 


(1) V= [(S; st S1)/ Si] V; 
(2) V= L(S; a S\)/S] V; (20) 
(3) V= (S, a5 S)/(S; at S2)] V, 


By measuring V,, V may be determined ; so that by properly 
choosing or adjusting the ratio of the capacities the range of an 
electrometer may be almost indefinitely extended. 


CHAPTER IV. 


GENERAL ELECTROSTATIC THEORY. IDEAL FIELDS 
CONTAINING TWO OR MORE DIELECTRICS. 


1. Generalisation of Gauss’s Theorem.* In § 23, Chapter I., 
this theorem was established for a surface enclosing a single 
homogeneous isotropic dielectric, or such a dielectric and con- 
ductors. We shall now show that it holds for a closed surface 
cutting any number of such dielectrics, or such dielectrics and 
conductors. To do this it is necessary to show only that the 
strength of a tube of induction is not altered when it passes from 
one dielectric into another. 

For this purpose, consider the electric field between the plates 
A and B of aclosed condenser containing two dielectrics 1 and 2, 
1 being in contact with A only, and 2 in contact with # only. 
If the charge of A is g, that of B is — g, and there is no charge 
upon the interface between the dielectrics 1 and 2. (If there are 
charges due to contact, they are equal and opposite at any point 
of the interface.) Applying Gauss’s theorem to the region 1, we 
find the total strength of all the tubes emanating from A to be gq; 
and, likewise, in the region 2, the total strength of all the tubes 
terminating upon & to be g._ Thus the total strength of all the 
tubes is unchanged in passing across the interface from 4 to 2. 
And since this result is absolutely independent of the size or 
shape of the dielectrics, that is of the shapes of the tubes, it 
follows that the strength of every tube remains constant in cross- 
ing the interface, howsoever the field is divided up into tubes. 

It may be shown that the theorem is also valid in the general 
case when the dielectrics are neither homogeneous nor isotropic, 


*See The Physical Review, September, 1902, p. 173. 
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but the demonstration lies outside the scope of this work. In all 
that follows we shall assume the theorem to be perfectly general. 


2. The (Uncharged) Interface Between Two Dielectrics. Laws 
of Refraction of Lines of Intensity and Displacement. At an un- 
charged interface S, Fig. 54, between two dielectrics 1 and 2 
with permittivities c, and c,, certain conditions, which we pro- 
ceed to find, must be satisfied by the electric intensity and dis- 
placement. 

In the first place, the line integral of the electric intensity 
around the infinitesimal circuit adfca, in which ad and of are par- 





Fig. 54. 


allel to the interface, and ac and df normal to the interface, is 
zero, since the field is static. This integral, that is, the e.m.f. 
around the circuit, 1s 
£, sin 0, ad + E, cos 6, de + E,cos 0, ef + E,sin 8, fc 

+ £, cos 0,cb + E, cos 0, ba =0 
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But de = — da, and ef = — cé, hence all the terms but the first 
and fourth cancel, leaving 
E, sin 6, ad + £, sin 0, fe = 0 
or, since fc = — ad, 
E, sin 0, = £, sin 0, (1) 

Thus the tangential component of the intensity does not 
change on crossing the interface. 

Moreover, £, lies in the plane containing £, and the normal to 
the interface, V,V,. For if £, were not in this plane, it would 
have a component perpendicular to this plane, while £, has no : 
such component. Therefore the e.m.f. around a circuit in a 
plane perpendicular to the interface and lying partly in medium 
1 and partly in medium 2 would differ from zero, which is im- 
possible in the static field. 

Consider finally the electric flux outward across the surface of 
an elementary parallelepiped acfd with center at o in the inter- 
face ; two of the faces, of breadth ad and height 4 (perpendicular 
to the paper) being parallel to S, and the others, of breadth ac 
and height 4, normal to S. This flux must be zero, by Gauss’s 
theorem. Hence 


— D, sin 0, abh — D, cos 8, adh + D, sin 8, deh 
+ D, sin 6, efh + D, cos 8, fh — D, sin8, bch =0 
But since de = ¢f = ab = bc, and ad = ¢, this reduces to 
D, cos 8, — D, cos 8, = 0 


or 


D, cos 6, = D, cos 8, 
2 
¢,£, cos 0, = cE, cos 8, (2) 


Thus the normal component of the displacement does not 
change in crossing the interface. 
From (1) and (2) we have by division, 


tan 0,/ tan 0, = (D,/£,)/(D,/£,) = 4/¢ (3) 
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In passing from one dielectric to another lines of displacement 
are therefore refracted in such a way that 

I. The incident and refracted lines are in the same plane per- 
pendicular to the interface at the point of incidence ; and that 

II. The ratio of the tangent of the angle of incidence to the 
tangent of the angle of refraction is a constant for the given 
media, and equal to the ratio of the two permittivities.: 

Since tan 8, and tan @, become infinite together when 


6, = 6, = 90° 


no phenomenon similar to total reflection in optics occurs. 

If @, is kept constant, and ¢,/c, diminished, tan @, increases. 
In the limit when ¢,/c, = 0, tan 0, = infinity, and 8, = 90°. In 
this limiting case 6, is of course meaningless, since when ¢c,/c, = 0, 
there is no electric field in medium 2. As stated in § 14, I., no 
substance has a permittivity less than c, = 1, but for the sake of 
certain analogies (VIII. and IX.) the imaginary case of ¢,/c, 
= 0 is here considered. 

If while @, is kept constant, ¢,/c, is increased, 0, increases, ap- 
proaching © as ¢, approaches infinity. In this limit also @, is 
meaningless, and medium 2 contains no electric field, as D 
would there be infinite if were greater than zero. Since ina 
static field the lines of intensity always meet the surface of a con- 
ductor normally (@,= 0) and since there is no electric field 
within the conductor, a conductor behaves in a static field like a 
substance of infinite permittivity. Since in this case the displace- 
ment is discontinuous at the surface, the conductor’s surface is 
charged. This behavior, however, is not due to the conductor’s 
permittivity, but to its conductivity. Of the permittivity of most 
conductors little is known. 

An experimental method of verifying (3) is described in §5, 
VII. 


3. Fictitious or Apparent Electric Charges. The discontinuity 
in the normal component of the electric intensity at any point of 
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the interface, viz., Z, cos 8. — £, cos 6,(£, and £, being reckoned 
positive when directed from medium 2 fo medium 1), is exactly 
the same as it would be if c, were equal to c, and there were a dis- 
continuity in the normal component of the displacement at the 
point equal to ¢, (Z, cos 8, — Z, cos 8,). This would leave £, and 
E, everywhere unaltered, and would leave D, unaltered; but 
since D, would now equal ¢,£, instead of c,£,, as before, it would 
decrease D,, and therefore all the charges in medium 2, in the 
ratio ¢,/c,. 

Thus the electric intensity everywhere in the field containing 
two dielectrics in contact (the interface being uncharged) is the 
same as it would be if medium 2 were replaced by medium 1, 
if the (former) interface were charged to a surface density 
o' =c,(£, cos 8, — £, cos @,), and if all the charges in medium 2 
(or at the interfaces, if any, between medium 2 and conductors, 
which could be replaced by medium 2 (§ 28, I.) without altering 
the field) were reduced in the ratio ¢/c, Imagining these 
- changes made in any case, we can compute the intensity at any 
point by the direct application of the law of inverse squares. 
From the intensity and the permittivity at any point the displace- 
ment can be found, and from the charges and the intensity the 
mechanical forces upon the charged bodies. Thisis an extension 
of the method of § 28, I, which treats of the case in which 
¢, = infinity, or c,/c,= 0, only. The mechanical force at the 
interface between the two dielectrics will be determined in §§ 6 
and 9. 

The quantity o’ = c,(£, cos 6, — E, cos @,) (4) 


is called the apparent or fictitious electric surface density at the 
point with respect to medium 1. [In the irrational systems of 
units, Chapter XIV., o’ is defined by the equation 


ama’ = c¢,(E, cés 8, — E, cos 6,)| 


By simply interchanging the subscripts 1 and 2 we could of 
course refer everything to the dielectric 2. In all that follows, 
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however, the medium designated as 1 will be taken as the stand- 
ard medium, and the apparent charges, ctc., will be computed 
with respect to it. 

If there are several dielectrics in the field, it can be shown by 
the method used above that, to reduce everything to medium 1 
for the sake of computing the electric intensity by the law of 
inverse squares, a surface density must be assumed at every point 
of each interface equal to ¢, x the normal discontinuity of £ at the 
point, and the charges in any medium of permittivity ¢ must be 
reduced in the ratio ¢,/c. 

In the same way, if the permittivity varies continuously, in- 
stead of suddenly at distinct interfaces, there will be an apparent 
volume density of electrification equal, at a point where the in- 
tensity is £, to 

p=c, div & 8) 
(In the irrational systems of units 47p’ = c, div £.) 

If both volume density and surface density of apparent elec- 

trification are present, we have 


q’ = fo'dS +f p'dr (6) 


the first integral being extended over all fictitiously charged 
surfaces, and the second throughout all fictitiously electrified 
volumes. 


Electric Poles. The fictitiously charged surfaces or volumes, 
that is, the surfaces or volumes where the electric intensity is 
discontinuous, are called electric poles. The total apparent charge 
in any region is the strength of the pole (or portion of a pole) in 
that region, and is equal toc, x the outward flux of the electric in- 
tensity * across a closed surface surrounding the pole, by (4) and 
(5). Another expression is given below. The pole is posttize 
or negative according as the apparent charge is positive or nega- 
tive. 

* The flux of any vector across a surface is the integral over the surface of the nor- 
mal component of the vector. 
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4. Fictitious Charges (continued). Intensity of Electrisation. 
Electric Susceptibility. (4) may be written 


a’ =c,(£, cos 8, — E, cos 8,) = (D, — ¢,£,) cos 9, (7) 


The quantity D, —¢,£,, the difference between the actual dis- 
placement in medium 2 and the displacement which would exist 
there with the same value of intensity if c, were equal to ¢,, is 
called the intensity of clectrisation of medium 2 with respect to 
medium 1, and is denoted by /. Thus 


J=D,—%8, (8) 
Another definition of / is given in § 12. 
(In the irrational systems of units, Chapter XIV., / is defined 
by the relation 47/ = D, — ¢,£,.) 
When none of the electrisation is intrinsic (§1, VI.), (8) may 
be written : 
J=D,—¢F,= (4 —4)/4)2, (9) 
J is evidently a vector with the same direction as that of D, or 
the opposite direction, according as D, is greater or less than 
c,E,; or, when (9) is valid, according as ¢, is greater or less 
than ¢,. 
(9) may be written 
J = (6, — “)£, = “ky (10) 


Kk =(¢,—¢,) is called the electric susceptibility of medium 2 
with respect to medium 1. [In the irrational systems of units, 


«= (c,—¢)/47] 
(8) and (10) may be transformed into 


D, = 6F,= J+ o£, = (¢,+ “)£, (11) 
In terms of /, the apparent surface density is 
o’ =] cos 0, (12) 


and the apparent charge upon a surface is 


7 = [/ cos 0,dS (13) 
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The volume density of fictitious electrification is 
p’!=c, div E = div(D—/) = div D—div /=—div /= conv / (14) 


since div D = o. 
The total apparent charge within a volume T is 


q’ = fp'’dr= [conv /dr (15) 


The total apparent charge in a pole distributed over a surface 
S and through a volume r is 


q' = f J cos 6dS + f{ conv J dr (16) 


The total apparent charge within the volume rt and upon the 
surface S of a dielectric 2 completely surrounded by a homoge- 
neous dielectric 1 is zero. This may be proved by integrating the 
first term of (16) over the whole interface and the second term 
throughout the whole volume of the dielectric 2. The equation 
may be written 


= LP, cos 6,dS —c, (es cos 6, aS — div Dat +e, faiv E,at 


The first and third terms are evidently zero, and it will be shown 
that the second and fourth terms cancel. For div £, dr is the ex- 
cess of the flux of intensity leaving the volume a7 over that enter- 
ing the volume dr. Hence fF div £, dr throughout the volume r 
is equal to the total excess of the flux of intensity leaving the 
whole volume over that entering the same volume; and this is 
equal and opposite to —¢, f E, cos 6,aS, which is the excess of 
the intensity flux entering over that leaving the whole volume. 
Thus the proposition is established. 
A dielectric in which 


p’ = conv /=c,divE=0 


is said to possess so/enotdal electrisation for the reason that in 
this case all the tubes, or solenoids, of intensity (£) or electrisa- 
tion (/) run through the dielectric from one pole face to the 
other without discontinuity at fictitious charges between. 
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A medium in which / or D, together with c, is constant is said 
to be uniformly electrised. 


5. General Expression for the Potential at a Point ( f Ecos 6dL 
from the point to znfinity). When fictitious charges are present, 
we must, to find the potential at a point, suppose all the true 
charges reduced in the ratio c,/c, and add to the expression for 
the potential due to the true charges alone, (16), II., a term 
[@ /4mc,L. Thus, in the most general case, 


Va1/4me,-(fe,/e-dg/L+ fq! /L)=1/4m- f (dg/eL+dq’ jc,L) (17) 


where c is the permittivity at the seat of the true charge dg. Or, 
if we call ¢,/¢-dg also an apparent charge, we have, instead of 
(17), 

V=1 jane, -fdg'/L (18) 


6. The Integral Force Upon an Electrio Pole. The electric in- 
tensity £’ at a point P “due to”’ an electric pole of strength 7 
is 


£'= f aq’ /amc,L? (19) 


where Z is the distance from the seat of dq’ to P, and the inte- 
gration is a vector integration, the direction as well as the mag- 
nitude of Z being different for each different element dq’. 
The force upon a small body at P with a concentrated ¢rue 
charge @ is 
E'g= fq/4nc,L?-dg = fEdq 


where £ is the intensity at the seat of dg’ due to the charge g. 
Thus the fofal force F upon an electric pole is 


F= fEdq7 (20) 


where £ is the intensity at the seat of dq’ due to the other poles 
and true charges, the integration being a vector integration. 
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The traction per unit area at any e/ement of an interface is com- 
puted in § 9. 

The force between two concentrated poles with apparent 
charges g’ and g” distant Z apart in a dielectric of permittivity ¢ 
would be Fm glamcl? (21) 


7. The Infinite Parallel Plate Condenser with Two or More Di- 
electrics in the Form of Infinite Plane Slabs. The simplest pos- 
sible field involving two dielectrics is that of an infinite parallel 
plate condenser with two dielectrics 1 and 2 of permittivities c, 


Plate 1 





Fig. 55. 


and ¢, in the form of infinite plane slabs of thicknesses @, and d, 
parallel to the condenser plates distant d= d, + d, apart (Fig. 


55). | 
Here the tubes of induction evidently run straight across with- 
out change of strength from one condenser plate to the other, 
meeting both conductors normally. If D, = D, = D denotes the 
displacement, the intensities in media 1 and 2 are 
£, = D, je, = Die, and £,= D jc, = Die, 
respectively. Hence the voltage of the condenser is 
V,, = Ed, + £,d, = Die, {d —[(e, — ¢,)/c,]@,} 
The capacity of a right prism of the dielectrics of thickness d 
and cross-section A is 
S=A DIV, = Aci{d — [(, — “)/e2] 4} (22) 
and the energy contained in the prism is 
W=}fdADV, = hdl" Ic, -{d— [(.— ¢)/e.] 4} 
= dae V,7/{d —[(¢, — ¢,)/e,] 4} (23) 
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Thus the substitution of dielectric 2 for a portion of dielectric 
1 (cf. § 51, Chapter I.) decreases the energy if the charges are 
kept the same, and increases the energy if the voltage is kept 
the same, provided ¢, is greater thanc,. If c, is less than ¢,, the 
opposite is true. 

If the second dielectric does not touch either condenser plate, 
the force upon either plate due to the discontinuity of the dis- 
placement, viz., £,D per unit area, is not altered by its intro- 
duction when D is kept the same; but if V., is kept the same, 
the force upon the area 4 becomes 


F= hae Vii {d —[(6, — 4/4.) 4}? (24) 


which is greater or less than when the whole dielectric had the 
permittivity c, according as ¢, is greater or less than ¢,. 

If the dielectric 2 is in contact with plate 2, and the displace- 
ment D as before, the force per unit area upon plate 1 is, as before, 


f= 38D =3D*/c, 


but the force per unit area upon plate 2, due to the discontinuity 
of the displacement at its surface, is 


J, = ED = LD" /e, 


which is less than 7 if ¢,is greater thane,. But the tension 
along the lines of intensity in medium 1 is }£,D, and in medium 
2, 3£,D. Hence there is a mechanical force upon dielectric 2 
acting toward plate 1 of magnitude, per unit area, 


/; a t£,D = t£,D = sDP*(c, pal 61) /eye, (25) 


and this force is transmitted mechanically by the dielectric to 
plate 2, making the total force per unit area upon the plate 
equal to 


Sith = AP fey t+ DG — 91) = 3/4, Hh, 
The apparent surface density at the interface is uniform and 


equal to o! = Dc,—c,)/c,=/ (26) 
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The electrisation is solenoidal. 

When the number of dielectrics is greater than two, the inten- 
sity, fictitious charges, etc., can easily be determined by the same 
method. 


8. The Spherically and Cylindrically Radial Fields. The field 
surrounding a point charge at the center of any number of con- 
centric spherical shells of different permittivities, or the field of a 
spherical condenser with any number of dielectrics in the form 
of concentric spherical shells, together with the fictitious charges, 
etc., as well as the cylindrically radial field in coaxial cylindrical 
shells of dielectric, can be easily found by the method of the 
foregoing article, 7. ¢., by the direct application of Gauss’s 
theorem. 

As an example, suppose we have a spherical field in three 
dielectrics, the charge, g, being in medium 3, and medium 1 sur- 
rounding media 2 and 3 and extending to infinity, Fig. 56. The 


1 





Fig. 56. 


displacement at any point distant R from C is ¢/4mcR*, and 
the intensity is equal to the displacement divided by the permit- 
tivity at the point. 

We shall also find the intensity by means of the fictitious 
charges. It can be computed by considering a charge 


9s = 96,/C, 
to exist at C instead of g; a uniformly distributed charge 
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Ini = 40 Ric((9/47e,Ry — 7/47 Ry) = 9¢,[(6s — 2) ] 
at the interface 23; and a uniformly distributed charge 


Qn! = 9, [(e, — %1)/4162) = 9G — 9) /42] 
at the interface 21 ; all in a dielectric of permittivity ¢,. Each 
charge “‘ produces’’ outside the surface on which it is distributed 
the same effect as if it were concentrated at the center C, and 
within the surface no effect at all. Thus the intensity at a point 
distant R from C, when 2 is greater than R&,, is 


E = (95) + Yay) + 9')/ 470, R? = 9/4770, R? (27) 


while the intensity at a point in medium 2 distant from the cen- 
ter c by &, less than R, and greater than R,, is 


E= (95 + 9x3')/47 eR = 9/4me,R° (28) 
9. The Mechanical Force at the Uncharged Interface Between 


two Dielectrics. In the particular case considered in § 7, where 
the lines of induction were normal to the interface, there was 


Wy 





Fig. 57. 


found to be a force at the interface normal to it and equal, per 
unit area, to $¢,£,’ — }c,£,’ measured in the direction 21. In this 
article we shall find the force per unit area at any point P of the 
interface in the general case when the lines of induction make 
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any angles (Figs. 54 and 57), connected by the relations (1) and 
(2) with the normal at / to the interface. 

In Fig. 57 let the plane \Y (the plane of the paper) coincide 
with the plane containing Z, and £, at the given point of the 
interface, the axis Z being perpendicular to YY through P and 
the plane of the interface coinciding with the plane YZ. Let 
aS = dxrdz be a rectangular element of area of the interface at 
the point, with its sides parallel to and Z respectfully. We 
shall find the components @X and d@Y of the force upon @S in the 
directions XY and Y, parallel and perpendicular, respectively, to 
the interface. It is evident, from symmetry, that the component 
in the direction Z is zero. 

The force upon @S is clearly equal to the force upon the sur- 
face abcd formed by drawing rectangles a, 6, c, d, all of breadth 
dz, through the ends of dS, with their planes parallel and per- 
pendicular to £, and &,. The areas of these rectangles are 


a=dScos6,, 6=dSsin @,, c= dScos 6, d= dS sin 8, 


Let 7, and p, = 7, = }¢,£Z,? denote the tension and pressure 
parallel and perpendicular, respectively, to the intensity in me- 
dium 1, and 7, and ~, = 7, = }c,£,? the corresponding quan- 
tities in medium 2. 

The force upon the face a is 7,.a = T,dScos@,, with the 
components 


aX, = T,dS cos @,:sin6, and dY¥, = 7,dScos @,-cos 8, 


in the positive directions of X and Y. The force upon the face 
bis ~,- b= p,dS sin 6,, with the components 


dX, = p,adS sin 6,-cos 8, and dY, = — p,dS sin @, - sin 8, 


in the positive directions of X and Y. In like manner, the com- 
ponents of the force upon the faces ¢ and d are 


aX, = — T,dS cos @,:sin@, dY¥,= — T,dS cos 8,:cos 8, 
and dX,= — pa@S sin @,-cos 8, dY,= pS sin 0,-sin 8, 
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Hence we have, for the Y and Y components of the total force 
upon aS, 
aX = aX, + dX, + dX, + dX, = [4c,£,7(2 sin 9, cos 6,) 


— }c,F(2 sin 6, cos 8,)]aS 
and 
dY=dY,+dY,+dY,+ dY, = [}c,£,(cos’ 0, — sin’ 6,) 


— 4c,E,’ (cos’ 6, — sin’ 6,)] aS 


The ¥ and Y components of the force per unit area upon the 
interface at P are thereforc 


aX /dS = }c,E72 sin 8, cos 8, — 3c, £/ 2 sin 8, cos 8, 


ae naira (29) 
= 4c,Z,’ sin 20, — }c,£Z,’ sin 20, 
and 
aY/dS = hc,E,(cos’ 8, — sin’? 0.) — }c,E,7(cos* 8, — sin? 6,) 
Oo 
= }c,E,’ cos 26, — 3c,£ cos 28, (39) 
On multiplying together equations (1) and (2), we find 
GE," sin.20 == cz. sin 20, (31) 
Hence 
aX /dS = dZ/dS =0 (32) 


and the total force at the interface is normal to the surface and 
equal to dY/dS. 
By making use of (31), (30) may also be written 


dY/dS = 3c,E; sin 2(8, — 8,)/sin 20, (33) 


When ¢, is greater than c,, 8, — 6, is positive by (3), and dY/dS 
is positive, that is, directed toward medium 1. 
When 6, = 0, = 0°, (30) and (33) reduce to (25). 


10. The Process of Changing the Dielectric Within the Plates of 
an Ordinary Parallel Plate Condenser is of much interest. Ifthe 
plates have charges g and — g, g unit tubes will pass from one 
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to the other. When the permittivity of the medium inside the 
plates is the same as that of the medium outside, c,, the tubes 
will have some such distribution as that indicated in Fig. 47. 

If a slab of a dielectric of greater permittivity, ¢,, is introduced 
between the plates, the tubes will crowd into this dielectric until 
(3) is satisfied, leaving fewer tubes in the region outside than 
before. That this takes place follows from the consideration that 
if the induction between the plates were not to increase, the 
lateral pressure in that region, which is proportional to D*/e, 
would be insufficient to maintain equilibrium, c, being greater 
than c,, and equilibrium having existed when c, was equal to 
c, or when the dielectrics outside and inside were the same. 
Since the dielectric outside is unaltered, we can compare the 
voltages of the condenser in the two cases conveniently, if we 
measure them along the same path outside before and after the 
introduction of the slab. Since the field in the external region 
is weaker after the introduction than before, the voltage is seen 
to be less. If ¢, is greater than ¢,, the effects are of course 
opposite. 

To look at the matter in another way, the tubes connecting 
the outside surfaces and those connecting the inside surfaces may 
be regarded as the tubes of two condensers connected in parallel. 
If the capacity of either is increased by increasing the permittivity 
of its dielectric, the tubes will crowd into that one, and the com- 
mon voltage of both will be reduced. If the distribution of the 
tubes remained unaltered, the voltage between the two plates 
would be greater along a line not passing through the slab than 
along a line passing through the slab. 

During the lateral introduction of the slab into the region 
between the condenser plates, the tubes crowding into it exert a 
pull upon it, by § 9, which continues until it is symmetrically 
situated with respect to the plates, when the pulls urging it in 
all directions balance. If during the change the charges are kept 
constant, the energy decreases, since the voltage decreases; if 
the voltage is kept constant the charges increase and the energy 
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increases. By computing the space rate of this increase or 
decrease of the energy, the force acting upon the slab may be 
found by the method of § 55, Chapter I. This computation is 
made in § 4, Chapter VII. The force could not, in general, be 
determined without very great difficulty by the method of § 9. 


11. Field Surrounding a Concentrated Charge Situated in One 
of Two Infinite Dielectrics Separated by a Plane Interface. Let 
the charge ¢ be concentrated at the point A, Fig. 58, in the me- 





D 
Fig. 58. 


dium of permittivity c, distant d@ from the interface separating the 
medium of permittivity ¢, from that of permittivity c,. 

By § 48, I., there is only one field which can satisfy the given 
conditions. The given equipotential in this case is the infinite 
sphere at zero potential with A as center. To find the field by 
means of the law of inverse squares, we must reduce the problem 
to one with a single dielectric, until the displacement, or else the 
intensity, everywhere is found. Then the unknown one of the 
two can be found in each dielectric from the relation D = c£. 
We shall combine the method of images with the method of § 3. 

Guided by the result of § 15, II., which solves the problem 
when ¢, = infinity, and by what we have learned of the refraction 
of lines of displacement, the simplest rational assumption we can 
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make is that to the left of CD the displacement is such as would 
accompany a charge g at A and a charge g, at B, both in a di- 
electric of permittivity c,; and that the displacement to the right 
of CD is such as would emanate radially in the medium 1 from 
a charge g, at A. Ifg, and g, can be given such values as to 
satisfy (1) and (2), at every point of CD, the assumption will be 
justified and the problem solved. 

Choosing OB and OC as positive directions, we find, for the 
normal displacement at P on the left side of CD, 


gdlanx — g,d/4mx* = (9 — 9,)d/4rx* 
and for that on the nght side 
q,4/4nx 


(2) Will be satisfied if these are equal. Hence, if the prob- 
lem can be solved by this method, 


(atic os (2) 
The intensity parallel to CD is, on the left, 


(9 + 9)OP/4mc,2° 
and on the right, 


q,0OP /4rex* 
Hence, to satisfy (1), we must have 


(9+ A) = 9/5 (4) 
Equations (a) and (4) are both satisfied by the values 


ane Gi eae ACA = ¢,) Ne, “08 ¢) (34) 
Ga = 290, Ne, + ¢,) 
so that the above assumptions are justified and the problem 
solved. 
When ¢, /e, = $,9, = — 9/4 and 9, = 59/4. When c¢,/c, = 3, 
g,= 97/4 and 9,= 39/8. The plane diagrams of the field for 
these two cases are easily constructed from Figs. 23 and 24, or 
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from the above charges directly, by Maxwell's method, § 14, II. 
The diagrams of the tubes of displacement for these two cases are 
given in the upper and lower halves, respectively, of Fig. 59. 
The dotted lines on the right of the vertical line and the full 





ny 
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lines on the left are the lines of displacement of Figs. 23 and 24. 
The force upon the charged body at 4, or the force between 
the charged body at 4 and the dielectric 2, is 


f= 7%, /4mc(2d)? raat 7 (6, = ¢,) [16rd *e(c, ate ¢,) (35) 


If c, is greater than c,, the force is one of attraction, the tubes 
being concentrated on the side of A toward medium 2; but if c, 
is less than c,, the force is one of repulsion, the tubes being now 
concentrated on the opposite side. When c, = infinity (35) re- 
duces to (41), II. In the first case the apparent charge upon 
the interface is negative, in the second positive, and in the last the 
charge is real and negative, g being supposed positive. 
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The total force upon the interface can be obtained also by the 
method of § 6. 
Thus the apparent surface density at P is 


of = — qa (cy = /2m(c, an c,)*° (36) 


The apparent charge dq’ upon a zone in the interface of radius 
OP and width @(OP) is 


dq’ =o'27OP °d(OP) = 0! 2nxdr = — gd(c, —¢,)ar [(c, +¢,)2” 
The normal intensity at the zone due to the charge @ is 
gd /anc,x* 


Hence the total force between the interface and the charged 
body at A is 


F=— Gd*(c,— ¢,)/4me(c,+ af dx [x* 


= — F(e, — %) /16me,d (ce, + ¢,) 
as in (35). 
The total apparent charge upon the interface is 


g= f o'2nrdx = — gue, —¢,) |(¢, + ayy ae) a 


(37) 
=—96,—C)/(4+4)=q 


12. Dielectric Sphere in a Uniform Field of Different Permit- 
tivity. Let a sphere of permittivity c, be introduced into an 
infinite medium of permittivity c, supporting (before the introduc- 
tion of the sphere) a uniform electric displacement D. 

If c, = c¢,, the tubes will remain everywhere unaltered. 

If c, is greater than ¢,, the tubes will bend, crowding into the 
sphere, thus making D, greater than D, until the condition ex- 
pressed in (3) is satisfied. (If D, were to remain equal to D, the 
lateral pressure 4D,’/c, across the tubes within the sphere would 
be less than 4D*/c,, the lateral pressure without, and equilibrium 
could not exist. Also, the voltage between two equipotentials 
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would be greater along a line not traversing the sphere than 
along a line passing through the sphere.) 

If ¢, is less than c,, D, is less than D, tubes crowding out of 
the sphere until (3) is satisfied. 

We proceed to the exact determination of the electric field 
within and without the sphere. In accordance with § 48, I., 
there is but a single field satisfying the conditions of the problem. 

With respect to the field within the sphere, we shall make the 
simplest possible rational assumption, viz., that the displacement 
D, is uniform and in the same direction as the original external 
displacement D. We shall further assume that the effect of the 





Fig. 60. 


sphere on the (originally) uniform field is the same, in the region 
outside it, as that of a doublet of moment J7 placed in the 
original dielectnc at the point occupied by the center of the 
sphere with its axis parallel to D. The probable correctness of 
this assumption follows from the fact that conductors and dielec- 
trics produce on static fields into which they are introduced 
effects differing only in degree; and the fact that the effect of a 
conducting sphere on a uniform field can be represented, in the 
region outside the sphere, by a doublet at its center. 

An attempt at a solution based on these assumptions will 
obviously satisfy all the electrical conditions except (1) and (2). 
If in addition D, and // can be so chosen as to satisfy these con- 
ditions also, the problem will be solved. 
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To see whether the assumptions made above will satisfy (1) 
and (2), the radial components of the resultant internal and ex- 
ternal displacements and the tangential components of the re- 
sultant internal and external intensities at the surface of the 
sphere must be determined. The radial and tangential displace- 
ments at any point, outside the sphere, whose coordinates are R 
and @, in the notation of §§ 25 and 26, II., will first be found. 

For the radial component due to the doublet (94), II., gives 
2M cos 6/4mR°, to which must be added the component D cos 8 
due to the uniform field. For the tangential component due to 
the doublet (95), II., gives WZ sin 6'47R*, to which — D sin 6, 
due to the uniform field, must be added. For the total radial 
displacement outside the sphere we have, therefore, 


D_= 2M cos 6'47R* + D cos 6 (38) 
and for the total tangential displacement, 
D,= M sin 0'477R* — D sin 8 (39) 


ee 
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Fig. 61. 


At any point inside the sphere, with coordinates RX and 6, the 
radial and tangential components of the displacement are D, cos 8 
and — 2), sin 8, respectively, independently of the value of R 
(less than the radius of the sphere). 
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Let the radius of the sphere be denoted by a. Then, to satisfy 
(1) and (2), we must have, when R = a, 
2M cos 0'47a° + Dcos@=D,cos 8, or M2ra*+ D=D, 
and M sin 0/c,47ra* — D/c,- sin @ = — D, sin 8/c,, 
or Mc,4n@ — Dic, = — D,/e, 
The solution of these equations gives 
M = 4ma(c, — ¢)Di(cq + 20) = 4ra'(c, — 6)Dz]3¢, (40) 
and D, = 3¢,D/(6, + 2¢,) 
whence E, = 3¢,E/(¢, + 2¢,) (41) 


The assumptions made above are therefore justified, and the 
problem is solved. The uniform field within the sphere is given 
by (41), and the external field by (38) and (39) on substituting 
for M its value from (40). This substitution gives 


D, =([2a*(c, — ¢,)/R(e, + 2¢,) + 1]D cos 8 (42) 

which becomes, when & = a, 
D,, = 3€,D cos O/(¢, ae 2¢,) (43) 
also D, = [@(e, — ¢,)/R%(eg + 2¢,) — 1] D sin 6 (44) 


which becomes, when FR = a, 


D,, = — 3¢,D sin 8/(c, + 2¢,) (45) 
When, is greater than c,, D, is greater than D, £, is less than 
E, and & is positive. That is, the doublet is turned with its 
positive end in the direction of the field. When c, is less than ¢,, 
D, is less than D, £, is greater than £, and M is negative, or the 
doublet is turned so as to oppose the field. When c, = infinity, 
(41) reduces to D, = 3D, and £,=0; and (38), (39), and (40) 
to the equations of §§ 25-27, II. 
The plane diagrams of the tubes of displacement, drawn by the 
method of § 14, II., for ¢,/c, = 0, 3, and infinity, respectively, are 
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given in Figs. 60 (the lines inside the circle, Fig. 32, formed by 
superposing the uniform field on the field of the doublet, being 
here annulled), 61, and 62 (from Webser's Theory of Electricity 
and Magnetism, § 194). 

The infinite plane passing through the equator of the sphere 
is an equipotential surface (at zero potential). Hence if this sur- 
face is made conducting we shall have on each side half the field 
just considered terminated by this conducting sheet. Thus we 
have solved the problem of finding the field terminated by an 
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Fig. 62 








infinite plane conducting surface with a hemispherical boss upon 
it of permittivity c, differing from that of the dielectric occupying 
the rest of the field (c,). 
The electric surface density at any point of this plane distant 
F from the center of the hemisphere is 
o= + D, = + 3¢2)/ (6 + 2¢,) (46) 


when A is less than a, and 

c= + Dio =90°)=+ [a(c, a eo) [RC te 2¢,) ir 1]D (47) 
when & is greater than a, 

The intensity of electrisation of the sphere is uniform and equal 


to J= D[(e, i ¢)/¢,] a 3D(6, Sas eI ae 2¢,) (48) 
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(40) may now be written, in terms of /, 


M= ra] (49) 


so that the intensity of electrisation of the sphere might be defined 
as its electric moment per unit volume, the electric moment denot- 
ing the moment of the doublet producing the same effect on the 
external field as that of the sphere. 

The difference between the actual intensity £, in the sphere 
and the original intensity Z of the uniform field is called the se/f- 
detlectrising force or intensity in the sphere due to its poles or 
apparent charges, and will be denoted by Z’. Thus 


E! = £,— E= — De, — ¢)/3¢¢ 
= — E(e,— 4) [4 + 26) = —J/3¢, 
The apparent electric surface density at a point whose codrdi- 
nates are a and @ is 
o = D,[(c, — ¢,)/¢,] cos 8 = J cos 8 
= 3 [(¢, —¢,)/(6 ae 2¢,)|D cos 8 (5 ) 


(50) 


The total apparent charge upon one half of the sphere between 
a pole and the equator is 


7G =+ 1a J= + 7a'[(e,—4)/4]D, (52) 


13. Infinite Dielectric or Conducting Cylinder in a Uniform 
Field. Making use of § 20, II., we can obtain, by the method of 
the preceding article, the electric field in and about an infinite 
circular cylindrical dielectric of permittivity c, immersed in the 
uniform field of an infinite medium whose permittivity is c,. For, 
as will be seen, it is possible to satisfy all the conditions by 
assuming the displacement external to the cylinder to be the 
resultant of the original uniform displacement and the displace- 
ment of a line doublet of moment J/, suitably chosen, at its axis, 
all in the original dielectric, and the internal displacement to be 
uniform and parallel to the original displacement. If the radius 
of the cylinder is 2, and if D and D, denote the original uniform 
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displacement and the actual displacement within the cylinder, 
respectively, the conditions (1) and (2) to be satisfied at the 
interface are obviously 


D cos 8 + M cos 0/27a’ = D, cos 6 
and 


— Dsin 6/c, + Msin 0/c,27a* = — D, sin A/c, 
from which we obtain 
D, = 2¢,D](¢, + &) (53) 
and M=ma*[(c, —¢)/¢,]D, = 27@[(,—4,)/(Q+%)]D (54) 


Hence outside the cylinder, at a distance FR from its axis, the 
radial component of the total displacement is 


D_.= M cos 6/2rR* + Dos 8 
= [a?/R*- (ce. — 6) /(4g + %) + 1]D cos 8 (55) 
and the tangential component is 
= [a?/R*-(c, — 0) /(¢, +o) — 1] D sin 8 (56) 


while within the cylinder the displacement is uniform and given 


by (53). 
The apparent electric surface density is 


a’ = [(c, — ¢,)/c,]D, cos 8 = J cos 8 (57) 


The total positive or negative Spanien charge on half of unit 
length of the cylinder is 


=j]x 2ax1=2a/] (58) 
The self-deélectrising force of the apparent charges is 
E! = D,/¢,— D/e, = —(q — 4) / 246, D, 
= — E(e,—¢,) /(6g + 4) = —J/2e, 


14. Dielectric Spherical Shell in a Uniform Field. Electric 
Screen. If instead of the solid sphere of § 12, we have a spherical 
shell of permittivity c,, with inner and outer radii 6 and @ respec- 


(59) 
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tively, surrounding and surrounded by a medium of permittivity 
¢, supporting an (originally) uniform field with displacement D, we 
can find the field by an extension of the method used in the two 
preceding articles. 

Guided by the results obtained for the solid sphere, we shall 
assume (1) that within the inner surface of the shell the dis- 
placement, J, is uniform and parallel to that of the original field; 
(2) that within the shell the displacement is the vector sum of a 
uniform displacement D, parallel to D and the displacement due 
to a point doublet of moment JZ at the center of the spheres ; 
and (3) that the displacement outside the shell is the vector sum 
of the uniform displacement J, the displacement due to the doublet 
of moment ,, and the displacement due to a second doublet of 
moment 7, also placed at the center of the spheres, the axes of 
both doublets being parallel to D. It will now be shown that 
these assumptions satisfy (1) and (2). 

At the outer interface the conditions to be satisfied by the 
normal displacement and tangential intensity are, respectively, 


(D + 2M. /4ra* + 2M, /47a*) cos 8 = (D, + 2M,/41a°*) cos 6 
and 
(— Die, + M,/c,4ra + M,/c,47a*) sin 8 

= (— D,/c, + M,/c,47a’) sin 8 
At the inner interface the conditions are 
(D, + 2M,/476°) cos @ = D, cos 8 

and (— D, ce, + M,ic,4r®) sin 0 = — D,/c,.sin 6 
Cos @ and sin @ will divide out, and the equations are satisfied by 
the following values of the assumed moments and displacements : 


Dy = 9662 /[9616, + 2G — 4)" — /a”)] (60) 

Dz = [(2¢, + 4)/3¢] Ds (61) 

M, = 2ra(D, — D) (62) 

and M, = — 473° [(c,-—4),¢]D; (63) 


The relation betwen D,/D and 6’a is given in the accompany- 
ing table (Table I.) for the cases in which c,/c, = 100 and 1000. 


166 ELEMENTS OF ELECTROMAGNETIC THEORY. 


These excessive values of ¢,/c, do not occur in electrostatics, but 
are assumed here for the sake of the much more important mag- 
netic analogue, § 23, XI. The greater the ratio of c, to ¢, and 
the smaller the ratio of 4 to a, the less is D, in comparison with 
D, that is, the shell forms a more effective screen from electrical 
influences for the region within it. When c,/c, = infinity, that is, 
when the shell is conducting, D,/D = 0 for all values of 47a, and 
the shell is a perfect electrical screen (when the field is static). 


15. Dielectric Cylindrical Shell in a Uniform Field. Electric 
Screen. The field of an infinitely long circular cylindrical shell, 





of permittivity c, and with inner and outer radii 6 and a, when 
immersed in an infinite medium of permittivity ¢, supporting an 
(originally) uniform displacement D can be obtained in exactly 
the same way, by making use of line doublets (§ 20, II.) instead 
of point doublets. 

Let D, D,, D,, M,, and A/, have the same meanings as in § 14, 
except that cylinder and cylindrical must be substituted for 
sphere and spherical and line doublet for point doublet. Then 
we have, to satisfy (1) and (2), at the outer interface, 

(D + M,/27a* + M, /21a*) cos 0 = (D, + M, |21ra*) cos 6 


and 
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(— Dc, +M, /c,27a*? +M, /c,21a’) sin 8 
= (— D,/c, + M, /c,27a’) sin 8 
and at the inner interface, 
(D, + M,/27&) cos 6 = D, orp 
and (— D, |e, + M, /c,278) sin 6 = — D, /c,-sin @ 
Solving these equations, we obtain, as the only solution of 
the problem, 


D, = 4De,c,/ [ (6 + 4 — 8 [A (eg— 4,7] (64) 

= (¢, + ¢) /20,-D, (65) 

M, = 27a" (D, — D) (66) 

and flags — FL (cg — 4) 4) 2, (67) 


The relation between D, / D and d/a is given in the accompa- 
nying table (Table I.) for the cases in which c¢,/c, = 100 and 
1000. When ¢, /c, = infinity, or when the shell is a conductor, 
D,/ D = 0 for all values of 6/a, The cylindrical shell, like the 
spherical shell of § 14, forms an ¢lectrical screen, the remarks at 
the close of § 14 applying equally well to both forms. 

The plane diagram of the tubes of displacement when ¢, /c, = 10 
and 4/a = ¢ is given in Fig. 63 (from Webster’s 7heory of Elec- 
tricity and Magnetism, § 108). | 

TABLE I. 
SCREENING EFFECT OF SPHERICAL * AND CYLINDRICAL DIELECTRIC SHELLS. 
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* The data for the spherical shell aré taken from J. J. Thomson’s Elements of 
the Mathematical Theory of Electricity and Magnetism, § 161. 


CHAPTER V. 


REVERSIBLE THERMAL EFFECT DURING ELECTRISATION. 
ELECTROSTRICTION. 


1. Reversible Thermal Effect During Electrisation. Let a con- 
denser be carried through a reversible cyclic process as follows, 
the external pressure upon the dielectric (¢. g., the atmospheric 
pressure) being kept constant : 

(1) The voltage V being kept constant, let the condenser be 
heated from the absolute temperature ¢ to the absolute tempera- 
ture ¢+ dt. If p, s, and rt denote the density, specific heat, and 
volume, respectively, of the dielectric, the heat absorbed by the 
condenser during this process is = psvt dt. 

(2) At the temperature ¢+ d?, at which the capacity of the 
condenser is S + dS/dt dt, let the voltage be increased by dV. 
The energy of the condenser increases by 3(S + dS/at dt)a(V") 
= (S$ + dS/dt dt)VdV. 

(3) Let the condenser be cooled to the original temperature ¢ 
while the voltage remains constant (V+ dV). 

(4) Let the voltage be reduced to its original value V, the con- 
denser thus losing an amount of energy equal to 


Sa V*) = SVaV 
The condenser is now in its original condition. 


The total work done upon the condenser (exclusive of work 
done in heating) during the complete cycle is 


dW =(S + dS'dtdt)VdV — SVdV = VdS/dtdt-aV 
The quantity of heat given to the condenser (exclusive of that 
given out) is BRO 
168 


REVERSIBLE THERMAL EFFECT. 169 


Hence, by the second law of thermodynamics, viz., H/t= — 


dW/dt, we have 
pst dt/t = — VdVdS/at 


or at/dV = — tVipsr-dS/dt (1) 


If therefore we assume that ¢@S/ dt, s, etc., are independent of 
V, which is certainly near the truth, the total reversible temper- 
ature change when the condenser is charged from V=o0 to V= 
V is 

* 
Aenea Sia: i Vd Vex —tlpst-1/S-dS/dt-4SV? (2) 
0 


If the dielectric is homogeneous and isotropic, we have 
1/S-aS/dt=1/cL-d(cL)/dt = 1/¢e-de/dt+ 1/L-dL/dt = k,+ a (3) 


where Z is the length of any line drawn in the dielectric (S and 
aS being proportional by the same factor to the product of the 
permittivity and such a length), and & and a are written for 1/c- 
dc!dt, the coefficient of increase of ¢ with temperature, and 1/Z- 
aL/dt, the coefficient of linear expansion with temperature, re- 
spectively. By substituting (3) in (2), we obtain 


At = — t/pst-(&,+ a) 4SV" 
or Ad/t = — (2, + @)/psr- $SV? (4) 
If the field of the condenser is uniform, (4) becomes 
Atit = — (&, + a)'ps:- 3cE* = — (k, + @) Ups (5) 


Since, moreover, any electric field is uniform in its infinitesimal 
parts, (5) is perfectly general. 

In all the above the effects of conduction, radiation, etc., are neg- 
lected, and no intrinsic electrisation ( VI.) is supposed to be present. 

For all solids yet investigated (4, + @) is positive. Hence a 
condenser with such a dielectric is cooled by charging and heated 
by discharging. For nearly all liquids (4, + a) is negative. Ac- 
cording to experiments by W. Cassie (/%z/. Trans., A, 1890) &, 
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(or &, + a) at 50° C. is about — 0.006 for glycerine and + 0.0004 
for mica. For recent literature see Ann. der Phystk, Vol. 10, 
Pp. 748, 1903. 

[Analogous magnetic quantities being substituted in (5) for 
the electric quantities there occurring, the equation is valid for 
the magnetic case (see § 23, XI.).] 


2. Electrostriction. Change in Volume of Dielectric when 
Electrised. When a condenser is charged at constant tempera- 
ture its dielectric, or dielectrics, would be expected, in general, 
to suffer changes in volume and changes in linear dimensions. 
These phenomena, as yet largely hypothetical, are included under 
the general head of electrostriction. The alterations in volume, 
etc., can be deduced from the principles already developed, in 
connection with the principle of the conservation of energy. 





Fig. 64. 


In all that follows it will be assumed that the condenser plates 
are always in contact with the dielectric and that they follow 
accurately without appreciable elastic reaction the motion of its 
surfaces, as, for example, coats of gold leaf or tin foil. Complete 
absence of intrinsic displacement will also be assumed. 

First we shall find the change in volume. Consider a con- 
denser ALC, Fig. 64, whose dielectric C occupies the volume + 
and possesses the permittance S when charged to the voltage V 
and subjected to the uniform pressure p (which may have any 
value, including ©) over its surfaces. 
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(1) While Vis kept constant, let the volume be increased by 
dr. The energy of the condenser will increase by — pdr. The 
increase of volume will, in general, be accompanied by an increase 
aS in the permittance. Now let the volume (7 + @r) be kept 
constant while the voltage is increased by dV. The energy in- 
creases by 4(S + dS)d(V*)=(S+dS)VdV. The total increase 
in energy during the process is 


dW, = — pdr +(S+dS)VdV 


(2) Let us start with the condenser in the same condition as 
at the beginning of (1) and bring it to the same final state by a 
slightly different process. While the volume remains constant 
(7), let the voltage be increased by dV. This will increase the 
energy of the condenser by SV @V, and, in general, the pressure 
by an amount dp. Now let the voltage (V+ dV’) be kept con- 
stant while the volume is increased by dt. The energy will in- 
crease by —(f+dp)dr. The total increase in the condenser’s 
energy is thus 

dW, = SVdV—(p + dp) dr 
By the principle of the conservation of energy, dW, = dW. 
Hence 
VdSdV= — dp dr 
or 
at/dV = — VdS/dp (6) 


For ordinary charges ¢@S/dp will be sensibly independent of 
I”. Hence we have for the total change in r when the condenser 
is charged from a neutral state to the voltage V, 


y 
ee Si f VdV =3SV"—1/S-dSidp) (7) 
0 


Homogencous Isotropic Diclectric. If the dielectric is homo- 
geneous and isotropic, (7) may be simplified. For in this case 
S and dS are proportional by the same factor to the product 
of the permittivity and the linear dimensions of the condenser. 
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Hence if we denote by Z the length of any line drawn in the 
dielectric, we have 

— 1/S-dS/dp = —1/cL-d(eL)/ dp 

= —1/c-dce/dp—1/L-dL/dp = (k, + 6/3) 
where 45=the coefficient of compressibility of the dielectric 
= —3/L-dLjdp, and k, = — 1/c-dce/dp = the coefficient of di- 
minution with pressure, or increase with traction, of the permit- 
tivity c. Thus (7) becomes 
Ar = | SV*(E, + 5/3) (8) 

In order that (7) or (8) may hold when the dielectric is a 

fluid, the dielectric must be completely surrounded by the con- 


A and B are 
the conductors, C 
the dielectric, of the 
condenser. 





denser plates, or the plates must be so arranged that they are 
kept apart by the pressure of the fluid only, and sensibly all the 
tubes must be contained in the fluid, as in Fig. 65. 

If the field of the condenser is uniform, }SV? = 7 4cZ?, and 
(8) may be wnitten, on division by 7, 

Ar/t = 3c (k, + 6/3) (9) 

3. Change in Length of a Line Normal to a Uniform Electric 
Field in a Solid Isotropic Homogeneous Dielectric During Electri- 
sation. Let ¢ denote the thickness of the dielectric of a parallel 
plate condenser (the plates always remaining in contact with the 
single dielectric), and Z and L’ the lengths of the edges normal 
to ¢ of a rectangular prism of the dielectric. We shall find the 
change in Z when the condenser is charged to the voltage Il. 
lhe dielectric in all that follows will be supposed homogeneous 
and isotropic. 
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(1) The voltage V being kept constant, let the dielectric be 
subjected to a traction in the direction of Z, the stress across the 
area L’ e, normal to Z, being Q,. This will increase the energy 
of the prism by Q,dZ, and will, in general, alter its capacity by 
an amount dS. Now let the length Z + d@Z remain constant 
while the voltage is increased by dV. This will increase the 
energy by (S+dS)-VdV. The total increase in the energy is 


dW, = Q,aL + (S + dS)Vav 
(2) Let the condenser be brought from the same initial state 
to the same final state as before by a different process. First let 
the voltage increase by dV, while Z remains constant, which will 
increase the energy by SV dV and, in general, the traction by 
adQ,. Then, the voltage (V+ dV) being kept constant, let Z be 
increased by dL, which will increase the energy by (Q, + @Q,)dL. 
The total increase is 
aW,= SVdV+(Q,4+ €4Q,)dL 
As in § 2, dW, = dW, hence 
aL/dV = VaS/dQ, (10) 
Since, for small changes at least, d2S/d@Q, must be sensibly 


independent of V, (10) gives for the total change in Z when the 
condenser is charged from V =o to V= V, 


AL = 45/40, [ VaVa} SV41/S-d5/40,) (11) 
Since S = cLL’ /e, : 
1/S:a@S/aQ, = 1/¢e:de/dQ,+1/L-dL/dQ, 
+1/L’-dl’/dQ,—1/e-de/dQ, 
Moreover, 1/L’-dl’/dQ,=1/e-de/dQ,. Hence we have, 
putting dQ, = L’e-dzq,, simplifying, and dividing by Z, 
AL/L=heV*/e-(1/e-dce/dg,+1/L-dLjdg,) (12) 


Now 1/L-dL/dq, is the reciprocal of the stretch modulus, and 
will be denoted by Jf, Also, 1/c¢-dce/dg, is the coefficient of in- 
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crease of the permittivity with traction normal to the lines of 
displacement, and will be denoted by 4,. Thus (12) becomes 


AL[L=4eV*/e-(M+h) = 4cE(M+h) (13) 


The above results, deduced for the uniform field of a parallel 
plate condenser, will hold good, without sensible error, for a 
condenser of any form, such as a cylindrical or spherical con- 
denser, in which the conductors are parallel and so close to- 
gether that Z is sensibly of the same magnitude throughout the 
dielectric. 


4. Change in Length of a Line in the Direction of a Uniform 
Electric Field in a Solid Isotropic Homogeneous Dielectric. 
Making use of the parallel plate condenser of the last article, 
and of the same general method, but applying a traction 
Q, = LL’g, parallel to the lines of intensity, we obtain 


de/dV = VdS/dQ, (14) 
Ae = 3SV?(1/S-dS/dQ,) (15) 


and 
Ae /e=— eV? /2-[M(2r + 1) — 4] 
= — }cE*[M(2r + 1) — &,] 


where r denotes Poisson's ratio, and £, = 1 /c¢-de/ dq, is the co- 
efficient of increase of ¢ with traction parallel to the lines of in- 
tensity. 

The results just established hold good, like those of § 3, for a 
thin condenser with parallel plates of any form. 

It is easy to see that 


(16) 


k= 2k, + &, (17) 


5. Theory and Experiments. A rigorous treatment of the 
general theory of electrostriction, together with a résumé of most 
of the experimental and theoretical investigations upon the sub- 
ject, is contained in a recent memoir by P. Sacerdote (Ann. de 
Chim, et de Phys. (7), 20, p. 289, 1900). Satisfactory experi- 
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ments upon the values of the coefficients ke &,, and &,, as well as 

entirely satisfactory experiments upon the quantities At/r, Ae/e 

and AZ/L, have not yet been performed (See the Philosophical 

Magazine and Nuovo Cimento, 1900-1902, for some of the most 
recent and best results). 

-§§ 2-4 are based largely upon. portions of the above-mentioned 


memoir by Sacerdote, with simplifications. 


CHAPTER VL 
ELECTRIC ABSORPTION. ELECTRETS. 


1. Electric Absorption. In all that precedes electric displace- 
ment has been treated as a perfectly elastic phenomenon ; that 
is, the relation D = c£ (analogous to Hooke’s law) has been as- 
sumed to hold universally with ¢ at every point a constant, inde- 
pendent of the time. On this assumption, the capacity of a 
condenser, which is proportional to c, would be invariable with 
the time of charging. This appears from experiment to be ac- 
curately true for dielectrics whose homogeneity is perfect, for 
example, gases, pure paraffine, and pure calc spar; but it is by 
no means true in general, as the experiments described below 
demonstrate. 

Let a condenser whose dielectric is not homogeneous, with its 
plates connected to the quadrants of an electrometer, be charged 
to a given potential difference and then insulated from the bat- 
tery. The potential difference will gradually diminish, approach- 
ing a limit sometimes considerably below its initial value. If 
now the condenser is short-circuited, the potential difference 
becomes zero; but it gradually reappears, unchanged in sign but 
much smaller in magnitude, after the condenser is again insulated. 
The remnant of the original charge, whose presence is proved 
by the existence of this potential difference, is called a residual 
charge. If the operation of short-circuiting and insulating is 
repeated, the same phenomena recur, the potential difference de- 
veloped after insulation being smaller each time and finally be- 
coming insensible. The disappearance of the phenomena is of 
course hastened by the “leakage” of the condenser, if appre- 
ciable, arising from the conductivity of its dielectric, from the 


presence of moisture, etc. 
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If the condenser is charged for a long time in one direction, 
then for a much shorter time with the poles of the charging bat- 
tery reversed, and then short-circuited and insulated, a potential 
difference similar to that last applied will first appear, reach a 
maximum, diminish to zero, change sign and continue to increase 
in the direction of the potential difference first applied. 

Or the following equivalent phenomena may be observed. On 
the condenser’s being connected with a constant battery, its 
charge usually reaches very quickly almost its final value, but 
the charge goes on gradually increasing, sometimes considerably 
exceeding its initial magnitude. On short-circuiting the con- 
denser most of the charge disappears ; but after insulation for a 
short titne a second discharge in the same direction may be ob- 
tained, and so on, till the discharges become too small to be 
perceptible. 

Also, if the condenser is charged for a long time in one direc- 
tion, then for a much shorter time in the opposite direction, and 
then short-circuited and insulated, a residual charge (and cor- 
responding discharges, if the condenser is repeatedly short-cir- 
cuited) similar in sign to the last charge will at first appear, but 
will be succeeded by a residual charge similar in sign to that of 
the charge first applied. 

The appearance of the residual charge in all the above described 
experiments is hastened by subjecting the condenser to mechan- 
ical shocks. 

Two possible explanations of the phenomena of electric absorp- 
tion, as the phenomena just described are called on account of 
what was once regarded as the soaking in of the electric charge 
with the time, have been given. 

(1) The general analogy between electric strain and stress and 
mechanical strain and stress, together with the fact that absorp- 
tion does not occur in free zther or in gases, whose elasticity is 
perfect, and is very marked in a substance like glass, whose elas- 
ticity is extremely imperfect, has led to the suggestion that elec- 
tric absorption is due to the imperfect electric elasticity of the 
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dielectrics which exhibit it. The phenomena of electric absorp- 
tion are exactly analogous to the phenomena of elastic after- 
action. Thus, if the spring of § 36, I., is not perfectly elas- 
tic (and no solid body is perfectly elastic) the elongation (analo- 
gous to electric charge) produced by a certain applied force 
(analogous to e.m.f. of charging battery), equal and opposite to 
the elastic return-force of the spring (potential difference), will 
not remain constant with the time, but after reaching almost 
immediately a value usually very near the final value, will gradu- 
ally increase. If now the force is removed (condenser short- 
circuited), the elongation will not become zero at once, but the 
spring can exert no force by virtue of the remaining elongation 
(residual charge when potential difference =o). If now the 
spring is clamped (condenser insulated), the elongation gradually 
becomes elastic (residual charge becomes available, potential dif- 
ference increases from zero), and the spring exerts a force upon 
the clamp (residual potential difference). If the clamp is re- 
moved (short-circuit), the elongation will again suddenly dimin- 
ish, and so on. Also, if the spring is clamped, extended for a 
long time, and then compressed for a much shorter time (con- 
denser charged successively in opposite directions) and then re- 
leased (short-circuit), the residual compression will gradually reach 
zero, and then become a residual elongation which will diminish 
much more slowly to zero (condenser’s dischargers will be for a 
short time in one direction, then for a much longer time, until the 
whole residual charge has disappeared, in the opposite direction). 

(2) Maxwell has developed a theory according to which the 
phenomena of absorption can not occur if the dielectric is per- 
fectly homogeneous throughout, but must occur whenever the 
ratio of the permittivity to the conductivity is not constant for 
all parts of the dielectric, even if none of the constituents alone 
exhibits the phenomena. This conclusion, according to which 
electric absorption is due to heterogeneity of structure, is sup- 
ported by experiments of Rowland and Nichols, Muraoka, 
and others. It is quite possible that deviation from perfect elas- 
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ticity is closely connected with heterogeneity of structure, and 
that the two explanations are not independent of one another. 
Thus glass is extremely heterogeneous, possesses very imperfect 
elasticity, and shows the phenomena of absorption in a marked 
manner. 


2. Dielectric Absorption Hysteresis. If a condenser whose di- 
electric 1s absorbent is rapidly charged to a voltage V’’, short- 
circuited, charged in the opposite direction to a voltage — V’’, 
short-circuited, charged again to voltage V’’, and the process re- 
peated a number of times at the same rate (by connecting the 
condenser to the poles of an alternating current dynamo, for ex- 
ample), it is evident from what precedes and the principle of 
symmetry that the relation between the charge g and voltage V of 
the condenser may be represented by a closed symmetrical curve, 
such as that in Fig. 66. When the voltage has dropped from the 







Fig. 66. 


value V’ at A to O at B,a residual charge OB is left, and dis- 
appears entirely only when the voltage reaches the negative 
value OC. As the voltage increases negatively to — V’’ at D, 
the charge increases negatively, and falls to the value OF when 
the voltage again becomes zero. The residual charge again dis- 
appears when V= OF = — OC, etc., the charge thus always 
lagging behind the voltage. 
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If however the condenser is carried very slowly through the 
cycle of charging, discharging, etc., or if the dielectric is one 
which does not exhibit electric absorption, the curve is found to 
reduce toa straight line, and the area of the cycle therefore to zero. 
(Cf. Beaulard, Journal de Physique (3), 9, 422, 1900.) 

The phenomena are therefore not analogous to those of mag- 
netic hysteresis (§ 39, XIII.), which are almost wholly indepen- 
dent of the time in which a cycle is completed and are not de- 
pendent, except to a very slight extent, upon anything similar to 
viscosity or absorption. The term /ysteresis may be used to 
designate the electrical phenomenon described in this article, on 
account of the /agging effect mentioned, but this term, if so used, 
should be coupled with the word zescostty or absorption in order 
to avoid the incorrect inference that the phenomenon is iia 
cally analogous to magnetic hysteresis. 

3. Energy Dissipated in Dielectric Hysteresis—The area of 
the curved figure ABCDEFA, Fig. 66, is 


H=f{Vdg (1) 


for the whole cycle, and thus represents the excess of the elec- 
trical work done in charging the condenser (in both directions) 
over the electrical energy given out when the condenser is dis- 
charged (in both directions) (see § 37, I.). This quantity of 
energy must therefore be transformed into heat during each com- 
pletion of the cycle. 

(1) may be written 


H= ff [FaL-dSdD = f f[ EdD-ds 


aL and dS being elements of a line of intensity and an equipoten- 
tial surface, respectively, and dr being the element of volume 
dLdS. ‘We have therefore for the energy dissipated per unit 
volume per cycle at a point in any dielectric where the intensity 
and displacement are denoted by £ and D, 


dHidr = { EdD (2) 
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the integration being extended throughout a complete cycle. 
See § 38, I. 


4. Intrinsic Displacement and Intensity, Electrets, etc. A 
dielectric electrised or retaining its electrisation, like the dielec- 
tric of a condenser after absorption has occurred, partially or 
wholly under the action of internal forces, no external field, and 
therefore zo potential difference or field intensity (E = — dV /dL) 
within the dielectric itself (as when the condenser is short-cir- 
cuited), being necessarily present, is said to possess intrinsic 
electrisation or displacement, and to be under the action of an in- 
trinsic electric intensity or force, denoted by ¢, in the direction of 
the displacement. A dielectric in this state is called an electret. 

The intensity = — dV / dL, § 3, is zero at two points of the 
cycle for which D (the total displacement, redefined by Gauss’s 
theorem * as dq /dS at a conducting surface, the theorem being 
assumed to hold for intrinsic as well as for elastic displacement) 
has finite values, while D (or g) is zero at two points for which 
E(or V’) has finite values. 

Thus if we assume the relation c= D/£ (by which D was 
defined in the case of elastic displacement) to hold in the case 
of intrinsic displacement, c, as the cycle is traversed, will pass 
through all values from + @ at B to —o at E£, Fig. 66. 

If, however, we introduce the conception of intrinsic intensity 
e, if we denote the field intensity — dV //dZ by £’ instead of E 
at a point where intrinsic displacement exists, and if we denote 
the vector sum of ¢ and E’ by (« + £’)=E, the total or im- 
pressed intensity, we may define ¢ by the relation 


D=cE=c(e + £') (4) 
With this understanding, the relation D=c£ holds univer- 


* A more rigorous and general definition of D, analogous to the general definition 
of B, (63), XIII., is obtained from (2), XV. Thus 


D= f curl Hat (3) 


the dielectric being in a neutral state at the time ¢ = 0. 
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sally and leads to no impossible values of ¢, since ¢ and D have 
always the same direction. In this chapter £’ will be used to 
denote the field intensity — dV//dZ ; but elsewhere, except where 
the contrary is stated, ¢ will be assumed equal to o and £’ 
equal to £. 


5. Uniformly Electrised Spherical Electret. Suppose the elec- 
trisation of the sphere of § 12, IV., to become partially intrinsic. 
Then let the external charges “ producing”’ the (originally) uni- 
form field be removed. Then the only remaining “charges” 
are the fictitious charges upon the surface of the sphere, whose 


density is given by o! = /cos 6 (5) 


where / denotes the intensity of the remaining electrisation. 
Inside the sphere there is an intrinsic intensity ¢ maintaining 
the displacement and a self-deélectrising field intensity equal to 


El = — J/3¢, (6) 


The external field is the part outside the sphere of the field con- 
nected with the doublet of moment 


M= rat] (7) 


at the center of the sphere. 

Maxwell’s plane diagram of the complete field is given in Fig. 
67 (from Maxwell’s Zreatise, § 143). If the lines of displace- 
ment within the sphere are directed from S to XN, the lines of 
intensity have the direction VS. 

The quantities 47, E£’, o’, and / can all be expressed in terms 
of the internal displacement D, of the sphere. 

Thus we find from the relations (2) IV., (94) II., and (7), when 
6=oand R=a: D=M/22xa'; or 


= 27a D, = $ ra] (8) 
The relations (1) IV., (95) II., and (6) give when 6 = go° and 


R=a, 
E'=M/ 4a = — D,/ 2¢, = —S/3¢, (9) 
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The relation / = D, — ¢,E’ [(7), 1V.], or either of the last two 


equations alone, gives 


J=D,+D,/2=hD, (10) 
From this equation we have 
, o’ = J cos 0 = D, cos (11) 





The magnitude of the strength of each pole of the sphere (dis- 
tributed over a hemisphere) is 


q = 7a’ = } 1a’D, = § II (see below) (12) 


The total electric flux through the sphere from the negative 
to the positive pole, and back again outside the sphere from the 
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positive pole to the negative pole, all the tubes of displacement 
being closed, is 


Il = wa*D, = 3 1a’] = 47’ (13) 
The total flux of the intensity from or to one of the poles is 
Il’ = 7a’D,/¢, — w@E! = 3 We, = g'/e, (14) 


In terms of the intensities and the permittivity c, of the sphere, 

the internal displacement, denoted above by J,, is 

Di =efe + B) (15) 
Since ¢ and £’ have opposite directions, D, is less than if ¢ 
were acting alone. By short-circuiting a condenser ( making 
f = 0) after undergoing absorption and then measuring the 
residual charge, c,¢ = D’ = intrinsic displacement, can be deter- 
mined, but neither quantity can be determined separately except 
on the assumption that c, is the same for intrinsic as for elastic 
displacement. 

If the spherical electret were placed in a uniform field of in- 
tensity £, and if its intensity of electrisation /, or internal dis- 
placement D,, were to remain rigidly fixed (cf. § 8), it would be 
acted upon by the same forcive as that which would act upon the 
doublet of moment /7/ placed at its center in the same field. This 
forcive is easily seen to be a torque 


T= — ME sin 0 = — $xa°JE sin 0 = — 2ra@°D, E sin@ (16) 


in the direction of the increase of 6, where @ denotes the angle 
between the direction of electrisation, or the axis of the doublet, 
and the direction of the uniform field. 

The same result could of course be obtained, though less 
simply, by integrating the expression d@7 = Eo’dSx sin 6 over the 
surface of the sphere, where x denotes the distance from the 

. equatorial plane to the element of area dS of the sphere. 

If the sphere is left to itself after the removal of the charges 
producing the uniform field, the intrinsic displacement, and there- 
fore the internal and external fields, gradually disappear. This 
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gradual disappearance is due to the gradual diminution of the 
intrinsic intensity and the continuous action of the self-deélec- 
trising intensity, which acts against the displacement, or tends to 
reduce the apparent surface density. Or, better, as the intrinsic 
forces diminish, the tubes of displacement are gradually freed 
and, being closed tubes, contract to nothing. 

If the sphere is covered with a conducting coat while the in- 
ternal displacement has the value D,, the external field disap- 
pears entirely and the sphere itself is left in the same condition 
as the dielectric of a condenser short-circuited after absorption 
has taken place.* There is no potential difference anywhere, 
but the intrinsic displacement within the sphere has increased, 
since £’, which before opposed the intrinsic force ¢ producing 
or maintaining the displacement, is now zero. The hemisphere 
which before had a positive fictitious charge has now a true 
negative charge, and the other hemisphere, before apparently 
negative, has now a true positive charge. The law of the dis- 
tribution of the true charge over the sphere is the same as the 
law of the distribution of the previous fictitious charge. If the 
displacement is now denoted by D’ = ¢,e, (15) gives 

D = ¢je=D,—¢, £! = { (2c, + ¢,)/ 2¢,) D, 

= [ (24 + 4) /3e]/ 

where D,, /, £' are the values of the displacement, intensity of 
electrisation, and self-deélectrising intensity immediately before 
the short-circuiting, and c, and ¢ are assumed to remain constant 
during the process. Since the final value of the self-declectrising 
intensity is zero, the final value of the intensity of electrisation is 
J’'=D'. D'and /’ are wholly intrinsic, D, and / only par- 
tially so. The density of the true charge is 


o = — PD’ cos 8 (18) 


(17) 


No change is produced by removing the conducting cover. 
After its removal, as the intrinsic electrisation continues to di- 


* See Heaviside, Electrical Papers, Vol. 1., p. 491. 
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minish, an internal and external field of the same character as 
that of the original field, but opposite in direction, is developed. 
As the true surface density everywhere remains constant (in- 
sulation being supposed perfect), while the intrinsic electrisation 
gradually diminishes, this field will grow in strength; and if the 
intrinsic displacement could disappear entirely, which is impossi- 
ble as long as any electric field remains, the sphere being ab- 
sorbent, the total field would finally become that connected with 
the true charges given by 


o = —J cos 8 


only, the fictitious charges having entirely disappeared. The 
displacement and intensity would now be in the same direction 
at any point within the sphere, as well as without. 


6. Infinite Circular Cylindrical Electret Uniformly Electrised 
Transversely. In exactly the same way, we have in this case for 
the apparent surface density 


o’ = / cos 8 = 2D, cos 8 (19) 


and for the deélectrising intensity, or intensity due to the ficti- 
tious charges, within the cylinder 


£’ = — Ji2e, = — Dy |e, (20) 


D, and / denoting the internal displacement and intensity of 
electrisation, respectively. 

The external field is that part outside the cylinder of the field 
of the line’ doublet of moment 

M= 1a’ ] = 2ra*D, (21) 

placed along its axis. ; 

The plane diagram of the field can be obtained from Fig. 28 
by simply drawing a circle of radius a with the center of the dia- 
gram as center, annulling all the lines within this circle, and con- 
necting by straight lines the ends of each circular arc. 

The magnitude of the fictitious charges on the positive and 
negative halves of a unit length of the cylinder is 
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q = 2a/= 4aD, = ail (22) 

the flux across unit length of the cylinder is 
I] = 2aD, = }q’ (23) 


and the flux of intensity from or to the fictitious charge upon 
unit length (either half) is 


Il’ = II/c, — 2ak'= 2IT/e, = q |e, (24) 


7. Natural Electrets. Pyroelectric Crystals. Kelvin’s Theory.* 
A state of intrinsic electrisation exists naturally in certain crystals, 
for example, tourmaline, which are called, from the thermal 
relations described below, pyroelectric crystals. In its ordinary 
condition, however, after remaining some time at a constant tem- 
perature, the external field of such an electret has disappeared, 
on account of poor insulation, like that of the spherical electret 
of § 5 after being covered with a conducting coat. The electret 
has now a positive charge at one end and a negative charge at 
the other, terminating the tubes of intrinsic displacement (there 
is no elastic displacement). Altering the temperature of the 
electret alters its intrinsic intensity and state of electrisation, and 
therefore, if the surface remains sufficiently well insulated to re- 
tain its charges when some of the tubes of intrinsic displacement 
become free, develops an external field. The direction of this 
field depends on the direction in which the intrinsic forces and 
electrisation alter with the increase or decrease of temperature. 
In tourmaline, as would be expected in every case, the electri- 
sation decreases with temperature increase. Hence by heating 
tourmaline a field directed like that of the sphere of § 5, after be- 
ing short-circuited and then left insulated for a time, is developed. 
If the insulation is not perfect, this external field will gradually 
disappear. If the electret is now cooled, its electrisation will in- 
crease and an external field opposite to the former field will ap- 
pear, and then gradually disappear by conduction when the tem- 


* See Heaviside, Electrical Papers, Vol. I., p. 493. 
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perature is kept constant. The intrinsic displacement of a 
pyroelectric crystal, and therefore the true surface charges, can- 
not be made to disappear like those of an electret whose electri- 
sation is due to absorption. By breaking a pyroelectric sub- 
stance across its axis of electrisation, however, positive and 
negative apparent charges, and an external field connecting them, 
without true charges, may be developed. 

Piezoelectric Crystals. A state of electrisation accompanied by 
internal and external fields similar to those of the sphere of § 3 
is produced in some crystals, called presoclectric crystals, by com- 
pressing or stretching them, and disappears when the compres- 
sion or stretch is removed. The external ficld corresponding 
to a given state of strain may disappear by surface conduction, 
leaving the surface with true charges, like the electrets described 
above. If the state of strain is altered after this condition has 
been reached, an external field is developed whose direction de- 
pends on the direction of alteration of the strain. Some crystals, 
like tourmaline, are both pyroelectric and piezoelectric. 


8. Permanent Electret. The fictitious charge, or pole strength, 
of half of a symmetrical isolated electret is not, as we have seen 
in two particular cases, §§ 5 and 6, equal to the flux through the 
electret, but is greater than this flux. Thus, although the fic- 
titious charge upon half of an originally neutral sphere placed in 
a uniform field is less than the flux through the sphere, the fic- 
titious charge upon half of an isolated spherical electret uniformly 
electrised is one and one half times as great as the flux through 
the sphere ; and the fictitious charge upon half the surface of an 
isolated infinite cylindrical electret uniformly electrised trans- 
versely is twice as great as the flux through the cylinder. The 
infinite cylinder may be regarded as an ellipsoid of revolution 
about an infinite axis perpendicular to the direction of the clectri- 
sation, and the sphere may be regarded as an ellipsoid with its 
three axes equal. We shall see below that in the case of a cir- 
cular cylinder whose length is very great in comparison with its 
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diameter and which is electrised longitudinally, the pole strength 
at either end is approximately equal to the flux through the 
cylinder. As the ratio of the length of the cylinder to its diam- 
eter approaches infinity, the ratio of the pole strength of either 
end to the electric flux through the cylinder approaches unity 
indefinitely. In the limit we have an ellipsoid of revolution 
about an infinite axis parallel to the internal displacement. Thus 
the greater the ratio of the axis parallel to the electrisation to 
the other axes, the more nearly does the pole strength equal the 
electric flux across a pole or through the electret. 

It is clear that if an electret is brought into the field of an 
electric charge or another electret, the distribution as well as the 
strength of each of the electret’s poles (or each of the poles of 
both electrets) will, in general, be altered. 

Moreover, if the medium surrounding an electret is replaced, 
in whole or in part, by a medium of different permittivity, the 
flux through the electret, and therefore the fictitious charges or 
pole-strengths, will increase or decrease, as well as change in 
distribution, according as the permittivity of the new medium is 
greater or less than that of the old medium. For the displace- 
ment, internal and external, is maintained by the intrinsic forces 
within the electret, which remain constant or appreciably con- 
stant during the change, independently of the surrounding me- 
dium, and must produce a greater or less flux the greater or 
less the permittivity. An increase of the same kind, and greater 
in extent, occurs when the external field is destroyed, the sur- 
rounding medium being made conducting (or the permittivity 
infinite). 

The energy of the clectret’s field may be divided into two 
parts, the energy within the electret, mostly energy of intrinsic 
displacement, and the energy of the external medium. It is 
clear that the greater the ratio of the intrinsic energy of the 
electret to the energy of its external field, the less will the elec- 
trisation of the electret be affected, either in distribution or in 
amount, by changes in this external field (resulting from changes 


190 ELEMENTS OF ELECTROMAGNETIC THEORY. 


in the medium); also the greater the ratio of the energy density 
of the intrinsic electrisation to the energy density of the external 
field, the less will the electret be affected by the introduction of 
other electrets or charges. 

Consider now the ideal case of a ei electret of very 
small cross-section and great length uniformly electrised in the 
direction of its length, except within very small regions close to 
its ends in which the flux diverges or converges. The poles are 
approximately concentrated at the ends of the electret, and, ex- 
cept within the very small volume occupied by the electret itself, 
the electric field is similar to the field surrounding two electric 
charges approximately concentrated ata distance apart equal 
to the length of the electret. If the length of the electret is 
very great, the external field around each pole is practically 
radial. 

Since the energy density at any point of the surrounding 
medium is proportional to the square of the intensity, and since 
the intensity is inversely proportional to the square of the dis- 
tance from a pole (provided the distance is small in comparison 
with the length of the electret), the energy of the external me- 
dium is confined almost wholly to small regions surrounding the 
two poles. If the length of the electret is increased while the 
intensity of its electrisation is kept constant, the external energy 
will therefore remain very nearly constant. 

The energy of the uniform intrinsic electrisation, however, is 
proportional to the length of the electret for a given value of the 
internal electrisation or displacement. 

Hence by increasing the length of the electret, and keeping 
the flux and therefore the pole strengths constant, the ratio of 
the energy of the intrinsic electrisation to that of the external 
medium may be greatly increased. 

Hence such an (ideal) long slender longitudinally electrised 
electret, if made of a substance with intrinsic energy density very 
great for a given intensity of electrisation (which would be called 
an electrically hard substance), would be approximately a per- 
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manent electret, its internal energy, electric flux, poles, and pole 
strengths, being practically independent of the external field (un- 
less the external field should be destroyed, when, although the 
internal energy and flux would remain sensibly constant, the pole 
strengths would be reduced to zero). 

The force between such a pole (concentrated) and an extremely 
small body with (concentrated) charge ¢ distant Z therefrom 
would be 


F=qq7/4ncl’ (25) 


where g’ is the pole strength and is constant (at a given tempera- 
ture), and c is the permittivity of the surrounding medium. 
Since the volume of the electret is negligible, and the flux from 
each pole in the external medium radial, the reaction between the 
two fields and therefore the force between the pole and the 
charged body must be the same as the force between a very 
small body with concentrated frue charge equal to II, the flux 
through the electret, and the small body with concentrated 


charge g. That is, 
F = qi ancl? (26) 


On comparing (26) with (25), we see that 
femal (27) 


or, the flux through an (ideal) extremely slender longitudinally 
electrised electret of great length is equal (strictly, sensibly 
equal) to the fictitious charge, or pole strength, at either end. 

It is clear from what precedes that any of the electric fields 
described in preceding chapters would remain sensibly unaltered 
if each concentrated true charge were replaced by the concen- 
trated pole of an (ideal) permanent electret of very great length 
and negligible cross-section, and with pole strength or longitudi- 
nal flux equal to the charge replaced. 


CHAPTER VII. 


SPECIFIC INDUCTIVE CAPACITY. THE COMPARISON OF 
PERMITTIVITIES. 


1. Specific Inductive Capacity. The specific inductive capactty 
of a substance is defined as the ratio of its permittivity to the 
permittivity of the standard medium. If, as in this book, free 
gether is chosen as the standard medium, the specific inductive 
capacity of a dielectric is numerically equal to its permittivity 
(measured in the electrostatic systems of units, XIV.), since c, 
= I (in the electrostatic systems). 


The Comparison of Permittivities, or the Determination of 8pe- 
cific Inductive Capacity. Four general methods of comparing 
permittivities will be considered here : 

I. The permittance of a dielectric bounded by a fixed system 
of conductors is proportional to its permittivity. Hence if the 
whole field is filled in succession with two dielectrics, and the 
two capacities compared experimentally, the ratio of the permit- 
tivities will be known. If the condenser contains two different 
dielectrics at the same time in one of the experiments, the method 
may still be used in certain simple cases, with little modification. 
See §§ 7 and 8, IV. 

II. The forcive between two given conductors is proportional 
to the permittivity of the dielectric filling the field if the voltage 
is kept constant, and inversely proportional to the permittivity 
if the charges are kept constant. Hence by keeping the voltage 
constant and comparing the forcives when the field is filled with 
two dielectrics in succession the ratio of the permittivitics may 
be determined. The comparison by means of constant charges 
is in general impracticable. When the field contains two dielec- 
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trics at the same time, as in § 7, IV., the method is still appli- 
cable, with slight modification, in certain simple cases. See § 2. 

III. The forcive upon a dielectric of permittivity c, bounding, 
or surrounded by, another dielectric of permittivity ¢,, in an 
electric field depends upon the ratio of ¢, toc,. Thus by meas- 
uring F in § 11, IV., c,/c, may be determined. Two methods 
based upon this principle, one for liquids, and the other for solids 
(or fluids contained in a vessel made of a solid dielectric of 
known permittivity), are described in §§ 3 and 4. 

IV. When lines of displacement are refracted in passing from 
one dielectric to another, tan @,/tan 8, = ¢,/c,. Hence by measur- 
ing 9, and @,, the ratio c,/ce, may be determined. This method is 
discussed in § 5s. 

From §§ 1-2, VI., it is clear that the permittivity (if defined 
as D/E) of most dielectrics depends to a greater or less extent 
upon the time of electrisation, being greater the greater the 
time, up to a certain limit, and on the previous history of the 
dielectric (cf. the curve in Fig. 66), except for slow processes. 

From §§ 2-5, V., it follows that the permittivity depends to 
some extent upon the stresses in the dielectric, which may be 
produced wholly by electrical causes, unless the coefficients there 
defined vanish. 

2. Method II. With the Quadrant Electrometer. Since S, § 5, 
III., is proportional to c, 6 is also proportional to ¢ for given 
values of V,, Vz, and V,,. Hence by submerging the quadrants in 
two dielectrics of permittivities c, and c, successively and measur- 
ing the resulting deflections for the same voltages, we have 

ce, = 9,8, (1) 

With the Kelvin Absolute Electrometer or the Bichat and Blond- 
lot Electrometer In the same way, by submerging the conduc- 
tors of either of these electrometers in two dielectrics in succes- 
sion and measuring the corresponding values of F, § 4, III., we 
have, for constant voltages, 

ai, = AJR, (2) 
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In the case of the Kelvin electrometer the force may be kept 
the same in the two experiments and the comparison made by 
altering d. In this case, if d, and d, denote the values of @ when 
the first and second dielectrics are in the field 

6, /¢, = 4,/a (3) 

By (25), IV. and (3), III. the Kelvin electrometer may also be 
used when one of the dielectrics is in the form of a plane slab of 
a given thickness d(<d). The equations corresponding to (4), 
III. and (5), III. are easily developed for this case. 

When any one of these instruments is used idiostatically, 
alternating as well as unidirectional voltages may be applied, 
and the permittivity thus determined when the time of electrisa- 
tion is very short. 

3. Method III. Quincke’s Method for Liquids. Fig. 68 is a 
diagram of the apparatus. A and # are the conductors of a 
parallel plate condenser separated by a distance d very small in 
comparison with their breadth and length, and immersed in a 
liquid D whose permittivity, c,, is to be compared with that of a 





Fig. 68. 


gaseous dielectric, as dry air, of permittivity c. A tube £ com- 
municates through a small opening in A near its center with the 
region between the two plates. This tube is continuous with a 
manometer tube / and communicates with a bulb ¢gontaining dry 
air by the stop-cock G. The manometer tube contains a liquid 
of density p. Its cross-section will be denoted by A. 

In performing an experiment a wide flat air bubble C is first 
formed between the plates by opening G and pressing the air 
bulb. G is then closed, and the difference of level between the 
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two liquid surfaces in F is read. If this difference of level is 
denoted by 4’, and if the acceleration of gravity is denoted by g, 
the excess of the pressure in C (due to the hydrostatic pressure 
of the liquid Dand the capillary pressure inward at the edges of 
the air bubble) over the atmospheric pressure is h’/Apg. The 
condenser is now charged to a voltage V. The electric intensity 
between the plates is uniform, except near their edges and near 
the edges of the bubble, and equal to E= V/d. The electric 
pressure (§ 41, I.) within the uniform part of the field of the dielec- 
tric D is }c,E’, while the electric pressure within the uniform 
part of the field of the air bubble C is }c.Z*% Hence, if ¢, is 
greater than c,, the bubble will contract until sufficient air has 
been forced out into the manometer tube to increase the differ- 
ence of level by 4, and the gaseous pressure by 4Apg, where 


| hApg = 3c,E* — 4c, E? 


when there will again be equilibrium. Hence by observing 4, 
A, p,g, and E= V/d,c,—c, may be obtained from the equation 


C, — ¢, = 2hApg/E? = 2hApgad’/ V* (4) 


In what precedes we have assumed the capillary pressure of 
the bubble and the hydrostatic pressure of the liquid D, as well 
as the total volume of the air, to remain constant throughout the 
experiment. We have also assumed the slight alterations of 
gaseous and liquid pressures occurring during the experiment to 
bring about no alterations of the permittivities. The fact that 
these conditions are not exactly fulfilled will evidently introduce 
no sensible error. 

(4) Can be deduced also by the method of § 55, I., from 
energy considerations. 


4. Method III. for Solid Dielectrics. We shall consider only 
the simplest case, when the dielectric is in the form of a plane 
slab. Fig. 69 is a diagram of the apparatus. A and B are the 
two conductors of a parallel plate condenser separated by a dis- 


196 ELEMENTS OF ELECTROMAGNETIC THEORY. 


tance d small in comparison with their length and breadth. C is 
a plane slab of the dielectric, of permittivity ¢,, hanging in air, of 
permittivity c,, with its sides parallel to 4 and 8, from the arm of 
a balance D. The thickness of the slab will be denoted by d, 
and its width (perpendicular to the plane of the paper) by ZL. 

C is first balanced by adding weights to 
the scale pan of D while A and & are at 
the same potential. 4 and @ are then 
charged to a voltage V. This will produce 
a straight field between A and JS, except 
near their edges and near the edges of the 
slab C, and will disturb the equilibrium. 

Ay, 8 Equilibrium is then restored by adding 
weights to the scale pan if c, is greater 
than ¢,, or by removing weights there- 
from if c, is less than c,, as follows from 
§§ 7 and ro, IV., or from § 7, IV., and 
§55, I. Let # denote the downward force 
upon C due to the charging of the con- 
denser. F can be found at once by the 
method used in § 3, or can be determined as follows by the 
method of § 55, I. 

Imagine C to suffer an infinitesimal displacement dx downward 
from its equilibrium position. This will increase the cross-section 
of the uniform part of the field through C and air by Zax, and 
will diminish the cross-section of the uniform part of the field 
passing through air only by the same quantity. The energy of 
the weak field outside the condenser and that of the non-uniform 
field near the edges will remain sensibly constant, and the non- 
uniform field at the edges of C will move unaltered with C. 
Hence the only appreciable change in the energy of the field is 
that due to the fact that the cross-section of the uniform field 
with two dielectrics has increased by Ldx, while that of the uni- 
form field through air only has decreased by the same quantity. 
Hence the total increase in energy is sensibly 
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dW = 4¢,V*Ldz/{d — [(¢, — ¢,)/e,]4,} — 4¢,V'*Ldxjd 
= 30, Ve, — ¢)d,Ldx/{d[ed — (c, — ¢,)d,]} = Fade 
Hence 
F = dW/dx = Le(c, — ¢,) V"/{2d[ed — (c, —¢,)d,]} (5) 


When ZL, ¢,, /, V, d, and a, are known, ¢, can be determined 
from this equation. 

In obtaining this result we have assumed the field uniform 
throughout the whole length Z, except near the lower and upper 
edges of the slab. To make the error arising from the non-fulfil- 
ment of condition negligible Z must be great in comparison with d. 

5. The Method of Refraction of Lines of Displacement. (Perot, 
Comptes Rendus, 113, p. 415, 1891.) To compare two permit- 





Fig. 70. Fig. 71. 


tivities by this method it is necessary, as in §§ 3 and 4, that one 
of the dielectrics be a fluid, as air. The principle of the method 
may be developed as follows. 
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Let a large triangular prism A, Fig. 70, of permittivity ¢, and 
with angle a be placed with one of its plane sides in contact, 
or otherwise parallel, with a large metallic plane B; and let 
another large metallic plane C, separated from A (or A and the 
other conductor) by a fluid dielectric D, as air, of permittivity ¢,, 
be arranged so that the angle 8 between C and the nearer face 
of A can be varied and measured. If B and C are charged to a 
voltage V, the electric field will not, in general, be uniform either 
in A or in D.. The approximate field when B and C are parallel 
is shown in Fig. 71. But evidently there will always be a cer- 
tain value of 8 for which the field in A and also the field in D 
will be uniform, except near the edges, as shown in Fig. 70. In 
this case 6, = a and 0, = B(§ 2, 1V.). Hence 


¢, /¢, = tan 8/ tan a (6) 


To find this position, a very thin metal plate Z is so attached 
to fine insulating threads FF as to be movable with its plane 
parallel to C only. If the field in D is uniform, this motion will 
not disturb the voltage between the plates ; otherwise the voltage 
will be altered. To make the test, then, C is connected to earth 
(the walls of the room) while 2 is charged to potential V (poten- 
tial of earth = 0). Then the condenser is insulated and C is 
connected with the electrode of an electrometer, the other pole 
of which is to earth. Then £ is displaced while kept parallel to 
C. If the electrometer still indicates that the potential of C is 
zero, the field in D, as well as that in A, is uniform. If not, a 
second adjustment of 8 must be made, and tests and adjustments 
repeated until the potential of C remains zero, or until the dis- 
turbance of its potential is a minimum, when £ is displaced. 
Then ¢, /c, can be determined from (6). 

The close agreement between the values of ¢, /c, found by this 
method and the same ratio determined by other methods serves 
to verify the correctness of (3), 1V., on which the method is based. 


CHAPTER VIII. 
THE ELECTRIC CURRENT. THE CONDUCTION CURRENT. 


1, The Convection Current. If a small light conductor, such 
as a gilded pith ball, is suspended by a long insulating thread 
between the vertical plates A and B of a charged parallel plate 
condenser, it will fly back and forth between the plates carrying 
opposite charges in opposite directions and gradually discharging 
the condenser. 

The rate dg,/d¢ at which positive charge is carried from A to B, 
or the rate dq,/dt at which negative charge is carried from B to A, 
or the sum of the two rates, dg,/dt + dq,/dt, if both processes 
occur simultaneously (as would be the case if several pith balls 
were present), is called the electric convection current {rom A to B, 
and will be denoted by /,. That is, 


I, = q,/dt + dq,/dt = dq/at (1) 


Strictly, the convection current is limited to the space actually 
occupied by the moving charge or charges. 

If the electric volume density of the positive charge in the 
element of volume at a given pointis p,, and the density of the 
negative charge in the element p, (the element containing, in 
general, both positive and negative charges), and if the velocity 
of the positive charge is #, and that of the negative charge in 
the opposite direction u,, then the convection current per unit 
area across a surface normal to x, in the element of volume, or 
the electric convection current density in the element, is 


tg = Pitt, + Phy (2) 
in the direction of x,. 
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2. The Dielectric Current. If the electric flux II across a 
surface is increasing at the rate @II/d¢, there is said to be a dielec- 
tric current or an electric displacement current through the surface 


equal to 
7, = al /de (3) 


If the displacement D at any point is changing at the rate 
aD/dt, the dielectric current density at the point is 


4= adD/dt (4) 


which is evidently a vector with the direction of dD. 

According to our mechanical conception, § 14, I., the dielec- 
tric current in free zther or material insulators would be a con- 
vection current of zther cells or corpuscles. 

Convection and dielectric currents will be more fully discussed 
in a later chapter (XV.). The remainder of this chapter will be 
devoted principally to the conduction current. 

3. The Conduction Current. If two condenser plates A and B 
with positive and negative charges, respectively, are connected 
by a wire JZ, the electric field will disappear by the process de- 
scribed in § 42, 1. During this process there is an electromo- 
tive force along and through the wire in the direction AA/B, and 
the wire is traversed in part by positive charges in the direction 
AMB and in part by negative charges in the opposite direction 
BMA. The wire is said to be traversed by a conduction current. 
As we shall see later (IX., § 15) there is reason to believe that 
the conduction current consists, in the general case, in a stream 
of positively electrified particles in the direction of the e.m.f. and 
a stream of negatively electrified particles in the opposite dircc- 
tion across every section of the conductor. 

We shall define the strength of the conduction current, or the 
conduction current, I, across any section of the conductor as the 
rate at which electric charge is transferred across that section ; 
and we shall define the direction of the current across the sec- 
tion as the direction in which the positive charge is carried across 
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the section, or the direction opposite to that in which the nega- 
tive charge is carried. If both positive and negative charges are 
simultaneously crossing a given section in opposite directions, 
and if dg, and dg, are the magnitudes of the positive and nega- 
tive charges carried across in the time d@/, the conduction current 
across the section is 


I, = ag/dt = dq,/dt + dq,/dt (5) 


in the direction of transfer of the positive charge. 

When the charges or the induction in (1), (3), or (5) are ex- 
pressed in RES units and the time in seconds, the electric current 
is said to be expressed in the RES unit current. 

A method of measuring the electric conduction current based 
on the above definitions is described in § 3, IX. 

In the case of an ordinary condenser system the phenomenon 
of discharge, or the electric current, lasts only a small fraction 
of asecond. Ina variety of ways this time may be increased ; 
and if the ends of the wire J/, instead of being connected to the 
plates of a condenser, are joined to the terminals of a voltaic 
cell, or other agent capable of maintaining the voltage between 
its ends constant, transient effects similar to those described in 
§ 42, I., will at first occur, but a steady or unchanging state will 
soon set in. 


4. The Conduction Current Density. If a small plane area dS 
is imagined within the substance of a conductor carrying a cur- 
rent, it is obvious that the quantity of electric charge crossing 
aS per second will be different when dS is turned in different 
directions, and will be a maximum when the normal to dS points 
in the actual direction of transfer of charge at the point. The 
ratio of the current d/ crossing the area dS, with its normal 
turned in this direction, to the area dS, is a vector called the 
electric conduction current density at the point considered, and will 


be denoted by z. Thus 
t= dl [dS (6) 


If for the subscript c we substitute cv or d, (6) will define the 
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convection or displacement current density in terms of the con- 
vection or displacement current consistently with §§ 1 and 2. 

5. Kirchhoff's Law I. When an electric conduction current is 
steady, it flows in a closed circuit and has the same value at 
every section of the conductor which carries it. For if the cir- 
cuit were not closed, or if the current across any two sections 
were not the same, a positive or negative electric charge would 
continually accumulate at either end or in the region between 
the two sections, and the state would therefore not be steady. 

This proposition will be extended to the general electric cur- 
rent in § 8, Chapter XV. 

An obvious (but very incomplete) mechanical analogue of the 
steady conduction current is the flow of an incompressible liquid 
through an endless pipe. 

Kirchhoff’s law I., applied to the unit volume of a conductor 
carrying a steady current, may be written 


div 1, = conv t,=0 (7) 


since the current entering any element of volume across one part 
of its surface is equal to the current leaving the element across 
the rest of the surface. 

Stream-tubes and Stream-lines. From (6) and (7) it is now 
evident that a steady current within a conductor may be mapped 
out by a system of lines and tubes analogous to lines and tubes 
of intensity, etc. These tubes and lines are called stream-tubcs 
and stream-lines, or lines and tudes of current or flow. The cur- 
rent density at any point has the direction of the line of flow 
‘through that point; and the strength of the current across every 
section of a given tube is the same and equal to ye t.dS overa 
diaphragm S normal to the stream lines. 

In what follows we shall drop the subscript ¢ and denote the 
conduction current and current density by / and z. 


6. Electrodes. Two equipotential surfaces across one of which 
the current enters a conductor and across the other of which the 
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current leaves the conductor are called the e/ectrodes of the con- 
ductor. The electrode by which the current enters the con- 
ductor is called the anode, and that by which the current leaves 
is called the sathode. 


7. Ohm’s Law fora Steady Current in a Homogeneous Ieotrepie 
Conductor at Uniform Temperature. Along a homogeneous iso- 
tropic conductor at uniform temperature throughout, let a steady 
current / flow, and let the corresponding voltage between two 
electrodes in or terminating the conductor be denoted by V,,. 
Then, as a result of experiment, it may be stated that, if the 
voltage or current is varied while the temperature is kept con- 
stant (and in some substances at least certain other physical con- 
ditions), the current / is proportional to the voltage V,,. That is, 


[= KV y= Val R (8) 


The proportionality factor K is called the conductance of the por- 
tion of the conductor between the given electrodes, and its recip- 
rocal, R=1/K, the resistance of the conductor. The quanti- 
ties on which & and & depend will be discussed below. 

Definitions of the RES unit conductance and resistance follow 
in the usual manner from the above equations. Thus when / 
and V\, are expressed in RES units, the conductance and resis- 
tance also are said to be expressed in RES units. 

(8) expresses the integral form of Ohm's law for homogeneous 
isetrepie conductors. The expression of the law for non-homo- 
geneous circuits, etc., will be developed in following articles. 


8. Conductance and Resistance of a System of Conductors 
Connected in Multiple. If the electrodes of any number, x, of 
conductors are joined together so that the anodes form a com- 
mon anode and the kathodes a common kathode, the conductors 
are said to be connected in mu/tipl:c. Let K,, K,, ---,K,and R,, 
R,, ---, R, denote the individual conductances and resistances of 
the conductors, /,, /,, ---, 7, the individual currents, and / the 
total current through all’ the conductors, when the voltage be- 
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Vie 
tween the electrodes is K—+> Then the conductance of the 


system is 
Kel[Vw=Qthte thins 


aK tK toot K, (0) 
and the resistance of the system is 


R=1/K=1/(K, + K+ +--+ X,) 
= 1/(1/R, + 1/R,--- + 1/R,) (10) 


8. Conductance and Resistance of a System of Conductors Con- 
nected in Series. If any number, ”, of conductors is connected 
up end to end in such a manner that each surface of contact be- 
tween two conductors is an equipotential for both and coincident 
with the original electrodes of the conductors when separate, the 
conductors are said to be connected in sertes. Let V,, and V,,, 
Vin «++y Vg, denote the voltage between the terminal elec- 
trodes and the voltages between the ends of the successive con- 
ductors, and let / denote the current along all the conductors. 


Then the conductance of the system is, © 


K=1/V,, =1/(Va/l + V[1 + Ais 2 V-val 4) 
= if(t/K + /Ky to 41/K) (a1) 


and its resistance is 
R=i/K=R, +R, +--+, (12) 


10. The Cylindrical Homogeneous Isotropic Conductor. Resist- 
ivity and Conductivity. Suppose # precisely similar right cylin- 
drical conductors joined in multiple with their ends as common 
anode and kathodec, thus making a cylindrical conductor of 
times the cross-section of each of the original conductors. If 
R, and 4, denote the resistance and conductance of each cylin- 
der separately, and R and & the resistance and conductance of 
the system of # conductors in multiple, that is, of a cylinder of 
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n times the cross-section with its ends as electrodes, it follows 
from (g) and (10) that 


K=nkK, and R=R,/n (13) 


Thus the resistance of a cylindrical conductor of constant 
length with its ends as electrodes is inversely proportional to its 
cross-section, or its conductance is directly proportional to its 
cross-section. 

Suppose the z conductors connected up in series, thus making 
a cylindrical conductor of the original cross-section, but of % 
times the original length. If A denotes the resistance of the 
system and X its conductance, (11) and (12) give 


K==K,/n and R=AR, (14) 


Thus the resistance of a cylindrical conductor with its ends as 
electrodes is proportional to its length, or its conductance is 
inversely proportional to its length. 

Putting the two above results together, we see that the resist- 
ance & of a cylindrical conductor with its ends as electrodes is 
proportional to its length and inversely proportional to its cross- 
section, or that its conductance X is inversely proportional to its 
length and directly proportional to its cross-section, That is, if 
L denotes the length of the cylinder and 4 its cross-section, 


K=kALE or Rm 7l/A (154) 


where y and & are constants depending on the chemical constitu- 
tion of the conductor and its physical condition. , is called the 
specific resistance or resistivity of the substance, and &, its recipro- 
cal, is called the conductivity of the substance. (15) may be 
written 

y= RA/L or k= KI/A (156) 
When & and X are expressed in RES units and 4 and ZL in 
c.g.s. units, y and & are said to be expressed in the RES units 
resistivity and conductivity. r is equal, in magnitude, to the re- 
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sistance of a cube of the substance with unit edge when two 
opposite faces are electrodes. 


11. Differential Form of Ohm’s Law. From the preceding arti- 
cle and the principle of symmetry it follows that in the case 
there considered the electric equipotential surfaces 1” the conduc- 
tor are parallel to the electrodes, and the electric intensity £ uni- 
form and parallel to the length of the conductor. 

From the same article it also follows that the current density 
is uniform throughout the conductor, and the lines of flow paral- 
lel to the length of the cylinder, and therefore coincident with 
the lines of intensity. 

Hence we may substitute in (8) for V,, its equal ZZ, for / its 
equal 47, and for K its equal AA/L; then Ai = kA/L-EL, or 


t= kE= E/r (16) 


In the case considered therefore the current density has the 
same direction as the electric intensity, and is proportional to it 
in magnitude. Since, moreover, any conductor carrying a steady 
current may be divided up into elementary tubes of intensity and 
by equipotential surfaces infinitesimally distant apart, and since 
the cylindrical volume within one of these tubes between two 
successive equipotentials is in exactly the same state as any tube 
of the cylinder considered above, (16) is seen to hold in general 
whether the tubes are straight or not. 

Since at the surface of a conductor the current density is tan- 
gential to the surface, the electric intensity within the conductor 
at the surface is also tangential. 


12. The Electric Field of the Steady Conduction Current. Ex- 
cept as stated below, the electric field in the dielectric surround- 
ing a conducting system traversed by a steady electric current 
has all the properties of a purely static field connected with static 
charges only. The tubes of displacement terminate at the sur- 
faces of the conductors (if homogeneous) and the surface charges 
at their ends are not in motion and take no part in the conduction. 


THE CONDUCTION CURRENT. 207 


For within the conductor (supposed homogeneous) div 7 = div £E 
=kdivE=o. Hence div E=0; and, since the conductor is 
homogeneous, div J = p must also be zero, whatever the relation 
of Dto E may be. Hence within the conductor the positive and 
negative charges per unit volume at any point are equal. Thus 
no tubes from the dielectric penetrate into the conductor, but all 
end at its surface. That the external field is static and that the 
surface charges take no part in the conduction, or do not move, 
follow from the consideration that the field surrounding a con- 
ducting system traversed by a steady current can be altered in 
any manner, by moving the circuit or by bringing up charged 
bodies insulated from it, without in any way affecting the (steady 
value of the) current. Also the surfaces of insulated conductors 
placed in the field are equipotential surfaces and traversed by no 
currents; hence the tubes ending upon them (and connected 
with the current-carrying conductors) are not in motion. The 
same thing follows from Ohm's law, the resistance of a con- 
ductor not being a function of its external surface, as it would 
be if the surface charges took part in conduction. 

The conductor itself, as shown in § 11, also contains an electric 
field invariable with the time. Little or nothing is known of the 
electric displacement in good conductors traversed by steady 
currents. 

The electric field within and without the conductor is accom- 
panied by a magnetic field (XI. and XII.) and is the seat of the 
transfer of energy (XVI.), while the conductor is also the seat 
of the dissipation of energy in heat (§ 15). 

The lines of intensity within the conductor are tangential at. 
the surface, as shown in § 11, and the lines of intensity in the 
dielectric do not meet the conducting surfaces normally. 

Let £, denote the electric intensity in the dielectric just out- 
side the conductor at a point P of the interface, and 9, the angle 
made by £, with the normal to the surface of the conductor; and 
let E denote the intensity just within the conductor at the same 
point of the interface. £, as already shown, is parallel to the 
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interface. By the principle of the conservation of energy we 
may show, just as in § 2, IV., that Z, and & are in the same 
plane normal to the interface, and that 


£,sin@,=£ (17) 


If the conductor is a perfect (imaginary) conductor, that 15, if 
its conductivity is infinite, EZ =o, since otherwise the current 
would be infinite. Hence in this case 8, = 0, or the tubes of 
displacement in the dielectric meet the surface of the conductor 
normally. 


13. The Laws of Refraction of Stream-lines. At the interface 
between two substances of different conductivities 4, and £, a 
stream-line of a steady current is refracted in such a manner that 
the incident and refracted lines are in the same plane perpen- 
dicular to the interface, and that 


tan @, /tan 0, = £,/4, (18) 


where @, and @, denote the angles made with the normal to the 
interface by the incident and refracted portions of a stream line. 

For, since the current is steady, so that no electric charge 
accumulates anywhere, Kirchhoff’s law I. gives 


t, cos 8, = t, cos 8, (19) 
and the principle of conservation of energy gives 
£, sin 6, = £, sin 6, (20) 


and these equations, since 7 = & £, give (18) on division. Cf. 
S2.01V, 

c being interchanged for £ and i for D, the discussion in § 2, 
IV., and the description in following articles of fields in two or 
more dielectrics apply to the fields of intensity and flow in con- 
ductors. It must always be remembered, however, that one of 
the 4’s may be zero, while ¢ can never be less than c,= 1; so 
that £,/£, may be zero or infinity without either 4, or &,’s being 
infinite. 
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14. General Formula for Conductance and Resistance. Con- 
ductance and Permittance. From (8) we have 
Ke-i/R=//V, 
while (6) gives 
Von fias 


the integration being taken over an electrode, or over the portion 
within the conductor of any equipotential surface. Moreover, 


Vi,= f EAL 


along a line of intensity or flow from one electrode to the other. 
Hence 


K=ai/R=//V,= fkEdS/[EdL = f[kEdS/V, (21) 


By comparing (16) and (21) with (3) and (24), Chapter I, it 
will be seen that A bears the same relation to 4 that the per- 
mittance S bears to the permittivity «. Since K = if REOS Ty 
while S = | cEdS/V,,, the process of finding the conductance of 
the portion of a conductor between two given electrodes or equi- 
potential surfaces is identical with that of finding the permittance 
of a dielectric occupying the same space as that occupied by the 
conductor and having the same electric field as that within the 
conductor, except that & must be substituted for c. In most 
permittance problems it is impossible to deal accurately with 
finite electrodes and finite electric fields, there being no substance 
of zero permittivity with which an electric field may be sur- 
rounded to prevent its spreading indefinitely. A conductor, on 
the other hand, may easily be placed in a region of zero con- 
ductivity, so that the current tubes are wholly restricted to its 
own substance, and within the conductor the lines of flow and 
lines of intensity are coincident. This makes conductance 
problems much simpler in many cases than the corresponding 
problems in electrostatics. 


15. The Conductance and Resistance of Various Conductors. In 
all the examples which follow the electrodes may be supposed 
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to be surfaces of infinitely thin sheets of perfect/y conducting 
material (4 = infinity), in order to insure their being true elec- 
trodes, that is, equipotentials normal to the lines of intensity and 
flow (see § 12). | 

The corresponding permittances having been already deter- 
mined (Chapter II.), the conductances are found as indicated in 
the last article, from the following relation 


K = kS/e (22) 
1. For a right cylinder of cross-section 4 and length d, with 
its ends as electrodes, (29), II., gives, with (22), 
Kei/R=kA/d (23) 
as already shown directly in § 10. 


2. Fora conducting spherical shell between two spherical elec- 
trodes of radii Z, and L, = L, + d,(5), II. gives, in the same way, 


K=1/R =(47k/ da) LY’ (1 + 4/L,) (24) 
For a hemispherical shell, half of the last, we have 
K! =} K = (27k/d) L? (1+ 4/L,) (25) 


and so on for all fractions of the shell obtained by cutting it up 
with cones having their apices at its center. 

3. For the conductance of an infinite conductor in which two 
spherical electrodes of radii Z, and Z, are immersed at a great 
distance apart, a slight generalisation of (43), II. gives 

K = 47k/(1/Z, + 1/Z,) (26) 

If the infinite conductor is bounded by a plane surface, and if 
two hemtspherical electrodes are placed in the conductor with 
their bounding circles in the plane of the conductor’s surface, 
the conductance is 

K' =}4K= 27rk/(1/L, + 1/Z,) (27) 

4. The conductance of a right circular cylindrical shell of 

radii L and ZL + d and of length / is, from (23), II., 


K = 2mkl flog (1 + d/L) 128) 
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5. The conductance of an infinite plane slab of thickness / and 
with two right circular cylindrical electrodes of radius R and 
centers distant 2d apart, is, by (62), II., 


K = whl flog {R/[d — (d*— R4]} (29) 


If the slab is cut symmetrically into halves by a plane passing 
at right angles to the plane through the axes of the two elec- 
trodes, and if this plane is made an electrode, the conductance 
of either half is twice that of the whole; or 


K! = 2K = 2rbl/log {R/[d — (d? — R4]} (30) 


In the same manner, from Chapter IV., the conductances of 
some simple non-homogeneous conductors may be obtained. 

16. Joule’s Law: In a homogeneous conductor of resistance 
R traversed by a current / heat is developed at the rate 


dH |dt = RI? (31) 


This relation may be established as follows: In the time da 
charge @7,(+) and a charge d¢,(—) equivalent to a charge /dt 
(+) in the direction of the current cross every section of a con- 
ductor carrying a steady current /. Hence the work done in 
the time dt by the electric field upon the conductor of resistance 
R, if the voltage between its electrodes is V,,, is 


dW =V_ldt = RI: Idt = RIdt 


by §12 and the law of Ohm. Hence the time rate at which 
work is done by the electric field in the conductor of resistance 
R is 
dW /dt=VjJ=RP (32) 
Now ‘heat is always developed in a conductor during the 
passage of a current. Hence, if no other transformation of 
energy occurs between the electrodes of the conductor dW/dt = 
R/* must be the rate at which heat is generated in the con- 
ductor when traversed by the current /. That this is the case 
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when the conductor is homogeneous (including constancy of 
temperature throughout) has been proved by the researches of 
Joule and others, whose experimental results are in strict accord 
with the above equation when dW/dt is equated to dH/dt. 
Hence the law, expressed in (31). If the conductor is not 
homogeneous (and for all but three directions- of the-streanr 
lines, if the conductor is not ssofvepic ), it contains intrinsic 
e.m.f.s, § 19, and in addition to the Joulean heat transformation 
other transformations take place. 

Differential Form of Joule’s Law. The aissipativity at any 
point of a conductor is the time rate per unit current (squared) 
at which heat is there generated per unit volume. To find the 
dissipativity, which will be denoted by dh/dt, consider the ele- 
mentary volume enclosing the given point and included within a 
tube of flow, of cross-section dS, between two equipotentials dis- 
tant ZZ apart. The resistance of this element of volume dr = 
al dS, is EdL/idS the current along the tube being :dS. 
Hence 


dh jdt = (EdL jidS) (idS)'|(dSdL) = Ei = RE* = ri? (33) 


which expresses Joule’s law as applied to the element of volume 
at any point of a conductor. 

Experiment justifies the statement that (31) and (33) are ap- 
plicable to any conductor, homogeneous or not, the total heat de- 
veloped being equal to the sum of the Joulean heat and the heat 
developed owing to the operation of other factors than resistance. 

By the last equation, (31) may be written 


dH |dt=RI* = f Hidr = [hE*dr = [i /k-de = fritdr (34) 


the integrals being extended throughout the part of the conductor 
considered. From this equation it is clear that the amount of 
heat dissipated per unit time by the resistance of a conductor can 
be obtained from the formula for the energy in the correspond- 
ing case in electrostatics, viz., W= afi jcE*dr, by substituting & 
for ic, etc. 
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17. Definition of Resistance by Joule’s Law. The proportion- 
ality between d///dt and /* having been established by experi- 
ment, the resistance of a conductor, R, might have been defined 


by the relation 
R = (dH /dt)/ 7? (35) 


without recourse to Ohm’s law. This procedure would be in 
perfect harmony with all that is known of the nature of resist- 
ance, whose only function seems to be the dissipation of energy 
in heat, as it is dissipated by mechanical friction. 


Joule’s Method of Determining Resistance in Absolute Measure. 
By placing a conductor in a calorimeter and measuring the rate 
aH /dt at which heat is developed therein when a known current 
/ traverses the conductor, its resistance R may be obtained from 


(35). 

18. Mechanical Analogue of the Law of Ohm and the Law of 
Joule. Consider a pipe through which an incompressible liquid 
flows at a constant rate, the volume of liquid carried per unit time 
across every section of the pipe being /, The flow of the liquid is 
opposed by a frictional pressure assumed to be proportional to 
I. Let this pressure be denoted by — A/, RF being a constant 
for the given pipe and liquid. To overcome this pressure, that 
is, to keep up the constant rate of flow /, an equal and opposite 
pressure V,, = + R/ must be applied in the direction of the cur- 
rent. This pressure does work against friction at the rate V,,/ 
=: R/*, which is therefore the rate at which energy is dissipated 
in heat in the circuit. 


19. Intrinsic and Impressed Electromotive Force. In order to 
maintain an electric current, with its continual dissipation of 
energy in heat according to Joule’s law, and its possible per- 
formance of work of various kinds, every circuit continuously 
carrying a current must contain one or more regions in which 
energy in some other form, as mechanical, chemical, or thermal 
energy, #s transformed into the energy of the electric current (the 
energy of the electromagnetic field). Such a region is said to 
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contain, or to be the seat of, an tntrinsic clectromotwe force ; and 
the agent through which the energy transformation is effected, 
or may be effected, as a dynamo, a voltaic cell, or a thermo- 
couple, is said to possess the intrinsic electromotive force. 

In strictness, the intrinsic electromotive force in a region is 
defined as the rate at which energy in some other form is there 
transformed into the energy of the electric current (the energy 
of the electromagnetic field) divided by the strength of the cur- 
rent. Thus, if P denotes the rate at which electrical energy is 
generated, or power taken info the circuit in the region dy ¢trans- 
JSormation, I the current, and V the intrinsic electromotive force 

Y= Pil (36) 

Any part of a circuit in which electrical energy ts transformed 
into energy of another form is also said to contain an intrinsic 
e.m.f., provided that the agent effecting the transformation when 
acting independently can reverse the direction of the transforma- 
tion, or transform energy of the other form into electrical energy, 
i. ¢., itself maintain an electric current. Thus an electric motor, 
by which electrical energy is transformed into mechanical energy, 
and a storage battery while charging, by which electrical energy 
is transformed into chemical energy, possess intrinsic e.m.f.s, 
since each acting alone can generate electrical energy, the one 
when mechanically driven acting as a dynamo, the other as a 
voltaic cell. The intrinsic e.m.f. V is given in all cases by (36), 
proper attention being paid to the sign of P. Thus if in any 
region power is taken :n/o the circuit by transformation, in this 
region is positive and VW and J have the same direction. If in any 
region electrical energy is transformed into some other form of 
energy, or power given out by the electrical system, P in this 
region is xegatve, V and / have opposite signs, or directions, and 
the intrinsic e.m.f. opposes the current. It is by overcoming 
this counter em, that the transformation of electrical energy 
into energy of some other form is effected. In all cases a reversal 
of the current reverses the sign of the energy transformation by 
an agent with an intrinsic e.m.f. 
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Also, any region in which energy is transformed from some 
other form into electrical energy, or from electrical energy into 
energy of some other form, at the time rate P when the current 
has the value / is said to contain an emf. P//, although in the 
latter case the e.m.f. may not be intrinsic. Thus, according to 
Joule’s law, a homogeneous conductor of resistance R when tra- 
versed by a current / transforms electrical energy into heat at 
the rate R/*. Hence the conductor is the seat of an electro- 
motive force equal to 

—(dH|/di)|I—= —RP[I=—RI=—V, (37) 
This negative, or counter, e.m.f., — R]J=-— PV, is not, however, 
included among intrinsic e.m.f.s, since if the conductor is heated 
a current is not produced, or if the direction of the current is 
reversed, heat is still generated at the same rate, not absorbed, as 
it would be if the e.m.f. were reversible and intrinsic. 

Other electromotive forces exist, like potential differences 
(non-intrinsic e.m.fis of static fields or fields of conductors carry- 
ing steady currents) and the non-intrinsic e.m.f.s of induction 
(XIII.), by which energy is transferred in the electromagnetic 
field, but never transformed. These e.m.f.s, together with in- 
trinsic e.m.fis, may act as tanpressed e.m.f.s. The impressed e.m/f. 
between the electrodes of a conductor is equal, by definition, to 
the sum (§ 21) of the intrinsic e.m.fis included between them, 
P/T, plus the time rate P’, at which electromagnetic energy is 
transferred to the region between them from the surrounding 
field (developed by intrinsic e.m.f.s in other parts of the circuit or 
in other circuits transforming energy of another kind into electro- 
magnetic energy if P’// is positive) divided by the current /. 

Thus the impressed e.m.f. in a homogeneous conductor of re- 
sistance R carrying a steady current / is V,,= RJ (exactly | 
equal and opposite to the counter e.m.f. of resistance, — R/), 
the difference of potential V\,, by which the energy is transferred 
to the conductor at the rate VJ = R/?, being developed by an 
intrinsic e.m.f. situated outside the portion of the circuit consti- 
tuting the homogeneous conductor considered. See XVI. 
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A general characteristic of non-intrinsic e.m.f.s is that they 
have, like the force of friction in mechanics (analogous to the 
counter e.m.f. of resistance, — R/), or like the elastic reaction of 
a stretched spring (analogous to a difference of potential), no in- 
dependent existence of their own, but are developed only through 
the action of an agent possessing a true intrinsic electromotive 
force, such as a dynamo or a voltaic cell. This is equivalent to 
the statement that electrical energy is never generated at the 
expense of energy in some other form through the agency of a 
non-intrinsic e.m.f. 

In what follows many cases of intrinsic and impressed e.m.f.s 
will be considered. 

20. Intrinsic Electric Intensity and E.M.F. The intrinsic e.m,f. 
in a region may be regarded as the line integral of an ttrinsic 
electric intensity in the region. If this intensity is denoted by e, 
we have therefore 


V = fe-cos 6-aL (38) 


where @ denotes the angle between the direction of ¢ and that of 
the element of the path, ¢@Z, at any point. 

Consider a tube of flow of cross-section @S at a point where 
the intrinsic intensity is ¢. If @ denotes the angle between the 
directions of ¢ and of #, the intrinsic e.m.f. between two right 
cross-sections of this tube distant ¢@Z apart is e cos @-dl. The 
current through the tube is z-@S. Hence the rate at which 
power is transformed into the circuit per unit volume at the point 


is 
aP [dr = e-cos 6:dL-idS [dSadL = ei-cos 0 439} 


From this power equation e-cos 8, the component of e in the 
direction of z, might be defined as 


e-cos 0 = (dP/ dr) fi (40). 


If P denotes the total power transformed into electrical energy 
in an isolated electric circuit, and / the current, then, since 
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P=dW/]dt and /=dq/dt,V¥ = P/]=dW/dg. That is, ¥ is 
the work per unit charge done in carrying a charge around the 
circuit. Hence our definition of an intrinsic e.m.f., and therefore 
our definition of an intrinsic intensity, is in agreement with the 
general definition of §17, I. The same is true of the impressed 
emf. 

When FP is expressed in ergs per second, and /in the RES 
unit current, or when dW is expressed in ergs and dg in the RES 
unit charge, VY is, by definition, expressed in the RES unit e.m,f. 

21. Intrinsic Electromotive Forces in Series. If any number, 
n, of agents with individual electromotive forces V,, V,, --., V, 
are connected up in series, so that the same current traverses 
each, the resultant e.m.f. is 


a Ae ee a (39) 


proper attention being paid to signs. For if P, A, P,, etc., de- 
note the power supplied to the circuit by the resultant e.m.f. and 
the powers supplied by the individual e.m.f.s, and / the current, 


P=WV/=V/4+ViJ4+.-.-+ V7 


from which (39) immediately follows. 
The above proposition, demonstrated for intrinsic e.m.f.s, is 
- obviously also true for the more general zmpressed e.m.f.s. 
Intrinsic Electromotive Forces in Multiple. If any number, x, 
of similar agents having the same e.m.f. Y’ are connected up in 
multiple, so that one mth of the current traverses each in the 
same direction, the resultant e.m.f. V is eqnal to VW’. For 


= WJ] /n4 Vat ---4 VI fn=V'T (40) 


22. Ohm’s Law, General Form, Deduced from Joule’s Law. Let 
the resistance of a conductor 1 C2, Fig. 72, between two electrodes 
1 and 2 be denoted by &. Let the conductor be traversed by a 
current, reckoned positive when in the direction 1C2, with the 
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same value / at any instant across every section, and let the con- 
ductor be acted upon by an impressed e.m.f. V,, + V,,! = P/Z 
+ P'/I, V,, and Vi, being reckoned positive when in the direc- 
tion of the current /(é. ¢., 1€2). W,, is the intrinsic e.m-f. be- 
tween the electrodes, and V,,’ the electromagnetic energy per 
unit current transferred per unit time to the region 1 C2 (negative 
when power is transferred from 1C2). 


Wie 
2 1 
Cc 
ee oe 
Fig. 72. 


While the current / traverses the circuit, the conductor 1C2 
receives energy at the rate 


P+P= (Y,, ar V,,/)/ 


and its resistance dissipates energy in heat at the rate 


dH {dt= RI? 
Hence, by the principle of the conservation of energy, 
(P+ Vy) = RP (41) 
whence 
Vs + a ae = RI (a) 
or (42) 
f=(¥,, + W,,/)/R (4) 


(42) (2) states that the impressed e.m.f. in any conductor is 
equal and opposite to the counter e.m.f. of resistance (— R/). 

(42) (4) states that the current in any conductor is equal to the 
impressed e.m.f. acting upon the conductor divided by its re- 
sistance. 

Either of these statements constitutes O/m’s daw in its genera] 
integral form. 

20. General Differential Form of Ohm's Law. Impressed Elec- 
tric Intensity. The impressed e.m.f. in a region may be regarded 
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as the line integral of a total or impressed electric intensity £ = 
vector sum of ¢ and £’, the field intensity F/g, in the direction 
of the current density it produces. Thus 


V,, ae V,/= fEal =f (¢ + £')dL (43) 


along a line of impressed identity, (e + 4’) being a vector sum. 

Applying (41) and (43) to a stream-tube whose cross-section 
is dS at a point P where the impressed intensity is = e+ £’, 
we have, for the element of volume dr = dZ-dS enclosing P and 
bounded by the sides of the tube and two right cross-sections 
distant @Z apart, 

EdL-tdS = (¢ + £')adL-tdS = ri*'dlLdS = ? /k. dLdS 
‘whence 
t= kE= e+ £’)=£E/r=(e+ £')/r (44) 
which is the general differential form of Ohm's law. 

When £ = £’, or ¢ = 0, (44) reduces to (16). 

23. Ohm's Law for Constant Current. Let the electrodes 1 
and 2 of the conductor 1C2, Fig. 72, be maintained at the poten- 
tial difference V,, (with the assistance of an intrinsic e.m.f. located 
outside 1C2, if necessary) while the conductor 1C€2 is traversed 


Piz 


Cc 
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Fig. 73. 
by a constant current /, Then electromagnetic energy is gen- 
erated in the conductor at the rate P/ = Y,,/, and electromag- 
netic energy is transferred from the field into the conductor at 
the rate? = V,,’/= V,,/, the total impressed e.m.f. in the con- 
ductor in the direction 1C2 being thus V,, + ¥,,. 
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In this case, therefore, Ohm’s law (42, 4) becomes 
I= (Vig + V2) /R (45) 


(1) If V,, =0, that is, if the electrodes r and 2 are connected 
together as in Fig. 73, to form a closed circuit, (45) becomes 


J=Y¥,,/R (46) 


which is Ohm's law for a closed isolated circuit traversed by a 
constant current. 

(2) If V,, = 0, that is, if the conductor 1C2 is homogeneous 
without an intrinsic e.m.f., (45) becomes’ 


I= V,,/R (47) 


which is Ohm’s law for a homogeneous conductor traversed by 
a constant current. 

(3) If ,+ V,, is greater than zero, / has the direction 1 C2; 
if 1, + W,, is less than zero, / has the opposite direction. 

(4) If Vj + V,, =0, that is, if Y,=—V,, = V,,, 7=0, and 
the agent with intrinsic e.m.f. V,, is on ‘open circuit. Thus the 
difference of potential between the terminals of a voltaic cell, or 
other agent possessing an intrinsic e.m.f. when no current is flow- 
ing, or when on open circuit, is equal in magnitude to the intrinsic 
e.m.f. for zero current, but has the opposite direction. 

24. Mechanical Analogue of the Relation V,,+ V,, = RI, etc. 
Let an incompressible liquid flow at the constant rate / units 


2 1 
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Pa Toate +A ‘Py 
Fig. 74. 


volume per second in the direction 12 of the arrows, Fig. 74, 
across every section of a pipe 44 containing a screw propeller, 
or pump, C’ producing a difference of pressure V,,, in the direc- 
tion of the current (12), on its two sides. If the sections P, 
and /, are maintained at pressures V, and V,, or at the pressure 
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difference V,, = V, — V,, the total fa// of pressure along the 
pipe from P, to P, is V,,+ V,,= + R/, and the rate at which 
work is done against friction within the volume PP, is (V,, + 
W,,)/ = R/’, R having the significance attached to it in §18. 

If the pipe is bent around and P, and P, joined together, so as 
to form a closed circuit, V; = V, or V,,=0, and V,, = R/. 

If elastic membranes are mtretched across the ae at P, and P, 
(either before or after P, and P, are joined together), the propeller 
will force liquid from the region A into the region B (analogous 
to the positive and negative charges of the terminals of an agent 
possessing an intrinsic e.m.f., when on open circuit) until the 
pressure in B exceeds the pressure in A by the amount V,, = Y,,, 


numerically, when the current will cease. 

25. The Fall of Potential Around a Closed Circuit. Consider 
a closed circuit containing an agent with an intrinsic e.m.f. V 
and traversed by a constant current /. Let the resistance of the 
agent, called the internal resistance, be denoted by B, and that 
of the rest of the circuit, called the external reststance, by R, 
both conductors being supposed homogeneous. Then we have, 


by (46), 


Now B/ denotes the fall of potential, V,, in the direction of 
the current through the resistance B of the agent, and R/ the 
fall of potential, V., in the direction of the current through the 
external resistance R. But the total fall of potential around a 
complete circuit is zero (§18, I.). Hence at the seat of the in- 
trinsic e.m.f. there is a rise in potential in the direction of the 
current equal to ¥=(B+R)/. The equation pay =v, 
§ 23, (4), is a particular case of this proposition ( = infinity). 

To make the fall of potential as great as possible through the 
external circuit it is clear that R/B should be made as great as 
possible, if Y is independent of the current. 

The e.m.f. of an agent is, in general, a more or less compli- 
cated function of the current, although there are some cases in 
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which the e.m.f. is constant for all values of the current. The 
limiting value which an e.m.f. approaches as the current ap- 
proaches zero, and the resistance infinity, or the e.m.f. on open 
circuit, is, as we have seen, equal and opposite to the potential 
difference between its terminals on open circuit. If V denotes 
this potential difference, and if WY above is independent of the 
current, we have, for all values of the current, 


VaVi+V, (49) 
26. Kirchhoff’s Law II. In any closed circuit in a network of 


conductors traversed by steady currents, as the circuit 1 234---# 
in Fig. 75, the algebraic sum of all the intrinsic e.m.f.s is equal 


n 3 
1 
2 
Fig. 75. 
to the algebraic sum of the products R/. That is, if V,,, V,,, 
--+, VW, denote the intrinsic e.m.f.s in the branches 12, 23, --- #1, 
Ry Ry -+-, R,, the resistances of the same branches, and /,,, J,, 


--+, 2, the currents, both currents and e.m.f.s being reckoned 
positive in the same direction, as 12--.. #1, around the circuit, 
then 

LDV=DR/ (50) 


Vie rs nae — Kis 
Viet cemtRe he 


For, by (45) 


Vas a +; wa Ruta 
from which, by adding up both members separately, we obtain 


(50). 


THE CONDUCTION CURRENT. 223 


27. Wheatstone’s Bridge consists of a network of six conduc- 
tors arranged as in Fig. 76 or Fig. 77, with an intrinsic e.m.f. V 
in the branch 13, Fig. 76, or the branch 24, Fig. 77. Let the 
currents in the branches be denoted by A, B, C, D, F, and G, as 
shown in the figure, the current in any branch being positive 
when in the direction of the arrow-head in that branch; and let 
the corresponding resistances of the branches be denoted by a, 





Fig. 76. Fig. 77. 


6, c,d, 7, and g. First we shall find, from Kirchhoff’s laws, the 
current G in the branch 24 when the e.m.f., VY, is in the branch 
13; big. 70: 

Applying Kirchhoff’s law I. to each of the sets of conductors 
meeting in the points 1, 2, and 4, we obtain the relations 


C=A+G} (2) 
D=B—G 


Applying Kirchhoff’s law II. to each of the closed circuits 
1241, 2342, and 1431, we obtain 


— Gg + Aa— Bb=0 
Ggt+ Cc — Dd=0 
Ff+ Bb+ Dd=¥ 


On eliminating C, D, and F by (a), and rearranging, these 
equations become 
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—gG+ai-—sbB=0 
(gtet+d)G+cH—dB=o0 
—dG+fA+(6+d4+/)\B=¥ 


from which 


G=Y (bc—ad)/Q (51) 


if Q is written for the determinant of the coefficents of the cur- 
rents in the last set of equations, viz., 


Shy a —éb =@Q 
(g+et+d) c —d (52) 
aoa of (6+d+/) 


The current in any other branch can be found in the same 
manner. 
The difference of potential between the points 4 and 2 is 


V,= Gg =V(be —ad)g QO (53) 


and may be made as small a fraction of W as desired by giving a 
suitable value to (6c — ad). 

From (41) and (52) and a companson of Figs. 76 and 77, we 
see that when the e.m.f. V is in the branch 24, Fig. 77, the 
current in the branch 13 is 


F2=VW (bce —ad)'Q (54) 


Thus the current in the conductor 24 due to e.m/f. in the 
conductor 13 is equal to the current in the conductor 13 due to 
the same e.m.f. in the conductor 24, all the resistances remaining 
unaltered. 

By a similar method, this reciprocal relation may be shown to 
hold for any two branches of the network, or any network. 

When éc = ad, the current in either of the two conductors 13 
or 24, due to an e.m.f. in the other, is zero. The two conduc- 
tors are then said to be conjugate. In this case the conductor 
in which there is no current may be removed, or its resistance 
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may be altered in any manner, without affecting the state of the 
rest of the system. 

From the relation /,, = (V,,+ V,,)/%,, and the principle of 
superposition of potentials and e.m.f.s, it follows immediately 
that if any number of e.m.f.s is placed in the network, each will 
produce in any part of the system the same current it would have 
produced if acting alone. The current in any branch is thus the 
algebraic sum of the currents due to each e.m.f. separately. 

Suppose an e.m.f. placed in one of the branches 12, 23, 34, 
or 41, Fig. 76. It will produce a current in the other branches, 
including 24. But if dc = ad, the e.m/f. in 13 will produce no 
current in 24, whatever this e.m.f. may be. Suppose the e.m_f. 
Y to have such a magnitude and direction as to produce a cur- 
rent in the branch 13 exactly neutralising the current in the same 
branch due to the e.m/f. in the other branch. Then there is no 
current in the branch 13, and it may be removed, or its resistance 
may be made infinite, without affecting the currents in the other 
branches. Thus, when dc = ad, the current in 24 is independent 
of the resistance, as well as of the electromotive force, in the 
branch 13. This result is applied below to Mance’s method of 
measuring the resistance of a conductor containing an intrinsic 
e.m.f. 

The condition that the two conductors 13 and 24 may be con- 
jugate, viz., dc = ad, can be found very simply as follows. Let 
the voltages between the points 12, 23, 34, etc., Figs. 76 and 
77, be denoted by V7,,, V,, V,,, etc. Then we have, as the con- 
dition that G may be zero in the arrangement of Fig. 76, V,, = 0. 
We have also, in this case, A = C, and B= D. Therefore 


V,=aA= Vi,= 6B 
and 
V,=cA= V,~= dB 
Dividing aA = 6B by cA = @B, we obtaina/¢c = 4/ d, or 


bc = ad (55) 
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In exactly the same way we find that only this same condi- 
tion must be satisfied in order that / may vanish in the arrange- 
ment of Fig. 77. 

Hence the conductors 13 and 24 are conjugate when this con- 
dition is satisfied. 

The Wheatstone’s bridge is very extensively applied to the 
comparison of electrical resistances. 


28. The Comparison of Electrical Resistances. Thus suppose 
we have an unknown resistance a which is to be compared with 
a standard resistance c. The resistances a and care connected up 
with two other resistances 4 and d, whose ratio must be known, 
as in Fig. 76 or Fig. 77, and the terminals of a battery, or other 
agent with an intrinsic e.m.f., are connected to the points 1, 3 or 
2, 4, and an electrometer (or galvanometer, XII.) to the points 
2,4 or I, 3. Then the resistance c, or the resistances 6 and d, or 
all three, are varied until the needle of the electrometer (or gal- 
vanometer, which is almost invariably used) remains undeflected 
whether the branch containing the baer: is opened or closed. 
Then, by (55), @=c/d. 


29. Mance’s Method of Determining the Resistance of an 
Agent with an Intrinsic E.M.F. The agent whose resistance, 
a, is to be determined is connected up as in Fig. 76 with three 
other resistances c, 4, and d, at least one of which, together with 
the ratio of the other two, is known. A galvanometer or elec- 
trometer G is connected to the points 2, 4, and a wire containing 
a key, but no e.m.f., to the points 1, 3. Then the resistances c, 3, 
and d, or at least one of them, are varied until the deflection of 
the galvanometer or electrometer is the same whether the key 
connecting the points 1 and 3 is open or closed. When this 
condition is reached, the current through the branch 24, or the 
voltage V,,, is independent of the resistance of the conductor 13, 
and the two conductors are conjugate. Hence 


a=cbhld 
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30. Kelvin’s Method of Measuring the Resistance of a Galvano- 
meter or other Current Indicator. The galvanometer or electrom- 
eter of § 28 is removed and is replaced by a wire W containing a 
key, and the instrument whose resistance is to be determined is put 
in place of the unknown resistance a. Then one or more of the 
resistances, 0, c, d, are varied until, the battery circuit being closed, 
the permanent indication of the instrument (a deflection, if a gal- 
vanometer or similar instrument is under experiment; silence, 
if a telephone) remains constant when the key in the wire W is 
opened or closed. Then no current traverses the wire in either 
case, and a = cb/d, as in § 28. 

$1. Kelvin’s Double Bridge furnishes the most accurate known 
means of comparing two very small resistances.* The conductor 
A, Fig. 76, of a Wheatstone’s bridge arranged for the comparison 
of resistances, § 28, is disconnected from the conductor B at the 
point I, and the terminals of one of the resistances to be com- 
pared, x, are connected to the free end of A, denoted by 1’, and 
the original point 1. In like manner, C is separated from D and 
the other resistance under comparison, y, is connected to the 
point 3 and the free end of C, denoted by 3’. The bridge is 
completed by joining the points 1’ and 3’ with a third conductor 
of low resistance. The resistances a, 4, c, d (all, in practise, of 
considerable magnitudes, which can be determined with precision 
by other methods), or either ¢ and d or a and 4, are then varied, 
the ratio 4/d being kept constantly equal to @/c, until no current 
traverses the galvanometer.. Then, since the currents through @ 
and care equal, and also the currents through 4 and d, and there- 
fore the currents through + and y, it is clear that 


rly = ale = bd (56) 


For a thorough discussion of the Kelvin bridge in its general 
form, see Zetischr. fiir Instrumentenkunde, Feb. and Mar., 1903. 
Equation (56) does not express the general condition for a 
balance. 


* With the possible exception of the shunted differential galvanometer method 
(F. Kohlrausch, /Vied. Ann., Vol. 20, p. 76, 1883). 


CHAPTER IX. 
ELECTROLYTIC AND METALLIC CONDUCTION. 


1. Metallic Conduction. The electric current in a metallic con- 
ductor, whether a pure metal or an alloy, in the solid or liquid 
state, is not, so far as is known, associated with any chemical 
change in the conductor or with the convection of its molecules 
or atoms from one part to another. All substances which con- 
duct in this manner are said to conduct metallically. A theory 
of metallic conduction, based on the motion of clectrons, will be 
referred to in §15. 


2. Electrolytic Conduction. Electrolysis. Ions. The electric 
current in most chemical compounds, however, is invariably as- 
sociated with their separation into two constituents, atoms or 
groups of atoms, called zovs. These ions do hot appear separ- 
ately in the body of the conductor, but only at the electrodes by 
which the current enters and leaves it. Hence one of the ions 
moves toward the anode, and is therefore called the anion ; 
while the other moves toward the kathode, and is called the 
Ration. 

Substances in which the electric current is associated with the 
transportation of atoms or molecules are called ¢lectrolytcs, the 
process of electro-separation of the constituents is called e/ectroly- 
sis, and the substances are said to conduct electrolytically. 

The simplest electrolytes, in some respects, are molten salts, 
e. g., KCl at a temperature above 734° C. During the elec- 
trolysis of this salt, K appears at the kathode and Cl at the 
anode. Thus K is the kation and Cl the anion. As in this 
case, so in the electrolysis of salts, acids, and bases generally, 
the kation invariably consists of a metal or hydrogen, and the 
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anion of an acid_element or radical (sometimes combined with a 
metal). 

The commonest electrolytes are aqueous and other solutions 
of salts, acids, and bases. In such a solution, all together an 
electrolyte, the dissolved substance, not the solvent, is separated 
into the moving ions. Hence the dissolved substance itself is 
often spoken of as the electrolyte. It must be remarked, how- 
ever, that pure dry acids, salts, and bases at ordinary tempera- 
tures, as well as pure water and other solvents whose solutions 
are frequently electrolytes, are either not conductors, or else 
possess extremely small conductivities. 

The actual determination of the constituents forming the ions 
is sometimes a matter of considerable difficulty. For in many 
cases the ions do not themselves separate out at the electrodes, 
but on reaching the electrodes, combine with them chemically, 
if such reaction is possible, or with the solvent, if the first reac- 
tion is impossible. If neither reaction is possible, the ions col- 
lect at the electrodes or are there liberated. 

Thus if molten KCl is electrolysed with a platinum anode and 
a kathode of graphite, metallic potassium may be collected at the 
kathode, but at the anode the Cl unites with the platinum. 

Also, if an aqueous solution of H,SO, is electrolysed between 
platinum electrodes, H (the kation) appears at the kathode, 
where it is given off as a gas (no reaction with platinum or with 
water being possible) ; and SO, (the anion) appears at the anode. 
But SO, can neither combine with platinum, nor can it exist alone 
in the presence of water ; hence it reacts with the latter to form 
H,SO, and O, the first going into solution, and the second being 
evolved as a gas. 


3. The Laws of Faraday. Electrolytic Measurement of Current. 
According to the experiments of Faraday, confirmed by all later 
investigation, 

I. The mass of an ion deposited on an electrode, or there dis- 
solved, during the passage of a current, is proportional to the 
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electric charge crossing the electrode during the deposit or solu- 
tion. Thus, if 4%, denotes the mass of an ion @ deposited at an 
electrode, or there dissolved, in the time ¢, while the charge g 
crosses the electrode (or passes through the electrolyte). 


M,= Kg (1) 


where K, = M, /q is a constant for the ion a, equal to the mass 
of the ion deposited per unit charge, and called its electrochemical 
equivalent. 

If a condenser of capacity S is repeatedly charged to a voltage 
V and discharged in a constant direction through an electrolyte 
at the rate 2 times per second, the mass , of the ion a deposited 
or dissolved in the time ¢ will be 


M=K.q=K,SVat (2) 


from which, by measuring J, S, V, 2, and ¢, K, may be de- 
termined. If 47, is expressed in grams, ¢ in seconds, and S and 
Vin RES units, K,, will be expressed in the RES umit electro- 
chemical equivalent. 

If a constant current / traverses the electrolyte, we have 


Mi,=Kq= Kit (3) 
from which 
f= M,/K ot (4) 


Hence by measuring M,,tand K,, J may be determined. If 
MM, and ¢ are measured in grams and seconds, respectively, and 
K, in the RES unit, / will be expressed in the RES umtt current. 

II. The electrochemical equivalent of any ion is directly pro- 
portional to its atomic (or combining) weight and inversely pro- 
portional to its valence; #. ¢., the electrochemical equivalent of 
a substance is proportional to its chemical equivalent. Thus if 
a and 6 denote two ions, A and B their atomic (or combining) 
weights, a’ and 6’ their valences, and K, and X, their clectro- 
chemical equivalents, then 
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A / 
K,/K,= 39 (5) 
whence 
. K,= Alfa’-#/B-K, (6) 


If therefore the combining weights and valences of all ions are 
known, and the electrochemical equivalent of any one of them, 
the electrochemical equivalents of all the rest may be found from 
(6). The ion whose electrochemical equivalent has been most 
accurately determined is the silver ion, of which the valence is 
1, the combining (atomic) weight 107. 93 (O = 16.000), and the 
electrochemical equivalent 0.001119 gram/coulomb (XIV.). 
Hence if 4 in (6) denotes silver, the electrochemical equivalent 
of any other ion a is 


K, = A/a’ -1/107.93- x 0.001119 gram/coulomb 


= A/a’: x 0.00001037 gram/coulomb 7) 


By omission, law II. states that A, is independent of the nature 
of the compound in which @ is found, the nature of the solvent 
if the compound is in solution, the strength of the current, the 
temperature, and other physical conditions. 

If an element has two or more valences in different compounds, 
then it exists as two or more distinct ions, each with its own elec- 
trochemical equivalent. Thus iron in ferric compounds, as FeCl,, 
has a valence 3, while in ferrous compounds, as FeCl, its valence 


is 2. Hence 
K (ferric iron) /K (ferrous iron) = seid irous inn = 
valence ferric iron 
since the atomic weight of iron is the same for both classes of 
compounds. 

Since the same quantity of electric charge crosses every sec- 
tion of a conductor carrying a steady current in any given time, 
it follows from law II. that in the electrolysis of any compound 
the ions are deposited simultaneously at the two electrodes in the 
same proportions in which they occur in the compound. Thus 
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when KCl is electrolysed, for every atom of K deposited at the 
kathode, an atom of Cl is deposited at the same time at the 
anode. Likewise, in the electrolysis of an aqueous solution of 
H,SO,, for every ion SO, deposited at the anode, two atoms of 
H are deposited at the same time upon the kathode. Since one 
sulphion reacts with a molecule of water to form a molecule of 
H,SO, and an atom of O, it follows that H and O are evolved at 
the kathode and anode respectively in the proportions in which 
they occur in water, while the total quantity of H,SO, in solu- 
tion remains constant. In like manner, when an aqueous solu- 
tion of silver nitrate is electrolysed between silver electrodes, for 
every silver atom (kation) deposited upon the kathode, one 
nitrion NO, (anion) is liberated at the silver anode, and reacts 
with an atom of this electrode to form a molecule of silver nitrate. 
The nitrate goes into solution. Thus the total quantity of salt 
and the total quantity of silver in solution remain constant, while 
the kathode gains as much silver as the anode loses. 


4. The Arrhenius Theory of Electrolytic Dissociation. Ac- 
cording to this theory, which, though not universally accepted, 
serves to explain many clectrochemical phenomena, the mole- 
cules of a molten salt, or a salt in aqueous solution, or other 
electrolyte, are always, in greater or less numbes, independently 
of the passage of a current, broken up, or dissociated, each into 
two kinds of atoms or atomic groups, called ions. One kind of 
ion is positively charged, and is called a dation, the other is neg- 
atively charged and is called an anion. Thus a molecule of 
H,SO, dissociates into two positively charged H kations and one 
negatively charged SO, anion; and a molecule of KCl into a 
negative chlorine anion and a positive potassium kation the metal- 
lic or hydrogen atoms being in general the kations, and the acid 
atoms or radicals the anions. 

Every ion of the same valence carries a charge of the same 
magnitude, and this charge is directly proportional to the va- 
lence of the ion. Thus the negative charge of a chlorine ion is 
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equal to the positive charge of a potassium ion, the valence of 
each being 1 ; the negative charge of a sulphion, whose valence 
is 2, is equal to the positive charge of two hydrogen ions, whose 
valence is 1 ; the charge of a silver ion is equal to the charge of 
a nitrion, and to the charge of a hydrogen, potassium, or chlo- 
rine ion; and so on. 

The electric conduction current, or transfer of electric charge, 
through an electrolyte consists in a convection current of the 
ions —the kations with their positive charges moving toward 
the (negative) kathode, and the negative anions moving toward 
the (positive) anode. On reaching an electode the ions give up 
their charges to the electrodes, and react with one another, or 
with the solvent, or with the electrode, to form molecules. 

If we assume that the current a@¢ each electrode consists in 
the motion of only one kind of ion, which will presently be 
proved to be true, the theory affords a simple explanation of the 
laws of Faraday : 

Since a given kind of ion always carries an electric charge of 
the same magnitude and sign, the quantity of an ion deposited upon 
an electrode will be proportional to the charge which crosses the 
electrode. This is Faraday’s first law. 

Since the charge of an ion is proportional to its valence, and 
since the mass of an ion is proportional to its combining weight, 
the mass of ions of one kind carrying a given charge, or the ion 
mass deposited per given charge, must be proportional to its 
combining weight and inversely proportional to its valence. 
This is the second law of Faraday. 


5. A Gram Atom of an element is a quantity of the element 
equal, in grams, to the number denoting its atomic weight. Thus 
a gram atom of potassium is 39.15 grams potassium. 


A Gram Ion is in the same way a quantity of the ion equal, in 
grams, to the number denoting its combining weight. Thus a 
gram ion of silver is 107.93 grams silver, and a gram sulphion 
is 96.06 = (32.06 + 4 X 16.00) grams SO,. 
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A gram molecule of a substance is a quantity of the substance 
equal, in grams, to the number denoting its molecular weight. 
Thus the molecular weight of KCl is 39.15 + 35.45 = 74.60, 
and therefore 74.60 grams KC] is a gram molecule of this sub- 
stance. 

It will now be obvious that the magnitude of the charge car- 
ried by a gram ion of every univalent ion is the same. The 
charge carried by a gram ion of a bivalent ion is twice as great, 
and soon. The charge carried by a gram ion is equal, numer- 
ically, to the gram ion divided by the mass, in grams, carrying 
unit charge, or equal to the gram ion divided by the electro- 
chemical equivalent of the ion. Thus the silver gram ion is 
107.93 grams, and the electrochemical equivalent of silver is 
0.001119 gram per coulomb. Hence the charge carried by a 
gram ion of silver or any othcr univalent ton, which will be de- 
noted by Q, is 


Q = 107.93 grams + 0.001119 gram/coulomb 
(8) 
= 96450 coulombs 
The concentration of a solution is the quantity of dissolved 
substance per unit volume of solution. The concentration may 
be expressed in grams/c.c., grams / liter, gram molecules | liter, 
etc., and will be denoted here by C. 


6. Velocities of the Ions. Hittorf's Ratio. Hittorf's Num- 
bers, ete. If in the electrolysis of a solution ordinary convection 
and diffusion effects are prevented, it is found that no change 
takes place in the concentration of the solution except in the 
vicinity of the electrodes. Owing to the deposit or liberation 
of the ions at the electrodes, however, the total quantity of dis- 
solved substance diminishes (reactions at the electrodes which 
produce the substance being neglected). Hence it follows that 
the concentration of the dissolved substance, or rather, the con- 
centration of the solution, diminishes near the electrodes (the 
reactions mentioned being neglected, if occurring). . 
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To study the matter more closely and to make the conditions 
perfectly definite, consider the electrolysis of an aqueous solu- 
tion of silver nitrate between platinum electrodes, 4 and KX. If 
we imagine a porous partition P, preventing diffusion and con- 
vection currents across it but not hindering the motion of the 
ions, placed between A and &, but not close to either, the 
quantity of AgNO, in each of the compartments into which P 
divides the electrolytic vessel will diminish during electrolysis. 
Before electrolysis begins, each compartment contains as many 
anions as kations (+ Ag and — NO,), one of each being neces- 
sary to form a molecule of silver nitrate’ During electrolysis 
let K be the kathode and A the anode. 

Let the velocities of the kations and anions in the main body 
of the solution, at the partition for example, be denoted by U 
and V respectively, and let V/V =. Then for every # kations 
which cross the partition in the direction AX, 1 anion crosses in 
the direction KA. During this process the number of molecules 
of AgNO, in the compartment AP is diminished by 4, since both 
ions are necessary to form a molecule; and likewise the number 
of molecules of the salt in the compartment AP is diminished by 
1. Hence (/tttorf’s law) 


Loss of salt near anode/ Loss of salt near kathode = U/V = h (9) 


The ratio= U/V is called Hittorf’s ratio, and will be further 
discussed below. 

When & kations have crossed the partition in the direction AK, 
and one anion therefore in the direction KA, 4+ 1 anions are 
left without the corresponding kations at the anode A, and 4 + 1 
kations are left without the corresponding anions at the kathode 
K. The free kations immediately give up their positive charges 
to the kathode, and are deposited upon it; and the free anions 
immediately give up their negative charges to the anode, and 
react with water to form nitric acid and oxygen. 

Since each ion carries the same numerical charge, the electric 
current in the main body of the electrolyte is the same as if all 
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the anions were moving with the velocity V+ V toward A, and all 
the kations were at rest ; or as if all the kations were moving with 
the same velocity VU + V toward K, and all the anions were at rest. 

Since, moreover, by what precedes, /# + 1 kations give up their 
charges to the kathode, and 4 + 1 anions give up their charges 
to the anode, while only / kations cross the partition in the direc- 
tion AA and only 1 anion in the direction AA, and since the 
current is the same across every section of the conductor, the 
current a¢ the anode consists in the motion of anions only, and 
the current afthe kathode consists in the motion of kations only. 
It does not follow, however, that the velocity of either anion or 
kation at an electrode is V+ V. For the quantity of kations 
deposited at the kathode is greater than the quantity crossing the 
partition toward the kathode in the ratio (4 + 1)/h =(U + V)/U; 
and the quantity of anions deposited on the anode is greater than 
the quantity crossing the partition toward the anode in the same 
time in the ratio (44+ 1)/1 =(U+ V)/V. 

Thus a fraction Uj(U + V) of the total quantity of the kation 
deposited at the kathode in any interval comes from the main 
body of the electrolyte, and a fraction 1 —-U/(U+ V)= 
V/(U+ V) comes from the vicinity of the kathode. In like 
manner, a fraction V/(U + V) of the total quantity of the anion 
deposited at the anode in any interval comes from the main body 
of the electrolyte, and a fraction 1 —- V/(U+ V) = U/(U+ V) 
comes from the vicinity of the anode. 

The velocity, U,, of the kations at or very near the kathode, 
and the velocity, V,, of the anions at the anode, can be obtained 
from the condition that the charge crossing every section of the 
conductor in the same interval is the same. This condition gives, 
for the interval in which XW anions, and therefore 4 kations, cross 
the partition, 

UAN(A + 1)/h=ANU+ NV 
whence 


U, = (U4 V)/(0+ Vy =H +/+ DV 
=[(#'4+1)/AA+1)] U 
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and 
VN(A+ 1) = NV+ ANU 
whence 


V=(U2+ V)/(U+ V) =U, (10) 


The ratios U/(U+ V) and V/(U+ V), which represent the 
fractions of the total current carried in the main body of the elec- 
trolyte by the kations and anions respectively, are cailed the 
transport numbers of the kation and anion, respectively, for the 
given electrolyte. Put 


U/(U+ V)=n (11) 

then 
V/((U+V)=1—n (12) 

and 
U/V=h=n/(1 —2) (13) 


If the electrolysis of silver is carried on between silver elec- 
trodes instead of platinum electrodes, the loss of the salt around 
the kathode will be the same, for a given charge, as before; but 
since the total quantity of salt in solution now remains constant, 
there will be a gaz of salt around the anode equal to the loss 
around the kathode. If from the amount of AgNO, correspond- 
ing to the total quantity of silver deposited on the kathode (or 
dissolved at the anode), which would be the gain at the anode if 
the silver ions did not move, we subtract the actual gain at the 
anode, we obtain the loss of salt at the anode due to the motion 
of the silver ions. The actual gain in salt at the anode (equal 
to the loss at the kathode) divided by this quantity is Hittorf’s 
ratio, from which » and 1 — ” are easily computed. Since any 
quantity of the salt is proportional to the quantity of silver in the 
salt, we may use the quantities of silver deposited on the kathode 
and gained by the solution around the anode instead of the cor- 
responding quantities of salt, and much more conveniently. 
Also, the loss at the kathode instead of the gain at the anode 
may be obtained, if preferable, by direct experiment. 

Hittorf’s ratio, and therefore the transport numbers # and 1 — 2, 
are found to vary slightly with the temperature, 4 and x increas- 
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ing as the temperature rises. Thus, for NaCl, 2 = 0.392 at 20° 
C. and 0.449 at 95° C.; and for AgNO,, 2 = 0.470 at 10° C. 
and 0.490 at go° C. 

For certain electrolytes, especially aqueous solutions of alka- 
line salts, x is almost independent of the concentration. Thus, 
in the case of an aqueous solution of KCl, z changes from 0.497 
to 0.486 when the concentration increases from 0.03 to 2.5 grm. 
mol. /lit. | 

For other electrolytes » decreases rapidly with the concentra- 
tion. Thus, for an aqueous solution of CuSO, decreases from 
0.36 to 0.27 as the concentration increases from 0.1 to 2.0 grm. 
mol. per liter. 

For still other electrolytes increases rapidly with the increase 
of concentration. Thus, for an aqucous solution of AgNO,, x 
changes from 0.474 to 0.53 as the concentration increases from 
0.01 to 2 grm. mol. / liter. 

In all cases % is independent of the current strength. 


7. The Dissociation Ratio. By several methods, into a discus- 
sion of which we cannot here enter, for example the lowering of 
the freezing point produced by the solution of a substance, the 
ratio of the number of dissociated molecules in a solution to the 
total number of molecules of the dissolved substance can, ac- 
cording to the modern dissociation theory, be determined with- 
out the use of an electric current. This ratio, called the drsso- 
ciation ratio, will be denoted by m. For a given solution m in 
general increases slowly with the temperature. 

If the concentration of a given kind of electrolytic solution 
is diminished, m in general increases, very rapidly at first, then 
more and more slowly, reaching, when the solution becomes very 
dilute, sensibly the constant value 1. That is, in very dilute 
solutions all the molecules of a dissolved electrolytic substance 
are dissociated. 


8. Ohm's Law for a Homogeneous Electrolyte. Conductivity 
and Molecular Conductivity. Since according to the dissociation 
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theory the electric current in an electrolyte consists in the motion 
of the ions, the undissociated molecules playing no part in the 
conduction, the current density, z, must be equal to the continued 
product of the concentration of the salt, C, in gram molecules 
per cc., the dissociation ratio, m, the valence of the ions, a’, the 
quantity of charge carried by a univalent gram ion, Q, and the 
sum of the ionic velocities, V+ V. For mC is the number of 
gram ions of each kind per cc., mCa’Q is the charge upon all 
the kations in one cc., and, numerically, the charge upon all the 
anions in one cc.; hence mCa’QUand mCa'QV are the total 
positive and negative charges, respectively, crossing unit area per 
second in opposite directions. Hence 


t= mCa’QOU+V) (14) 


Now Ohm's law holds rigorously for liquid electrolytes (though 
not, in general, for gases), as well as for metallic conductors. 
Hence the above equation may be written 


i= kE=mCa’'QU+V) (15) 


Therefore the sum of the velocities of the ions, U + V, is pro- 
portional to the electric intensity £. Hence, since » or h is 
independent of the electric intensity or current (§6), the velocity 
of each ion must be proportional to £. If therefore x and v 
denote the velocities of the kation and anion respectively per unit 
intensity, we have, when the intensity is £ 


U=zuE and V=vek (16) 
(15) may therefore be written 
t=hkE = mCa'QOu+vyk (17) 
so that 
k = mCa’Q(u + v) (18) 


The ratio of the conductivity £ to the concentration C (in grm. 
mol./cc.) is called the molecular conductivity, and will be denoted 


by 17 Thus 
M = k/C = ma’ Qu + v) (19) 
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When the solution becomes very dilute, # becomes sensibly 
equal to unity ; hence, if the corresponding values of M, k, C, u, 
and v are denoted by these letters with the subscript zero, we 
have from (19) 

M, = k,/C, = a! Ouy + U%) (20) 

From the last two equations 


m = Mi M,: (uy + %)/(u + 2) (21) 


The conductivity, 4, of an electrolyte is readily measured by 
methods similar to those used in the case of metallic conductors, 
except that to avoid the troublesome effects of polarisation an 
alternating current and a telephone or electrodynamometer are 
employed instead of a direct current and a galvanometer. From 
the conductivity and the concentration the molecular conductivity 
is obtained by division from (19). From the molecular conduc- 
tivity J/, at given dilution, and J/,, # can be computed, if 


(#4 + %)/(% + 2) 
is known. 

9. Variation of Electrolytic Conductivity with Temperature 
Pressure, and Viscosity. The conductivity of an electrolytic 
solution always increases rapidly with the temperature. Since 
in equation (18) a’ and Q are constants, and mC does not vary 
much with the temperature, this increase in conductivity must be 
almost wholly due to an increase in (vw +). Such an increase 
in the velocities would be expected from the fact that the vis- 
cosity of a liquid rapidly diminishes with the increase of tempera- 
ture. 

The conductivity of an electrolytic solution also increases with 
the pressure to which it is subjected. Since this increase occurs 
in the case of very dilute solutions (# = 1), although to a less 
degree than for strong solutions, it must be due, in part at least, 
to the diminutions of the liquid’s viscosity (which always dimin- 
ishes with increase of pressure) and the consequent increase of 
the ionic velocities. 
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For solutions in which different solvents contain the same 
number of gram ions of a given substance per cc., the conductiv- 
ity is always less the greater the viscosity of the solvent, the 
conductivity of the solvent being eliminated if appreciable. 

The intimate connection between the ionic velocities and vis- 
cosity is shown further by the fact that the conductivities of anal- 
ogous compounds in solution bear to one another the same 
ratios as do their velocities of diffusion. 

10. Molecular Conductivity and Concentration. The Dissocia- 
tion Ratio. The relation between the molecular conductivity J7 
of an aqueous solution of KCl and the dilution of the solution, 
expressed in terms of the number of liters of water containing a 


1.00 





Dilution(Liters of Water Containing One Gram Molecule KCi.) 


Fig. 7&. 
gram molecule of the salt, is shown graphically in Fig. 78. As 
the dilution increases, or the concentration diminishes, JZ in- 
creases, rapidly at first, then more and more slowly, reaching a 
constant value .V/, when the solution becomes very dilute. 

Curve / of Fig. 78 shows the relation between 17/7, and the 
dilution, and curve // the relation between the dissociation ratio 
m, calculated from the lowering of the freezing point, and the 
dilution, for the same salt KCl in aqueous solution. 
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The close similarity of the curves shows that, very approxi- 


mately, in this case 
m= M M, (22) 


Hence, to the same degree of approximation, equation (21) gives 
(uy + %) = (% + v); that is, the sum of the velocities of the ions 
is nearly independent of the concentration. In practise this ap- 
proximation is frequently employed, and the dissociation ratio is 
calculated from (22) on the assumption that (#, + v,) = (# + 2) 
sensibly. Equation (22), however, appears in many cases to be 
not even approximately true except for very great dilutions. 


11. The Velocities of the Ions. The Law of Kohlrausch. From 


(19) it follows that 
(u+v)= M/ma'Q (23) 


and from (9) and (16) that 
h=U/V=uE/vE = uv (24) 
From these equations we have 


u = hM/ma' Q cm. per second per unit intensity (25) 
and 
v = (1 —h) Mjma'Q cm. per second per unit intensity (26) 


from which z and wv can be readily computed, all the quantities 
in the second members being capable of experimental determina- 
tion. 

The ionic velocities, when calculated by these formule, for 
extremely dilute solutions are found to be wholly independent 
of the compounds in which they occur. This is the /aw of Kohl- 
rausch, Thus the velocity of the chlorine ion is the same 
whether in a very dilute solution of HCI or a very dilute solu- 
tion of NaCl. The velocities of the hydrogen, silver, hydroxyl 
(OH), and chlorine ions, all in cms. per second, when the elec- 
tric intensity is one volt per cm., are 0.00320, 0.00057, 0.00181, 
and 0.00069, respectively, by calculation from (25) and (26). 
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The above results have been confirmed by the direct experi- 
ments of Lodge and of Whetham (Philosophical Transactions, A, 
1893, and A, 1895). 

12. Thermal Analogue of Ohm’s Law. Let the two parallel 
faces, 1 and 2, distant Z apart, of a large plane slab of a ,jhomo- 
geneous isotropic substance with thermal conductivity 2’ be main- 
tained at the temperatures ¢, and ¢,. Near the center of the 
slab the flow of heat from I to 2 is perpendicular to the faces, 
and the fall of temperature per unit length, or temperature gradi- 
ent, from 1 to 2 is uniform and equal to (4,—4,)/L=£’. The 
time rate per unit area, 2’, at which heat crosses a plane surface 
within the slab parallel to its faces is 


t' = k EF’ 


which is strictly analogous to Ohm’s law. 

13. The Variation of Metallic Conductivity with Temperature. 
The resistivity of all pure metals increases with the temperature, 
the relation between the resistivity and temperature being approxi- 
mately linear for ordinary temperatures according to the equation 


r,=%,[1 + a(t — 2) ] 


The coefficient a is called the res¢stance temperature coefficient. 
For many metals @ is approximately equal to 1/273, the tem- 
perature coefficient of the expansion of a gas at constant pressure, 
when 4, is taken as 0° C. or 273° absolute. For such a sub- 
stance we have approximately from the above formula ; 


r, = ¢/273 ren 
where / is the absolute temperature at which the resistivity is 7,, 
and rz, is the resistivity at the temperature 273° absolute. 


14. The Law of Wiedemann and Franz. Not only is the law 
of Ohm analogous to the law of thermal conductivity, but for 
nearly all metals and alloys the ratio of the thermal conductivity 
# to the electrical conductivity £ is approximately the same at a 
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given temperature, and is proportional to the absolute tempera- 
ture, This indicates that the processes involved in the two kinds 
of conduction are largely identical. 


15. The Electron Theory of Conduction. According aly the 
comprehensive and rapidly developing electron theory, an atom 
is constituted of a multitude of minute particles, called electrons, 
each carrying a permanent and constituent electric charge, whose 
magnitude is that of the charge carried by a univalent ion in 
the electrolysis of liquids. In a neutral atom, the number of 
positive particles is equal to the number of negative particles ; 
in a charged atom or radical, the number of positive electrons 
exceeds the number of negative electrons, or vice versa, by 1, 2, 
3, etc., according as the ion is univalent, bivalent, trivalent, etc. 
The charge of a single electron is the smallest electric charge 
which can exist, and no charges exist except the charges of 
electrons. 

In the electrolytic conduction of liquids no free electrons take 
part, but the current consists, as we have already seen according 
to the dissociation theory, in the convection of the ions, all of 
atomic magnitude. 

In electric conduction through gases, which is also electro- 
lytic, the positive ions are atomic in magnitude (atoms or radi- 
cals plus or minus one or more electrons of the same sign), but 
the negative ions are frequently single electrons, though either 
may be loaded down with an agglomeration of neutral mole- 
cules. The electric current consists in the convection in oppo- 
site directions of these ions. The kathode rays, emitted from 
the kathode in a highly exhausted vacuum tube, consist of nega- 
tive electrons only, moving with velocities of the same order as 
that of light. 

In metallic conduction the main body of the metal does not 
participate in the conduction. The current consists in the con- 
vection of (temporanly) free positive electrons in the direction 
of the current, or in the convection of (temporarily) free nega- 
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tive electrons in the opposite direction, or in both processes 
simultaneously. The number of electrons taking part in metal- 
lic conduction is small in comparison with the number taking 
part in electrolytic conduction proper, and the velocity is rela- 
tively great. 

Thermal conduction also takes place by the motion of elec- 
trons, but under a temperature gradient both positive and nega- 
tive electrons move in the same direction. 

For an extended discussion of the electron theory as applied 
to electric and thermal conduction in metals, reference must be 
made to memoirs by Drude, Ann. der Physik, 1., p. 566, 1900, 
III., p. 369, 1900, and VII., p. 687, 1902. For a general treat- 
ment of the electron theory, see also Lord Kelvin, Philosophical 
Magasine (6), III., p. 257, 1902, and Larmor's ther and Mat- 
ter. For a sketch of the development of the electron idea, with 
abundant references, see Kaufmann, Physikalische Zeitschrift, 
III., p. 9, 1901, or a translation of the same in Zhe Electrician, 
November 8, 1901. An elementary treatment of the subject is 
given by Lodge in The Electrician, Vols. 50 and 51, 1902—1903. 


CHAPTER X. 
THERMAL AND VOLTAIC ELECTROMOTIVE FORCES. 


1. The Law of Volta. Around a circuit made up of any num- 
ber of different metals connected end to end, there is no resultant 
e.m.f., and therefore no electric current, when all parts of the 
circuit are at the same temperature (unless there is a changing 
magnetic flux through the circuit, XIII.). 


2. The Seebeck Effect. Around a circuit formed of two dif- 
ferent metals a current flows, in general, when the two junctions 
are at different temperatures. 

Such a circuit is called a thermocouple, or a thermoelement. 

In a thermocouple consisting of a copper wire and an iron 
wire, if the mean temperatute of the junctions is less than 275° 
C., a current flows from the copper to the iron across the hot 
junction. 


3. The Peltier Effect. When an electric current flows across 
the junction of two metals, heat is there, in general, either ab- 
sorbed (thermal energy transformed into electrical energy) or 
emitted (electrical energy transformed into heat), according to 
the direction of the current. The rate of the energy transfor- 
mation is proportional to the current strength, and the process is 
completely reversible. 

Thus at a copper-iron junction heat is absorbed when the cur- 
rent passes from Cu to Fe; and heat is emitted at the same rate 
when the same current crosses the junction (maintained at the 
same temperature) in the opposite direction. 

The energy transformations occurring during the circulation of 
the current in the thermoelement of copper and iron, § 2, thus 


tend to cool the hot junction and to heat the cold junction. 
246 
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The Peltier E.M.F. The junction of two metals is therefore 
the seat of an intrinsic e.m.f., called the Pelter e.mf., which is 
constant at a given temperature of the junction for all values of 
the current. The e.m.f. varies with the nature of the metals and 
with the temperature of the junction. At the junction of two 
metals A and BZ, at: the temperature ¢, the Peltier e.m.f. acting 
from A to & will be denoted by ,P. See § 1, I. 

If the two junctions of a thermoelement have the same tem- 
perature ¢, ,.P, the e.m.f. from A to £8, will have the same value 
at both junctions. Hence no current will traverse the circuit, 
but a difference of potential will be developed, B coming to a 
potential ,P,, higher than that of A. 

Since, however, ,/,, is a function of the temperature, there will, 
when the two junctions are at different temperatures 4, and 4, be 
a resultant Peltier e.m.f. around the circuit, equal, when mea- 
sured in the direction around the circuit from A to B across the 
junction at temperature 7,, to 

wf ea + tf ra ef ar — oy ad (1) 

4. The Thomson Effect. When an electric current traverses a 
conductor along which there is a temperature gradient, heat is 
either absorbed (transformed into electrical energy) or emitted 
(electrical energy transformed into heat), according to the direc- 
tion of the current, throughout the portion of the conductor in 
which the temperature gradient exists. The rate of energy trans- 
formation is directly proportional to the strength of the current, 
and depends, so far as temperature is concerned, only on the 
temperatures of the ends of the conductor. The energy trans- 
formations are perfectly reversible, changing sign, but not mag- 
nitude, with the direction of the current. 

The absorption or emission of heat just described takes place 
in addition to the evolution of heat according to Joule’s law at a 
rate proportional to the square of the current. 


The Thomson E.M.F. A conductor in which there is a tem- 
perature gradient is therefore the seat of an intrinsic e.m.f. which 
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is constant for all values of the current for given temperatures 
of its terminals. This e.m.f. is called the Zhomson e.mf. in the 
conductor, and is considered positive when it is directed from 
the lower to the higher temperature. If ¢, and 4, denote the 
temperatures of the cooler and hotter ends of a conductor A, the 
Thomson e.m.f. from the cooler to the hotter end is denoted by 
The fact that the Thomson e.m.f. (or the corresponding en- 
ergy transformations) depend, so far as temperature is concerned, 
only on the temperatures of the ends of the conductor, follows 
from the /aw of Magnus, which states that in a circuit com- 
posed of a single homogeneous metal there is no electric current, 
howsoever the temperature varies from point to point. Thus the 
Thomson e.m.f. from a point A to another point B of the circuit 
is the same either way around the circuit. (The law of Magnus, 
and the deduction therefrom, do not hold in certain extreme 
cases, as when the cross-section of the conductor changes sud- 
denly, etc.; also, at least in certain cases, when a portion of the 
circuit is magnetised, when it is, strictly, non-homogeneous. ) 
Let /S dt denote the rate of heat absorption in the elementary 
length dZ of a conductor A, the mean temperature within the 
length dZ being ¢ and the rise in temperature from one end to 
the other being df, when the current / flows up the temperature 
gradient. Then the Thomson e.m.f. up the temperature gradient 
at along aL is 
aT = S at (2) 
S is, in general, a function of the temperature and varies from 
substance to substance. If the temperatures of the cooler and 
hotter ends of the conductor are ¢, and ¢,, respectively, we have, 
on integrating (2) from one end of the conductor to the other, 


‘tela = {47 =f "S,at (3) 


By an obvious thermal analogy, S, is called the specific heat 
of electricity in the metal A at the temperature ¢, 
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In certain substances, ¢. g. copper, S is positive; that is, heat 
is absorbed when the current flows up the temperature gradient. 
In others, as iron, S is negative ; that is, heat is absorbed when 
the current flows down the temperature gradient. 

In a copper-iron thermoelement, therefore, with junctions at 
temperatures ¢, and /,, the Thomson e.m.f. in each metal has the 
same direction as the current in that metal — up the gradient in 
the copper, and down the gradient in the iron. 

If S, and S, denote the value of S at the temperature ¢ for two 
metals A and # forming a thermocouple with the cold and hot 
junctions at temperatures ¢, and ¢,, respectively, the total Thom- 
son e.m.f. around the circuit in the direction from A to B across 
the hot junction is 


ts 
ntptet ants = ante — nls = ib (Sa — S,)at (4) 


5. The Total Thermal Electromotive Force in a Circuit consisting 
of two homogeneous metals is the sum of the two Peltier e.m.f.s 
at the junctions and the two Thomson e.m.f.s along the con- 
ductors. Thus if W,, denotes the total e.m.f. in the circuit, 
measured in the direction around the circuit from A to B 
across the hot junction, 


sy — rd ah jf as “fe ei a S,)dt (5) 


6. The Law of Intermediate Metals (Becquerel's LawI.). If at 
one of the junctions, at temperature ¢, of two metals A and B 
forming a thermoelement a third metal C is inserted between A 
and B, and if the two resulting junctions are kept at the original 
temperature ¢ of the junction AZ before the insertion of C, the 
total e.m.f. of the circuit is not altered. The total Thomson 
e.m.f. in C is evidently zero, since its two ends are at the same 
temperature ; hence the law states that 


P= Pat Ps (6) 


Thus two wires may be soldered together, instead of being 
welded or twisted, without affecting the e.m.f. of the junction. 
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§§ 3, 4, and 6 completely account for the law of Volta. 


7. The Law of Successive Temperatures (Becquerel's Law II.). 
Consider a thermoelement of two metals 4 and B& with the junc- 
tions at temperatures ¢, and ¢,, respectively. Let the total e.m-f. 
around the circuit in the direction from A to & across the junc- 
tion at temperature 4, be denoted by ,,,V¥.,. Then, with similar 
nomenclature, if experiments are made with one junction of the 
element at temperature ¢, and the other at /’, then with the first 
at temperature / and the other at #’, and so on, and finally with 
the first at temperature ¢ and the other at temperature 4, it will 
be found that, whatever the values of 2, 7, 7’, ---, ¢ 


Ge viat a ne ab a ve Vas toe ate ia ab (7 ) 
8. Thermoelectric Power. If a, denotes the total thermal 
electromotive force around the circuit of a thermoelement AZ in 
the direction from A to B across the junction whose temperature 
is ¢, when the temperature of the other junction is ¢— df, the 
differential coefficient a V.,/d¢, the e.m.f. per unit difference of 
temperature, is called the thermoelectric power of the metal A 
with respect to the metal # at the temperature /, or the ‘hermio- 
electric power of the thermoelement AB at the temperature ¢, and 
will be denoted be ,f,,. Thus we have 


4 = aja (S) 


For the total e.m.f. in the circuit in terms of the thermoelec- 
tric power ~, we have from (7) and (8) 


toa, = few. = fade (9) 


9. The Thermoelectric E.M.F. of a Copper-Iron Element at 
Moderate Temperatures. The relation between the total thermal 
electromotive force of a copper iron thermoelement and the tem- 
perature ¢ of one of the junctions, when the other junction is kept 
at the constant temperature of 0° C., is shown graphically in 
Fig. 79, for temperatures up to 600° C. As ¢ increases, the 
e.m.f. around the circuit in the direction from copper to iron at 
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the junction whose temperature is ¢ increases from a nega- 
tive value, for ¢ less than 0° C., to a maximum positive value 
when ¢= 275° C. As ¢ continues to increase, the e.m.f. de- 
creases, falling to zero at f= 550° C. Beyond this temperature 
the e.m.f. is negative, as when ¢ was less than 0° C., that is, the 
current flows (or the e.m.f. is directed) from iron to copper across 
the junction at temperature 7. 


OO 200 
Temperatufe in Degrees 


at Seem eae 


Fig. 79. 





From the curve in Fig. 79, the thermoelectric power of cop- 
per with respect to iron, ,f,,, can be readily obtained for all tem- 
peratures within the limits of the curve. For if a tangent is 
drawn from the point of the curve corresponding to any tem- 
perature ¢, the tangent of the angle made by this line with the 


axis of temperatures is 
a) dt = P a 


The relation between ,f,, and ¢ is given in the curve of Fig. 
80, which is a straight line. That is, the thermoelectric power | 
of copper with respect to iron is a linear function of the tempera- 


Neato fa av ,/at =, Aft a A, (10) 


where A, and J, are constants for the given element (copper-iron). 
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The temperature corresponding to the point B(¢ = 275° C.), 
for which ,p,, = 0, is called the neutral temperature for copper 
and iron. The temperature corresponding to the point C 
(t= 550° C.), in passing which the electromotive force around the 
circuit is reversed in direction when one of the junctions is at 
0° C., is called the semperature of inversion of copper and iron 
with respect to the temperature 0° C. of the cooler junction. 









Thermoelectric Power in Microvolts per Degree C 
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Fig. 80. 


The total e.m.f. W., of the couple is represented in this figure 
by the area included between the curve and the axis of tempera- 
tures, and between the two perpendiculars dropped from the 
curve to the points on this axis corresponding to the tempera- 
tures of the junctions. Thus, if the junctions are at temperatures 


Tange; 
ar, = area ATFA 


In like manner, 


apy ; = area ABFA 
ar’, = area ABFA + (negative) area B7’ HB 


etc. This follows directly from (9). 
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The curve showing the relation between the thermoelectric 
power of an element and the temperature is called the thermo- 
electric line of that element. The thermoelectric lines of nearly 
all thermoelements consisting of either pure metals or alloys are 
straight lines over a considerable range of temperature, like that 
of the copper-iron couple, Fig. 80. 

If the thermoelectric line of a given element is a straight line, 
the curve showing the relation between the total thermal electro- 
motive force in the circuit and the temperature ¢ of one junction, 
the temperature ¢, of the other being kept constant, is a parabola. 
For we have, by integration of (10) between the limits 4, and 4, 


etna f dV,|dtdt=A(@—t2)+A(t—4) (11) 


which is the equation of a parabola with its axis in the negative 
direction of the axis of e.m.f.s. 


10. Becquerel’s Law III. At a given temperature the thermo- 
electric power of a metal A with respect to a metal C is equal to 





Temperature 


Thermoeledtric][Power with Respect té 


Fig. 81. 


the thermoelectric power of the metal A with respect to any 
other meta] B plus the thermoelectric power of & with respect to 


Go ES (ha = ifhat Pre (1 2) 


Hence if the thermoelectric lines are drawn for two metals 4 
and B with respect to the same metal C (Fig. 81), ,p,, at any 
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temperature ¢ can be obtained by subtracting from the ordinate 
Poo the ordinate ,f,.. 

The total emf. ,.,V,, is given by the area EFGHE of the 
figure. 

P, the point of intersection of the two lines A and B, is the 
neutral point, or the point corresponding to the neutral tempera- 
ture, for the metals A and B, since there 


epee aan 


11, The Thermoelectric Circuit Treated as a Reversible Thermo- 
dynamic Engine. So far as the Thomson and Peltier effects are 
concerned, the absorption and evolution of heat in a thermoelec- 
tric circuit are, as we have seen, proportional to the current 
strength and the time, or to the total charge which has passed 
through the circuit, and completely reversible, changing sign 
with the direction of the current. There are other thermal proc- 
esses going on in the circuit, however, which are not reversible : 
the conduction of the heat from the hotter to the cooler junction, 
which bears no direct relation to the electrical phenomena; the evo- 
lution of heat according to Joule’s law at a rate proportional to the 
square of the current; and the radiation of heat, which, like its 
conduction, bears no direct relation to the electrical phenomena. 
Since by diminishing the current the second effect, being propor- 
tional to the square of the current, may be made as small as we 
please in comparison with the Thomson and Peltier effects, which 
are proportional to the first power of the currents ; and since the 
first and third effects have no direct relation to the electrical 
phenomena ; we shall assume that the total Thomson and Pel- 
tier e.m.f.s are not affected by these irreversible processes, and 
that the relations between them can be obtained by treating the 
circuit as a perfectly reversible thermodynamic engige, all irre- 
versible effects being neglected. The application in this manner 
of the principles of thermodynamics to the matter in question is 
justified by the approximate agreement with experiment of the 
results to which it leads. 


THERMAL AND VOLTAIC E.M.F.S. 255 


The first law of thermodynamics, or the principle of the con- 
servation of energy, together with experiment, has furnished us 
with the relation 


te 
wha Pa— Pat f (S, — S,)at (13) 


If we apply (13) to the case in which ¢, = /, and 4, = /+df, 
or if we simply differentiate (13) with respect to 4, we obtain 


W,, | dt = dP) /dt + S,—S, (14) 


The second law of thermodynamics furnishes another relation. 
Let dH denote the quantity of heat adsoréed into the circuit at 
the temperature ¢, while a charge dg (== current X time) is 
carried around the circuit once. Then we have, for the whole 
cycle, by the second law of thermodynamics, 


o= df dH|/t = da| ,Palts— sPalt + ie (Cochyit ar| 


Palt,— Pal, + [(S.—Syltdt=o (15) 


the temperature being expressed on the absolute scale. 
Applying this equation to the case in which 4, =¢ and 4,= 
t+ dt, or simply differentiating the equation with respect to 7, 


we obtain 
AP,|2)/dt + (S,— S)|t= 0 (16) 
(16) may be written 
U,P,,) [at — Py]t + S,— S,=0 (17) 
The combination of this equation with (14) gives 
Pal= aV,,/at)=£.,/t (18) 
or 
Pa = bat =taV,/at (19) 


The combination of (16) and (19) gives 
S,— Sy= —t Mp) /dt= — td f,/t)/dt= —ta(¥,,)/dt (20) 
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Since at the neutral temperature for the metals A and B 
Pa = 0, (19) gives, for this temperature, 


P=, Pay =O (21) 


That is, when one junction of two metals is at the neutral 
temperature, there is at this junction no Peltier e.m.f. and no 
absorption or evolution of heat, ¢, the absolute temperature, being 
always greater than zero. 

If 6,, denotes the angle made with the axis of temperatures by 
the tangent to the thermoelectric line of A with respect to B at 
the point on the line corresponding to the temperature /, then 


(18) Bives tan 6, = a2.) [at = A P,,/¢)/ et (22) 
(20) and (22) give 
S,— S,= —¢ tan 6,, (23) 
In the common case in which ,f,, is a linear function of the 
temperature, or the thermoelectric line straight, tan @,, is constant 
(X,,) for all temperatures, and (23) becomes 


Ase aly ay (24) 


If 6, is greater than go°, tan 8, = K,, is negative, and S, — S, 
therefore positive. For copper-iron (Fig. 80) S,—S, is thus 
always positive. 

The experiments of Le Roux and of Tait have shown that for 
lead and for certain platinum-iridium alloys S is excessively small 
or zero. Hence denoting the metal lead by Z, and putting S,= 0, 
we have 


we S, io S; be are td. p,,)/at lice td( P.,[thdt = — ¢ tan 6, 


Hence, as a matter of convenience, lead is chosen as a standard 
metal, and the thermoelectric lines of all other metals and alloys 
are, in general, drawn with respect to this metal. 


12. The Thermoelectric Diagram. In Fig. 83 are drawn the 
thermoelectric lines with respect to lead of a number of metals 
and alloys. The line for lead of course coincides with the axis of 
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temperatures, and all other substances for which S = o have lines 
parallel to this axis. The system of thermoelectric lines is 
known as the ¢hermoelectric diagram. 

As an introduction to the use of the thermoelectric diagram, 
we shall consider in detail the ideal thermoelectric lines A and 
B of two metals A and & with respect to lead, A being a straight 
line, as in the common case, and & an irregular curve, Fig. 82. 
The construction of the remainder of the figure is sufficiently 


Thermoelectric Power with Respect to Lead 





Fig. 82. 


obvious, all the lines being either parallel or perpendicular to the 
axis of temperatures, or tangential to the line 2. 

The thermoelectric power of A with respect to lead, ,f,, is 
OA, at the absolute temperature zero, From this value it regu- 
larly decreases as a linear function of the temperature, passing 
through the value ZA at the temperature /, and reaching o at 
the temperature ¢,. This point is the neutral temperature of A 
with respect to lead. Beyond 4, ,f,, is negative. 

The thermoelectric power of B with respect to lead, ,9,,, is 
OB,, a negative quantity, at 0° absolute. At 4, a neutral tem- 
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perature of B with respect to lead, ,p,,= 0. Between /, and 4,, 
Py iS positive, having a maximum value at 4. At 4 and /,, 
other neutral temperatures of B with respect to lead, , f,, is again 
zero, reaching between them, at the temperature /,, a negative 
maximum. 

At the temperature ¢, P..=¢,p,,= ad x AL =area ALOGA. 
When ¢ = 0, this area is O x OA, =0; when ¢ = ‘4, its value is 
OA, x O=0; beyond 4, ALOaA is below the line O7, or is 
negative. Thus at 4, ,Pua=4, Pa = Ot, x t,A, the thermo- 
electric power ¢,4, being negative, and the area lying wholly 
below O7. 

Similarly, at ¢°, P,,=¢ ,p,,= area BLOB. When ¢=o, this 
area is O x OB, =0; between ¢= 0 and ¢ = 4, the area is nega- 
tive, or below O7; at ¢,, 4, and 4,, the neutral temperatures for 
B and lead, the area is zero; from ¢, to ¢, the area is positive, 
and from /, to ¢,, negative. 

At ¢°, S.=¢x(—tan 0.) =A,A"x AA" {A,A"= AA". Since 
tan 6, is constant and negative (8,, greater than 90° and less 
than 180°), S, = AA” is always positive, or AA” is always 
drawn upward from A. 

The quantity ,S, dt is equal to AA” x A’ A!” = area Aaa’ A’ A. 

In like manner, at ¢°, S,=¢ x(—tan 0,,)=8,’B" x BB” / Bs BY" 
= BB’, When the point B” is below the point B (8,, less 
than 90°), S,= BS” is negative. Thus from ¢=0 to /‘=/¢, 
and from ¢‘=¢, tot=47,, S, is negative; while from /= 7%, to 
t= /,, S, is positive. At the temperature ¢= /’ it has the posi- 
tive value B,B,’. 

The quantity — .S, d¢ is equal to area BB’ BB’ B = area 
Bob' B'B. 

At the temperature ¢, .f., = Par — Py =LA —-LB= BA. BA 
is positive, or A is above B, from ¢= 0 to ¢= ¢, (a neutral tem- 
perature for the thermocouple AZ), and from ¢ = ¢, to t = 4, (ad- 
ditional neutral temperatures for the couple 44), but is negative 
(4 below B) from ¢= 4, to ¢= 4, 
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The total thermal electromotive force in a circuit consisting of 
the two metals 4 and 8, with junctions at temperatures ¢, and 
t,, is 

ts 
Vi= | 2,4 =| BAadt = area A\B,B,A,A, 
ty th 


hits ab 


This result can be obtained also from the relation (13). For 
(S, — S,)d@¢ = area Aaa’ A’ A + area bb’ B'B 
te 
ii (S, — S,)@¢ = area A,a,a,A,A, (1) + area B,O,0,8,B, (2) 


and 
tba» — «Pay = area A,2,0,B,A, (3) — area A,a,b,B,A, (4) 


Hence 
Wee os cae (1) 7 (2) at (3) pr (4) = area A,B, BAA, 


as proved otherwise above. 

If one junction of the thermoelement AZ is kept at the con- 
stant temperature 4, while the temperature ¢ of the other junc- 
tion, at first equal to 4, is gradually increased, ,,VY,, will increase 
from zero, its value when ¢ = 4, until ¢ = ¢,, when it has the value 
ht; es = area A,A,B,A,. If ¢ is increased beyond 4, to @ for 
instance, the e.m.f. will diminish, since 


tv 
wea =A, 44,4, +f Putt = A,AB,A, (1) 


1 


<— ee B Agaas (2) 


.P being negative between ¢= 7, and ¢=7, When area (2) 
becomes equal in magnitude to area (1), ,V,, is zero, and ?/’ is 
a temperature of inversion for A and # with respect to 4. As ¢ 
is still further increased, the e.m.f. increases negatively until ¢=4, 
beyond which it increases algebraically, or decreases negatively, 
with another inversion at 2,’(area B,’A,’ A,B,’ = area A,B A A,), 
until ¢= 4. Beyond this temperature ,,_,, increases negatively, 
inverting again at B,,, and thereafter remaining negative. 
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When ¢, =4, and ¢= 4, the Peltier e.m.fs at both junctions 
are zero, no heat being there absorbed or evolved, and ,,,V,, = 


wt: V4 = (negative) area A,B,A_A,A, (1) = fs- S,)at. The 
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e.m.f. is negative, or the current flows (if the circuit is closed) 
from B to A across the hot junction at temperature 4,. 

When ¢, =4 and t= 4,,.,V., = sl, = area A,A,B,!' A, (2), 
and is positive, or directed from A to B across the hot junction. 

If 4; =f, and ¢=4, the Thomson e.m-f.s are still the only 
e.m.f.s in the circuit and ,,,V,, = (1) — (2). Since (1) is greater 
than (2), the resultant e.m.f. is negative, or the current flows from 
B to A across the hot junction. 

For an extended discussion of the electron theory of thermal 
electromotive forces reference must be made to a previously 
mentioned article by Drude, Ann. der Physik, III., p. 369, 1900. 


13. The Intrinsic E.M.F. of a Reversible Voltaic Cell. The 
Theory of Kelvin and von Helmholtz. By a reversible cell is meant 
a cell in which all the processes, both chemical and physical, 
are completely reversed when the direction of the current is 
reversed, the Joulean evolution of heat excepted. Such, for 
example, is a Daniell cell, which consists of a zinc electrode 
immersed in a solution of zinc sulphate and a copper electrode 
immersed in a solution of copper sulphate, all contained in the 
same vessel, interdiffusion of the two solutions being prevented 
by a porous cup between them or by other means. When a 
charge Q (§ 5, IX.) passes through the cell from the zinc (2’= 2) 
to the copper (c’= 2), one half gram ion of zinc goes into solu- 
tion and one half gram ion of copper is deposited on the copper 
electrode ; and when the same charge is passed through the cell 
in the opposite direction, one half gram ion of copper goes into 
solution and one half gram ion of zinc is deposited on the zinc 
electrode. The thermoelectric processes occurring at the con- 
tacts of the dissimilar substances are also reversible with the 
current. The Joulean heat, which is proportional to the square 
of the current and irreversible, may be made as small as desired 
in comparison with the energy transformed reversibly, which is 
proportional to the first power of the current, by diminishing the 
strength of the current. 
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Let the e.m.f. of a reversible cell at the absolute temperature 
t be denoted by ¥. Let the electrodes be connected up to the 
plates of a continuously adjustable condenser so that by grad- 
ually diminishing or increasing the capacity a charge may be 
sent very slowly in either direction through the cell, the Joulean 
heat being made negligible. 

Let the system now be carried through a reversible cycle as 
follows: (1) With the cell at the temperature ¢, let the capacity 
of the condenser be slowly increased until a small charge Q/7, 
where is a large number, has passed through the cell. The 
voltage of the cell remaining constant through the process, ex- 
ternal work will be done by the cell equal to YQ/n. The 
energy of the condenser is increased by AV Q/z, and the me- 
chanical energy of the system increases by the same amount 
(§ 55, 1). 

The source of the energy transformed by the cell is, in general 
partly chemical and partly thermal. (The law of Volta for a 
metallic circuit at uniform temperature does not hold for a circuit 
partly electrolytic.) Let / denote the net energy transformed 
from chemical into electrical energy when a charge Q traverses 
the cell at the temperature ¢ in the direction of the e.m.f. Then, 
if 7 is not equal to VQ, an amount of heat 

H=WVQ/n—J//n 
is absorbed by the cell during the above process, according to 
the principle of the conservation of energy. 

(2) Let the cell be cooled to the temperature ¢— dt. During 
the process an amount of thermal energy which may be made 
wholly negligible by sufficiently diminishing @?, is abstracted 
from the cell. 

(3) With the cell at the temperature ¢ + d7, let the capacity 
of the condenser be diminished until a charge Q/ has passed 
through the cell in the opposite direction. Then, if #7’ denotes 
the quantity of heat abstracted from the cell during this process, 


H! = Q/n-(W —d¥ [dt dt) —1/n-(J—dJ/dt dt) 
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(4) Finally, let the cell be heated to the original temperature 
t, a negligible quantity of heat, sensibly equal to that abstracted 
in (2), being absorbed. The cycle is now complete. 

Applying the second law of thermodynamics to the cycle, we 


have 
(H— fH’) /H= at/t 
that is 


(VO-J+[QY—av /dtdt)—(J—dJ]dt dt)] |(YO—J)}=at/t 


“ VWO—J= OtdV/dt+td//dt (27) 


which, since d//dt is, according to experiment, sensibly zero, 
may be wnitten 


VQO-—J=QitdvV/dt (28) 


If dW /dt is positive, Y Qis greater than /, or the work done by 
the cell is greater than the energy supplied by the chemical re- 
actions, and a quantity of heat 7 = YQ —_/ is absorbed by the 
cell and transformed to make up for the deficiency. If dV/dt is 
negative, heat is given out by the cell. If dW/dt is zero, which 
is nearly true in the case of a Daniell cell, ¥Q@ = /, and no ther- 
_mal energy is on the whole transformed. 

(28) may be written 


Y=//Q+idV/adt | (29) 


which is von Helmholz’s formula. From this formula the e.m_f. 
of a reversible cell can be calculated after observing /, Q, ¢, and 
dV /dt. The agreement between the e.m.f. calculated in this 
manner and the e.m.f. determined by direct experiment is, in 
many cases, very close. 


14, Intrinsic E.M.F. at a Single Interface. Single Difference 
of Potential. The formula of von Helmholz, just developed fora 
complete electrolytic cell, which may contain several electrolytes 
and always contains two electrodes, with an intrinsic e.m.f. at 
each interface (and sometimes throughout each electrolyte) can 
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obviously be applied also to the intrinsic e.m.f. at any one of the 
interfaces. For example, ¥ may denote the intrinsic e.m.f. act- 
ing from zinc to zinc sulphate in a Daniell cell, 7 the heat de- 
veloped (if the energy is not used electrically) by the passage of 
one-half gram ion of zinc from the solid state into zinc ions, and 
dV /dt the temperature rate of change of the e.m.f. Then 


W=/J/O+td¥/de 


The actual e.m.f. of the complete cell is equal to the algebraic 
sum of all such included e.m.f.s, and the actual temperature co- 
efficient to the algebraic sum of all the individual temperature 
coefficients. 

The intrinsic e.m.f. acting from the zinc (or other substance) to 
the electrolyte will develop a potential. difference equal to VY in 
magnitude but directed from the electrolyte to the zinc (or other 
substance). Such a potential difference is called a single aiffer- 
ence of potential. There is no satisfactory method of determining 
experimentally such a difference of potential, nor can it be com- 
puted from the above equation, since / can not be determined for 
any one kind of ions, as zinc ions, alone. For when one kind of 
ions goes into solution, another kind goes out of solution. 

(29) is seen to include (19) as a particular case. 

For additional information on the theory of the voltaic cell, 
single potential differences, etc., reference must be made to treat- 
ises on electrochemistry, where also references to the original 
literature may be found. 


CHAPTER XI. 
MAGNETS. MAGNETOSTATIC FIELDS. 


1. Magnets. A bar of steel placed in a long helix of wire tra- 
versed by an electric current is found, on removal from the helix, 
to have acquired certain properties ava/ogous, in many respects, 
to those of an electret, and is said to: have been magnetised or to 
have become a magnet. The same name is applied to any body 
possessing these properties, however acquired, some of which 
will be described in the following pages. 


2. Electric and Magnetic Analogues. Just as an electret and 
the region outside it are the seat of electric induction or dis- 
placement, so a magnet and the region around it possess mag- 
netic induction. To the electrisation of the one corresponds the 
magnetisation of the other. Judes of induction run through the 
magnet, entering at one end and issuing at the other, being 
continuous \ike an electret’s tubes of displacement. There is, 
however, no magnetic analogue of a true electric charge, or dis- 
continuity of electric displacement. Magnetic conduction and 
magnetic conductors do not exist, a tube of induction cannot be 
cut in two thus developing true magnetic charges, hence the in- 
duction is always continuous or the tubes of induction are always 
closed. Analogous to the electric intensity is the magnetic in- 
tensity, connected with the induction by a relation similar to that 
which connects electric intensity and displacement. Substances 
differ magnetically, or possess different :aductivities, just as they 
possess different permittivities. Discontinuities in the magnetic 
intensity occur where the tubes of induction pass from one sub- 
stance to another of different inductivity or through a substance 


whose inductivity continuously changes. Where these discon- 
265 
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tinuities of intensity exist are apparent magnetic charges, or quan- 
tities of magnetism, analogous to apparent electric charges, arising 
from discontinuities in the electric intensity. The regions or 
surfaces in which the discontinuities occur are called the poles of 
the magnet. If the magnet is long and slender and the induction 
within it uniform and in the direction of its length, the poles are 
approximately concentrated at its ends. In every case, however, 
poles are more or less distributed. 

Upon the poles of a magnet in a magnetic field, as upon the 
poles of an electret in an electric field, forces are found to exist, 
and from these forces and their seats the strengths of the poles 
are defined and their distribution determined, greater or less forces 
corresponding, in general, to greater or less pole strengths, and 
more or less restricted seats of the forces to more or less con- 
centrated poles. 


3. Positive and Negative Magnetic Poles. That pole of a mag- 
net toward which, while in the magnetising helix, a right-handed 
screw placed with its axis coincident with that of the helix would 
have to be translated in order to rotate in the direction of the 
current around the helix is called the postive pole of the magnet, 
and the other pole the zegatzve pole. The terms positive and 
negative in this connection are purely conventional, but are justi- 
fied as in electrostatics (§ 1, I.). 


4. The Earth's Magnetic Meridian at a Point. The Axis of a 
Magnet. North and South Magnetic Poles. A magnet so sus- 
pended or otherwise supported near the earth as to have perfect 
freedom of motion about its center of gravity will always take 
up a position with a definite line connecting the positive and 
negative poles, or rather a definite direction in the magnet, point- 
ing in a definite geographical direction. This direction is, in 
general, xortherly and southerly, and the vertical plane through it 
is called the earth's magnetic meridian at the point. The posi- 
tive and negative poles point in the northerly and the southerly 
direction, respectively, and are therefore called morth and south 
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poles, respectively. The definite direction in the magnet, from 
the negative to the positive pole, is called the a2zs of the magnet. 
This term is also applied to a certain ive, with this direction, in 
the magnet (§ 24). 


5. The Force Between Two Magnetic Poles. Between two 
magnetic poles a force always exists, repulsive or positive if the 
two poles have the same sign, and attractive or negative if the 
poles have opposite signs. | 

This force between two magnetic poles can be measured by 
any kind of a dynamometer provided that the magnets are so 
long and their poles so nearly concentrated at the ends that the 
poles under experiment are sensibly outside the field of influence 
of the other poles. 

The force decreases rapidly with the increase of the distance 
between the poles. 

At a given distance apart the force between the poles depends 
upon the medium in which they are immersed. 

At a given distance apart and in a given medium the force is 
different for different pairs of poles. 


6. Coulomb's Law of Force for Concentrated Poles of Permanent 
Magnets in an Infinite Homogeneous Isotropic Medium. Consider 
three approximately concentrated poles A, B, C, belonging to 
three very long, very slender, cylindrical magnets of very hard 
steel magnetised in a slender solenoid or helix, longer than the 
magnets, traversed by an electric current. The more nearly the 
poles are concentrated, the greater the ratio of the length to 
the diameter of each magnet, the greater the coercive intensity 
of the steel (§ 25, XIII.), and the more nearly homogeneous 
and isotropic the surrounding medium, the more nearly are the 
following relations found by experiment to be true: 

The force between any two of the poles varies inversely as the 
square of the distance between them. 

The force between two of the poles, as A and B, at any dis- 
tance J apart in a given medium 1 bears to the force between the 
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same poles at the same distance @ apart in another medium, 2, 
the same ratio (#,/,, see below) which the force between another 
pair, as A and C, at any given distance a’ apart in medium 1 
bears to the force between A and C at the same distance d’ apart 
in medium 2. 

If F,, denotes the force between the poles A and C in any 
medium at any distance d@ apart, and /,, the force between the 
poles B and C in the same medium at the same distance d apart, 
then, whatever this distance @, and whatever the medium, F., 
bears to /, a certain definite and constant ratio, and this ratio is 
unaltered if the pole C is exchanged for any other similar (con- 
centrated) pole. 

Hence there is associated with each of the two poles A and B 
a constant, which we shall call its pole strength, or quantity of 
magnetism, such that the force between one of these poles and 
a third concentrated pole is proportional to this constant or pole 
strength. But the same thing is true of the third pole also. 
Hence the force between two poles is proportional to the strength 
of each, that is to the product of their pole strengths. The 
strength of a pole will de denoted by 2 with a subscript to iden- 
tify the pole when necessary. 

Putting the above results together, we have, if / denotes the 
force between two concentrated poles of strengths m, and m, 
when the distance between them is Z, the /aw of Coulomd: 


F= Amm,/ pl’ (1) 


# being a constant of the medium in which the poles are im- 
mersed, called its szductivty (analogous to electric permittivity), 
and A a constant depending on the units in which all the other 
quantities are expressed. 

If, as in this book, the c.g.s. system of mechanical units is 
adopted, if # is expressed in terms of the inductivity of free 
zther (denoted by p,) as uit inductinty, and if A is put equal to 
+ 1/4, m, and m,, are, by definition, expressed in terms of the 
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rational electromagnetic (REM) unit magnetic pole strength. With 
these conventions, the above equation (1) becomes 


F= mm,fanpl? (2) 


If m, and m, are poles of the same kind (both positive or both 
negative), / is positive or repulsive ; if the signs of the poles are 
opposite, / is negative, or the force is one of attraction. 

From the nature of the conditions assumed above it is clear 
that the law can not be established rigorously by direct experi- 
ment. The best proof of the law is the general agreement be- 
tween experiment and a magnetic theory based largely upon the 
law. The physical reason for the existence of the law of inverse 
squares is similar to that for the law of inverse squares in electro- 
statics, as will be apparent when the magnetic flux and Gauss’s 
theorem for magnetism have been discussed (§§ 13 and 14). 


7. The Magnetic Field. Magnetic Intensity. Any region in 
which a magnetic pole is acted upon by a mechanical force in 
virtue of its magnetism is called a magnetic field. Such a field is 
the neighborhood of a magnetic pole, or the region about the 
earth, or the region about a wire carrying an electric current. 

It follows from experiment that the force ¥ acting upon a con- 
centrated magnetic pole at any point of a magnetic field is pro- 
portional to its pole strength (provided that the distribution of 
magnetism originally accompanying the field remains sensibly 
unaltered on the introduction of the pole). That is, 


F= Hm (3) 


The proportionality factor /7 is called the magnetic intensity at 
the point. / is evidently a vector specifying the state of the 
field at the point, its direction being that of the force upon a 
positive pole (or opposite to that of the force upon a negative 
pole), and its magnitude the magnitude of the force upon unit 
pole placed at the point. 

When F is expressed in dynes and m in the REM unit, H= 
F/m is, by definition, expressed in the REM unit magnetic in- 
tensity. 
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(2) is a particular case of (3). 

The term magnetic ficld is also used to denote the collective 
intensity in a region instead of the region itself. The direction 
of the field at any point is then the direction of the intensity, and 
the strength of the field is the magnitude of the intensity. 


8. The Strength of a Distributed Pole. By (3), which may be 


written 
m= F/H 7 (4) 


the strength of any magnetic pole when placed in a uniform field 
may be defined as the ratio of the force acting upon the pole to 
the magnetic intensity of the field (which can be determined by 
(3) with a concentrated pole). A general definition of pole 
strength consistent with (2) and (4) is given in § 21. 


9. The Positive and Negative Poles of a Magnet Have the Same 
Numerical Strength, or the total quantity of magnetism in any 
magnet is zero. For if a magnet is placed on a float in a vessel 
of water, so as to be perfectly free to move in any direction, it 
experiences no translatory force in any direction when the sur- 
rounding field is that of the earth alone. Thus the force upon 
the positive pole is exactly equal and opposite to the force upon 
the negative pole. Hence, since the intensity of the earth’s field 
throughout the region occupied by the magnet (and, in general, 
throughout a much larger region) is sensibly uniform, the pole 
strengths are equal and opposite by (4), and their algebraic sum 
is zero. See also § 21. 


10. Magnetic Induction. Analogous to electric induction or 
displacement is a quantity called the magnetic induction, defined 
as the product of the inductivity and the magnetic intensity. 
Thus, if the magnetic induction is denoted by B, we have 


B= pH (5) 
B is obviously a vector with the same direction as that of H, 


since # (in isotropic media, which alone will be considered here) 
has no relation to direction. 
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When y» and # are expressed in REM units, 8B = p # is said 
to be expressed in the REM unit magnetic induction. 

A substance in which magnetic induction exists, that is, a sub- 
stance which supports a magnetic field, is said to be »agnetised or 
to be in a state of magnetisation. If the induction and inductivity 
are uniform throughout, the magnetisation is said to be uniform. 
The intensity of magnetisation is defined in § 21. 


11. Lines and Tubes of Magnetic Intensity and Induction are 
defined in exactly the same way as lines and tubes of electric 
intensity and induction, except that magnetic quantities are sub- 
stituted for electric throughout. 


12. The Superposition of Magnetic Fields. The statements of 
§ 12, I., and those of the paragraph following (2), § 11, L., with 
reference to the electric field hold also for the magnetic field, ex- 
cept that the medium supporting a magnetic field never breaks 
down as a result of magnetic stress (another illustration of the 
non-existence of magnetic conductivity). 


13. The Magnetic Flux, ®, across a surface S is defined in ex- 
actly the same manner, analogous terms being substituted, as 
the electric flux, § 22, I., that is, as the integral over the surface 
of the normal component of the induction. Thus 


= [Bcos 0dS = f pH cos 0 dS (6) 
6 denoting the angle between 2 or H and the normal to aS. 


14. Gauss's Theorem. The magnetic flux ® outward across a 
closed surface S surrounding any number of concentrated mag- 
netic poles of total strength m is equal to #.* This follows for 
an infinite or finite region containing a homogeneous isotropic 
medium (# = constant, except within the magnets, whose vol- 


* With the qualification made below. In every case, however, the Aux of mag- 
nectic intensity outward across a closed surface surrounding a real pole distributed in 
any manner, multiplied by the inductivity of the medium surrounding the magnet, 
is equal to the strength of the pole. For the analogous electric case see VI. and IV. 
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umes are supposed negligible) from (2), (3), (5), and (6), and a 
process of reasoning exactly analogous to that employed in es- 
tablishing the corresponding theorem in electrostatics. 

The theorem holds only for concentrated poles, the flux from 
a distributed pole being, in general, very different from m. (See 
§ 8, VI., for the corresponding electric case.) 

The strength of a tube of induction. It follows from Gauss’s 
theorem exactly as in electrostatics that the flux across every 
diaphragm of a given tube of magnetic induction in a homogene- 
ous isotropic medium is the same. The magnitude of this flux 
is called the strength of the tube. A unit tube is a tube whose 
strength is unity. 

We here assume, as in strict accord with experiment, that the 
strength of a tube is constant throughout its length whatever 
media it may traverse, whether the field is a pure magnetic field 
or an electromagnetic field (XII.). For a pure magnetic field 
(in which there is no intrinsic magnetisation) this result follows 
from considerations exactly similar to those adduced to establish 
the analogous proposition in electrostatics, except that two con- 
centrated permanent magnetic poles, one in each medium, must 
be employed instead of the closed electric condenser. 

In deriving Gauss’s theorem the (infinitely small) volumes of 
the magnets and all their contents were neglected. It must 
always be remembered, however, that, as stated in § 2, magnetic 
poles are the analogues of the poles of electrets, not of true elec- 
tric charges. We may, for convenience, consider only the flux 
from (or to) a pole in the surrounding medium, as we have just 
done; but we must remember that the same quantity of flux 
which emanates from a magnet at its positive pole enters the 
magnet again at its negative pole, making the total flux across 
any closed surface surrounding a single pole (or any number of 
poles) zero. 3 

That this statement is correct for a magnet with concentrated 
poles follows from Gauss’s theorem and the fact that if any mag- 
net is broken across its axis into any number of pieces, each 
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piece is a magnet with its positive and negative poles equal in 
strength (numerically) and pointing in the same directions as the 
corresponding poles of the original magnet. 

When both the original magnet and these pieces are very long 
and thin, as they must be to have approximately concentrated 
poles, the pole strengths of the pieces and the original magnet 
are sensibly equal. 

We here assume that all tubes of magnetic induction are closed 
like the tubes just considered, whether in a pure magnetic field 
or in an electromagnetic field. This assumption is in strict 
accord with experiment and with a more general definition of 
magnetic induction given in Chapter XIII. Thus there is noth- 
ing in magnetism analogous to the discontinuity of electric dis- 
placement, or true electric charge. 

Applying the above results to the element of volume at a 
point, we get, obviously, 


div B=o= div pH (7) 


the flux into any element of volume across a part of its surface 
being equal to the flux out of the volume across the rest of the 
surface. 


15. Magnetomotive Force or Gaussage. Magnetic Potential 
and Equipotential Surfaces. The line integral of magnetic inten- 
sity, i Hi cos @ dL, along a path Z from a point P, of a magnetic 
field to a point P, is called the magnetomotive force (m.m.f.) or 
gaussage from P, to P, along the path Z. When this integral is 
the same along every path from P, to P, it is also called the 
difference of magnetic potential between P, and P,, or the fall of 
magnetic potential from P, to P, From a process of reasoning 
similar to that of § 17, I., this is evidently the case in the field 
of a magnet (unaccompanied by electric currents). 

The unit gaussage is the gaussage which exists between two 
points when unit work must be done to transfer a unit magnetic 
pole from one to the other. 
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The fall of magnetic potential from a given point P to a point 
at an infinite distance from all magnetic poles is called the mag- 
netic potential at P, and will be denoted by 2. This symbol will 
also be used to denote m.m.f. in the more general case. 

A surface which is everywhere normal to the magnetic intensity 
is called a magnetic eguipotential surface. 


16. The Mapping of Magnetic Fields. A magnetic field can be 
completely mapped out by a system of tubes of induction of 
equal strength or by a system of equipotential surfaces between 
the successive surfaces of which the gaussage is constant. (See 
§§ 20 and 25, I.) 

Maxwell’s method of drawing such systems of tubes and sur- 
faces applies equally to the electric and magnetic cases. (See 


§§ 7, 11, 13 and 14, II.) 


17. Magnetic Conductors. An stnaginary substance, analogous 
otherwise to an electric conductor, within whose volume there is 
no magnetic induction or intensity when immersed in a static 
magnetic field, and at whose surface all lines of magnetic inten- 
sity and induction are therefore discontinuous normally, is called 
a magnetic conductor. It will appear later (X VI.) that a perfect 
electric conductor behaves like a substance of cero induchvity 
and can under no circumstances support an electric or magnetic 
field. . 

The (imaginary) true magnetic charge and surface density upon 
such an imaginary surface are defined as the magnetic flux from 
surface and the induction at the surface, respectively, in a manner 
exactly analogous to that followed in electrostatics. 


18. Magnetic Energy Density, Magnetic Tension, and Magnetic 
Pressure. From the strict mathematical analogy existing between 
the strength of a concentrated permanent magnetic pole and a 
concentrated electric charge or the concentrated pole of a per- 
manent electret, magnetic inductivity and electric permittivity, 
magnetic intensity and electric intensity, magnetic induction and 
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electric induction or displacement, it follows that, when » is con- 
stant, 


(1) The magnetic energy per unit volume at any point of a 
magnetic field is 
T=} BH=} pH? =} B*/p (8) 


(2) There is a tension parallel to the intensity equal to 
(3) There is a pressure in every direction normal to the inten- 
eae Le T=} BH =} pH? =etc. (10) 


It follows also, whether » is constant or not, that the work 
per unit volume done in magnetising a substance from a value 
of the induction B = B, to a value B = B, is 


dW|de = It " HaB (11) 


which reduces to (8) when yu is independent of H. This expres- 
sion does not give the change in the magnetic energy when hys- 
teresis (§ 39, XIII.) is present, by far the greater part of the 
energy used during the magnetising process being in most cases 
dissipated. 

(8) and (11) will be demonstrated later (§§ 12 and 29, XIII.) 
in a different manner. 


19. Magnetic Energy. Permeance. Reluctance. In exactly 
the same manner, or by direct integration from (8), the energy con- 
tained in the volume 7 of a tube of magnetic induction of strength 
® between two equipotential surfaces between which the m.m.f. 


Ene W = 100 (13) 
if u is constant (independent of //) ; and 
We [Tdr= f[ fHdBdr = f [ [HdLdSaB 


= { {Hdl SdB = [Ode ee 
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in the general case, assuming no dissipation of energy. (14) 
gives the work done in magnetisation in every case. 

The ratio of the magnetic flux ® through the tube to the 
m.m.f. between the two equipotentials is called the permeance, 
and its reciprocal the reluctance, of this portion of the tube. 
Thus, if the permeance is denoted by Pand the reluctance by R, 


P=1/R= 0/0 (15) 
The combination of (13) and (15) gives for the energy W, 
W= {0 = SPO’ = 107/P=)Y/R= 4 RO’ (16) 
The electric analogue of permeance is evidently permittance. 
[In the irrational systems of units also, Chapter XIV., Pand 


R are defined by (15), the electrical analogy, requiring the intro- 
duction of 477, not being strictly maintained. ] 


20. The Laws of Refraction of Lines of Intensity and Induction. 
It follows also, by a procedure exactly analogous to that of IV., 
§ 2, or by inspection of the final equations of IV., § 2, and the 
analogies mentioned in § 2, that in crossing an interface from a 
medium 1 to a medium 2 a line of magnetic intensity or induction 
is refracted in such a way that 

I. The incident and refracted lines are in the same plane per- 
pendicular to the interface at the point of incidence ; and that 

II. The ratio of the tangent of the angle of incidence to the 
tangent of the angle of refraction is a constant for the given 
media (when the inductivity ratio is constant) and equal to the 
ratio of the two inductivities. | 

The equivalent equations are 


f, sin 0, = H, sin @, (tangential intensity continuous) (17) 
B, cos 8, = B, cos 8, (normal induction continuous) (18) 
tan 6, /tan @, a By / HM, (19) 


21. Magnetic Surface and Volume Density, Intensity of Mag- 
netisation, etc. Proceeding in the same manner and following 
IV., §§ 3-4, we get what follows. 
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The normal discontinuity in the magnetic intensity at the inter- 
face separating two media 1 and 2 (#7, and H, being reckoned 
positive when directed from medium 2 to medium 1) is 


H, cos 6, — H, cos 8, 


which is equal to [(#, — #,)/4,4,] 2, cos 8, when there is no in- 
trinsic magnetisation (§ 22). 

The magnetic surface density (analogous to apparent electric 
surface density) at the interface is 


o’ = u,(H, cos 8, — H, cos 8,) = (B, — 2,,) cos 8, (20) 


which is equal to [(#, — #,)/#,] 2, cos 8, when there is no intrin- 
sic magnetisation present. [In the irrational systems of units, 
Chapter XIV., o’ is defined by the relation 


41a’ = w,(H, cos 8, — H, cos 9,)] 


The intensity of magnetisation of medium 2 with respect to 
medium 1 is, by definition, 


J= Bi — 4, (21) 


which is equal to [(#,—#,)/#,] 4, when there is no intrinsic mag- 
netisation. An equivalent definition of / is the magnetic moment 
of medium 2 per unit volume (§ 23, and § 12, 1V.). (21) shows 
that / is the difference between the actual induction in 2 and the 
induction which would exist there if #, were equal to », with the 
same value of the intensity. [In the irrational systems of units 
(Chapter XIV.), / is defined by the equation 47/ = B, —p,H,.] 
If we write B, = u,H,, (21) may be written 


J = (4, — BH, = «7, (22) 


x, which is written for (u,—¥#,), is called the magnetic susceptt- 
bility of medium 2 with respect to medium 1. [In the irrational 
system of units « = (4, — #,)/47.] 

(22) may be written 


B= b,=J + wf, (23) 
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(20) may be written 
a’ = / cos 8, (24) 
The quantity of magnetism upon a surface S, or the pole 
strength of the surface S, is 


fords ={/ cos 6.dS (25) 


which may be written equal to [(#, — ,)/#,]® when there is no 
intrinsic intensity. 

The magnetic volume density in a region where yp varies from 
point to point is 


p’ = p, div 7 (26) 
(In the irrational systems of units, Chapter XIV., 47p’ = 
#, div #7.) 
The total quantity of magnetism in a volume 7 is 


Jp'dr = uw, f div H dt (27) 

The total quantity of magnetism within a volume t and upon 
its surface S is 

m=fo'dS + {p'dr = [J cos 6,dS + p, [div H dr (28) 

The force upon a magnetic pole of strength m ina field of 

intensity /7 is Peete (29) 

The intensity at a point P distant Z from the element 2 of a 

pole of strength dm “‘due’’ to dim is directed along Z and is equal to 

aH = dm/4mrp,L? (30) 


The magnetic potential at a point due to any magnetic distri- 
bution whatever is 


O = 1/amu, farm]L (31) 


If medium 2 is uniformly magnetised, the magnetic flux 
through the positive pole will be 


b= /B, cos 6dS =f] cos 6,aS + a, fH, cos 6,dS 
= m+, [H, cos 0dS (32) 


MAGNETS. MAGNETOSTATIC FIELDS. 279 


which is equal to m only when the pole is concentrated. In 
isolated magnets //, is negative, hence ® is less than m (except 
in the ideal case mentioned). 

The complete developments § 7, IV., and § 1, V., are valid for 
the magnetic case, magnetic quantities being substituted for the 
analogous electric quantities. 


22. Intrinsic Magnetisation, Etc. Corresponding to intrinsic 
electrisation, intrinsic electric intensity, etc., are zntrinsic magnet- 
tsation, of which we have an example in every magnet, ¢afrinsic 
magnetic intensity or force (denoted by #) maintaining the induc- 
tion, etc. Intrinsic magnetic phenomena do not appear in most 
substances, but are far more marked than the corresponding elec- 
tric phenomena in others, notably iron, nickel, and cobalt, reach- 
ing their maximum development in hard steel. The magnetisation 
of these substances will be briefly discussed in §§ 35-39, XIII. 


Permanent Magnets. A permanent magnet is a magnet whose 
pole strengths at any definite temperature are constant independ- 
ently of the time, of the nature of the surrounding medium, and 
of the proximity of other magnets and electric currents. Sucha 
magnet is purely ideal, but approximately permanent magnets 
can be made of long cylinders of properly tempered hard steel. 
Such a magnet, if not brought into too strong magnetic fields, 
and if kept when not in use in an iron case will retain its moment 
constant in air, even when the ratio of its length to the square root 
of its cross-section is less than ten to one, for at least a year within 
one tenth per cent. (Klemencic, Aun. der Phystk, XII., 174, 
1901). From the discussion of the permanent electret, § 8, VI., 
it is clear that a magnet will be more nearly permanent the 
greater the ratio of its length to its diameter (or other linear di- 
mensions perpendicular to its length). It is also evident that, 
other things being equal, the greater the coercive force (§ 25, 
XIII.) of a substance or the “harder” it is magnetically, the 
nearer will be its approach to permanency of magnetisation, 
when made up into magnets. 
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28. Pure Magnetic Fields. It is now evident that the magnetic 
fields for a great variety of ideal distributions can be obtained 
from the analogous electric fields already discussed in previous 
chapters, by substituting magnetic conductors for electric con- 
ductors, inductivity for permittivity, true magnetic charge for true 
electric charge, magnetic pole strength for fictitious electric 
charge, magnetic intensity for electric intensity, magnetic induc- 
tion for electric displacement, intensity of magnetisation for in- 
tensity of electrisation, etc. Since the concentrated poles of 
permanent electrets can be substituted for concentrated electric 
charges, the electrisation within the volume of the electrets being 
neglected (§ 8, VI.), concentrated electric charges can be re- 
placed in the magnetic analogues by concentrated magnetic poles, 
the magnetic induction within the volumes of the linear magnets 
being neglected. The approximate effects of magnetic conduc- 
tors, except as regards the continuity or discontinuity of the 
magnetic induction, can be obtained by using substances of great 
inductivity. (The value of w for soft iron may, with vibration, 
reach nearly 80,000,. See Ewing, Plul. Trans., 1885.) 

Thus, Fig. 14 represents the field of a single concentrated 
magnetic pole, the induction within the magnet, supposed infin- 
itely thin, being neglected, and the opposite pole being supposed 
infinitely remote. 

Fig. 22 shows the field surrounding a single magnet with con- 
centratcd poles. 

Fig. 60 shows the field about a concentrated magnetic 
pole in an infinite medium of inductivity #, separated by a plane 
interface from an infinite medium of inductivity », for the 
particular case in which w,/p, = 4, the field within the mag- 
net being neglected and its opposite pole being infinitely 
remote, 

Figs. 60, 61, and 62 show the magnetic field in and around a 
sphere of inductivity 4, placed in an infinite medium of inductivity 
#, supporting an originally uniform field for the three cases in 
which #,/, = 0, 3, and infinity. 
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Fig. 63 shows the field of an infinite circular cylindrical shell 
of inductivity 4, placed in an infinite medium of inductivity y, 
supporting (originally) a uniform magnetic field perpendicular to 
the axis of the cylinders for the particular case in which y,/p, = 
10. §§ 14-15 were in fact developed largely on account of the 
magnetic fields exactly analogous to the electric fields there in- 
vestigated. The table (Table I., §§ 14-15) is constructed with 
values of ¢,/c, or #,/#, common in magnetism but never occur- 
ring in electrostatics. The use of spherical and cylindrical iron 
shells as magnetic screens in protecting galvanometer magnets 
from external fields is mentioned in § 30, XII. 

Fig. 67 shows the field of a uniformly magnetised isolated 
sphere, Fig. 28, with the additions and modifications indicated in 
§ 6, VI., that of an infinite circular cylinder uniformly magnetised 
at right angles to its length, etc., etc., every electric field having 
its magnetic analogue, either ideal or real. 


24. Resultant Magnetic Poles, Magnetic Axis. The total forcive 
upon a magnet in a uniform field, as the earth’s magnetic field, 
is a torque tending to bring its axis into the direction of the 
field. It is evident that the axis of the magnet, as defined in § 4, 
is the direction of the straight line drawn from the center of the 
parallel forces due to the uniform field, as the earth’s field, on all 
the elements of the distributed negative pole to the center of the 
opposite parallel forces upon all the elements of the positive 
pole. 

These centers may be regarded as the positions of the resultant 
poles of the magnet; but it must be remembered that if the 
forces upon all the elements are not parallel, as they are when 

the magnet is in a uniform field, the positions of the centers, or 
points of application of the resultant forces, are different, and 
different for every different field. If the magnetism were uni- 
formly distributed through spheres or in concentric spherical 
shells, or over spherical surfaces, at the two ends of the magnet, 
then it could easily be shown, as in the corresponding cases in 
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electrostatics and gravitation, that the field outside the spheres, 
and the resultant forces, would in all cases be the same as if the 
poles were concentrated at the centers of the spheres. The 
forces between the poles of two magnets at a distance, however, 
will be approximately the same as if the poles were concentrated 
in the positions of the resultant poles for a uniform field, just as 
the gravitational force between two masses of irregular shape, 
when the distance between them is considerable, so that the field 
due to each is nearly uniform at the other, is nearly the same as 
if the masses were concentrated at their centers of gravity or 
centers of mass. 

For convenience, the straight line drawn from the negative re- 
sultant pole to the positive resultant pole, as well as its direction, 
will be called the azzs of the magnet. If the magnet is a cylin- 
der of symmetrical cross-section and magnetised symmetrically 
with respect to its geometrical axis, the geometrical and magnetic 
axes will coincide. 


25. The Torque Upon a Magnet in a Uniform Field. Magnetic 
Moment. Let m denote the magnitude of the strength of each 
pole, Z the distance between the resultant poles, 4 the intensity 
of the uniform field, and @ the angle between the direction of the 
axis and the direction of the uniform field. The torque tending 
to diminish @ is evidently 21/7 }Z sin 0, and the torque tending 
to increase 8, or the torque measured in the same direction as 
that in which @ is measured, is 


T= — 2mH}L sin @ = — mLH sin 6 = — MH sin 0 (33) 
if we put mZ = M. 

‘The quantity = mL = T /# sin @ is called the magnetic mo- 
ment of the magnet (analogous to the electric moment of an 
electret). 

26. Gauss'’s Method of Determining Simultaneously the Moment 
M of a Magnet and the Horizontal Component H of the Earth's 
Magnetic Intensity. I. Determinationof 7H. The magnet, A, 
of moment is first suspended with its axis horizontal by a ver- 
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tical fiber as free from torsion as possible, and set to vibrating 
through a very small horizontal arc. The time 7 of a complete 
vibration of the magnet, and its moment of inertia K about the 
axis of vibration, are then determined. Then the product 1/H 
is given by the equation 

MH = 4n*K/T* (34) 


to a high degree of approximation. 
For, since 7 = Kd70/d?’, (33) gives for the equation of mo- 
tion of the magnet 


Kd*6/dt? + MH sin? =o (2) 
For very small amplitudes of vibration sin @ = @ very ap- 
_proximately and (a) becomes 


Kd*6/dt?+ MHO=0 (5) 


which shows that the motion is simple harmonic in the period 
T= 20(K/MH#), a relation identical with (34). 

If the torsion of the suspension and the arc of vibration are 
large enough to have appreciable effects, they can be determined 
and allowed for by methods given in Maxwell’s 7reatsse, §§ 452 
and 738, and in laboratory manuals. 

II. Determination of 47/H. The magnet A is removed from 
the suspension and mounted with its axis horizontal and per- 
pendicular to the magnetic meridian in a line passing through the 
center of a very small magnet B suspended by a fiber of negli- 
gible torsion (the torsion, if not negligible, can be determined and 
allowed for), the whole forming a magnetometer, in the position 
occupied by the center of A in I., and the distance R, between 
the centers of A and B is measured. A, must be great in com- 
parison with Z, the distance between the resultant poles of 4, 
which is approximately equal to the length of the magnet. 

The magnetic intensity, 7,, at B due to the poles of A is per- 
pendicular to H. Hence the resultant horizontal intensity at B 
makes with the magnetic meridian the angle @, whose tangent is 


tan 0, = H,/H (35) 
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The axis of the magnet &, in the meridian before the introduc- 
tion of A, takes up a position parallel to the resultant intensity. 
That is, on the introduction of A, B is deflected through the 
angle @,, which must be measured. 

Denoting the numerical strength of each pole of A by m and 
assuming the magnetisation of A to be symmetrical, so that the 
distance of each resultant pole is Z/2 from the center of A, we 
have for 


HH, = m | Amp [1/(R, ca 4L)’ Si 1/(R, + $L)’)] 
= M2meR 3 (1 — L3/4R3)* 
= M/2mpR':(1 + L7/2R? +3L'/16R,' + ---) 
= M/orpR?-(1 + L?/2R”) = H tan 8, (c) 


if the fourth and higher powers of Z/R, are neglected. 

Since (c) contains the unknown quantity Z in addition to JZ 
and H, the experiment is repeated with a different distance, R,, 
between the centers of A and &, and the corresponding angle of 
deflection @, is determined. Then 


M/orpR, (1 + L?/2R,7) = H tan 8, (2) 
Eliminating Z from (c) and (@), we obtain 
M/H = 27p(R,' tan 0, — RF, tan 8,)/(R,? — R,3) (36) 


From (34) and (36) both 47 and H can be calculated, since pu 
for air is known and sensibly equal to 4, = 1. 

To eliminate the error arising from the (possible) lack of sym- 
metry in the magnetisation of A, and errors in determining 6,, 
,, R,, and &,, the angles are read for each value of R, with A 
either east or west of B, first with the one pole of A toward B, 
then with the other pole toward B. Then A is placed on the 
opposite side of B and the angles read, for both directions of the 
axis of A, with the same values of RK, and R, The mean 
values of @, and @, derived from all the readings are used in the 
calculation of J7/H by (36). 
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27, The Comparison of Two Intensities. By vibrating the same 
magnet successively in two fields of intensities H, and //,, we 


1 
obtain from (34), 
A,/H, = T/T? (37) 


By using the same magnet 4 to deflect a small magnet # in 
two different fields of intensities 7, and H,, A being placed with 
reference to the center of B and the direction of the field in each 
case as described in II., and the distance between the centers of 
the magnets being the same in both cases, we obtain from (35) 


tan 6,/tan 0, = H,,/H, (38) 


The Comparison of Two Magnetic Moments. By vibrating in 
the same field two magnets of moments J/, and M,, and moments 
of inertia about the axis of suspension KA, and X,, we obtain 
from (34) 

M,/M, = K,Tf/K,T; (39) 


The comparison may also be made by means of equation (36). 


CHAPTER XII. 
THE MAGNETIC FIELD OF THE CONDUCTION CURRENT. 


1, Relation Between the Direction of a Current and the Direc- 
tion of its Lines of Intensity. An electric conduction current is 
invariably accompanied by a magnetic field surrounding and 
penetrating into the conductor. In the case of a long straight 
circular cylindrical wire carrying a current and immersed in a 
medium of uniform inductivity the lines of magnetic intensity, as 
will be shown in §15, are circles centered on the axis of the 
wire in planes perpendicular to the axis, and the direction of each 
line is related to the direction of the current as the rotation to 
the translation of a right-handed screw or as the direction of 


Line of Magnetic 
Intensity 


Ga Kee 





Fig. 84. 


motion of the hands of a clock to the direction of a line drawn 
from the face to the back. If for circle the words closed curve 
are substituted, these statements hold good in all cases. The 
relation between the direction of a current and that of its lines 
of intensity is shown in Fig. 84. 


2. Positive Directions Around and Through a Circuit. The 
positive direction around a circuit bears to the positive direction 
through the circuit, by definition, the same relation as the direc- 
tion of rotation of a right-handed screw bears to its direction of 
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translation. Thus if AA, Fig. 85, is chosen as the positive di- 
rection through the circuit CDEC, the positive direction around 
the circuit is CDEC as indicated by the arrows. If the direction 





Fig. 85. 


of the current in a circuit is chosen as the positive direction 
around the circuit, as will be done in this chapter, the magnetic 
flux connected with the current will always thread the circuit in 
the positive direction. 


3. Vector Product of Two Vectors. Let A and 2B denote two 
vectors intersecting at an angle @ less than. If C,a third 
vector, is equal in magnitude to the product AZ sin 6, and is 
perpendicular to their plane and so directed that a right-handed 


C-V AB aing 





—VYAB sing 
YrV BA sin 8 


Fig. 86. 


screw progressing along C in the positive direction would rotate 
from A to B, Fig. 86, then C is called the vector product of A 


and B, and is written 
C= VAB sin 6 (1) 
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If C has the opposite direction, as indicated by the dotted line 
in the figure, it may, consistently with (1), be wntten 


= — VAB sin 0 = VBA sin 0 


4. The Law of Ampére. If avery long and thin cylindrical 
conductor carrying a current is immersed in a uniform magnetic 
field perpendicular to its direction, the two fields will combine to 
form the resultant field shown in cross-section in Fig. 87, the 
resultant field being stronger where the component intensities 
have the same general direction, and weaker where their gen- 
eral directions are opposite. The pressures and tensions in the 
field will then give rise to a force upon the conductor directed 
from the stronger to the weaker part of the resultant field, and 
thus, as the figure shows, perpendicular to the wire and to the 
originally uniform field. In the figure the conductor, perpen- 
dicular to the paper, is shown as a small circle; the current 
flows downward and the original field is directed to the left, or 
the current flows upward and the original field is directed to the 
right. In either case the force upon the conductor is directed 
toward the top of the page. This is a simple case coming 
under the /aw of Ampérc, to which we proceed. 

Consider a wire of negligible cross-section carrying a current J 
in a magnetic field of any kind. Let @Z denote the element of 
length of the wire at any point P, and let B denote the magnetic 
induction at the point.* Let @ denote the angle between / and 
B. (For convenience we shall here treat / as if it, as well as the 
current density z, of which it is the surface integral, were a vec- 
tor.) Then the results of experiment may be summed up in the 
following statement, which constitutes Aspére’s /aw in the first 
form : 

The wire is acted upon by a force F or a torque 7 which may 
be found by assuming each element of the wire of length ¢Z to 
be acted upon by a force 


dF =\/a-NIB sin @ aL (2) 
* See Lord Rayleigh, PArlosophical Magazine, June, 1898. 
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where a is a constant depending on the units in which the other 
quantities in (2) are expressed, and taking the vector summation 
or eee of all the elementary forces dF along the part of 
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the wire considered, or of all the elementary torques @7 arising 
from the forces dF. The force upon d@Z is always from the 
stronger to the weaker part of the resultant field. 
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If the wire is not so thin that its cross-section can be neg- 
lected, it may be considered split up into elementary current 
tubes and the summation or integration applied to all the ele- 
ments of each tube. 


5. The Rational Electromagnetic Unit Current. If in the above 
equation dF and d@Z are expressed in c.g.s. units, / in the RES 
unit, and B in the REA unit, a is found to have the magnitude 
3 x 10” (see §4, XIV.). The REM unit current is defined as 
a unit current a times as great as the RES unit current. Hence, 
if we express / in terms of this unit, 1/a@ [if @ is assumed to have 
zero dimensions (XIV.)] will disappear from the above equation, 


which thus becomes 
aF =NIB sin 0.aL (3) 


Xz Electric Units in the Rational Electromagnetic Unit System. 

If the electric current is expressed in terms of the electromag- 
netic unit, however, the relations g = /t, dH /dt= R/*, VY = R/, 
etc., will not remain true unless the units of charge, resistance, 
e.m.f., etc., are redefined. Units so chosen as to make these re- 
lations, or any of the relations which precede or follow, correct 
when /, or any other quantity occurring in the relations, is ex- 
pressed in the REA/ unit current are defined as the REA/ unit 
charge, resistance, etc. 


Magnetic and Electromagnetic Units in the Rational Electro- 
static System. We have not hitherto defined any pure magnetic 
unit, such as magnetic pole strength or magnetic intensity, in the 
electrostatic system ; but from the above definitions of the REM 
unit current, charge, etc., in terms of the RES units we can pro- 
ceed immediately to such definition : Units so chosen as to make 
(3) and all the equations which follow in this work, as well as all 
those of Chapter XI., correct when /, or any other quantity 
occurring in the equations, is expressed in the RES unit are 
defined to be the rational electrostatic units of the quantities 
concerned. 
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Henceforth every equation will be expressed in one system of 
units throughout, like all preceding equations except (2), all the 
quantities being expressed in REZS units, or else all in REM units. 

The general subject of electric units is discussed in Chap. XIV. 


7. The Force Upon a Straight Wire in a Uniform Magnetic Field. 
As a particular case falling under Ampére’s law, we shall con- 
sider first a straight wire in a uniform magnetic field, and shall 
find the force upon a length Z of the wire. 

(1) If the wire is parallel to B, sin 8 = o everywhere, hence 
F=o. 

(2) If the wire is perpendicular to the field, sin 9 = 1 every- 
where, and FaliBe (4) 


The resultant field (a uniform field and the field of § 14 super- 
posed) and the direction of ¥ are shown in Fig. 87 (from Max- 
well’s Zreatise, § 496). 

(3) If the wire makes an angle 6 with B 


F=/B sin 0L = [BL sin 8 (5) 
The force is the same, both in magnitude and direction, as 


would be exerted on the wire in a field B sin @ perpendicular to 
L, or upon a wire of length Z sin @ in a field perpendicular thereto. 


8. A Linear Circular Circuit in the Radial Field from a Concen- 
trated Magnetic Pole of Strength m Placed (1) at its Center. (Fig. 
88.) The magnetic induction and the electric current in the lin- 
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Fig. 88. 
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ear circuit are obviously everywhere perpendicular. The force 


upon the circuit is 
F=If Bsin@ dL = Km/qrR)20R = m1/2R (6) 


The direction of the force is downward into the paper in Fig. 
88a and to the right in Fig. 88, when the current has the direc- 
tion indicated and m is positive. If the sign of either is changed, 
the direction of ¥ is reversed. 


(2) On the Axis of the Circle at the Distance d from its Center. 
If the pole is placed on the axis of the circle at the distance d 
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Fig. 89. 
from its center, Fig. 89, B sin@ = B = m/4m(d? + RF’), and the 
force upon each element of length @Z of the wire is 

dF = IB sin OAL = Im/4m(d? + R*)-dL 
This force may be resolved into two components, one 
df! = dF sina = mIR/4m(d? + R*\t- dL 
in the direction of the axis; and the other 
dF" = dF cosa 


in the direction of the radius. The second component tends to 
increase or diminish the radius of the wire according as the flux 
from the pole threads the circuit in the positive or negative direc- 
tion through the circuit, but gives rise to no resultant force upon 
the circuit as a whole in any direction. The first component, 
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summed up for the whole length of the wire, gives, for the total 
force upon the wire in the direction of the axis, 


F= f dF! = mIR/2(d? + R%)}. (7) 
When d = 0, (7) reduces to (6). 


9. An Infinite Straight Linear Wire in the Radial Field from a 
Concentrated Magnetic Pole of Strength m Distant d from the Wire. 
(Fig. 90.) In this case F has the magnitude 





F= If Bsin@dL= Im/4n- [1 /(L? + d*)-d/(L? + a) dL 
= Imd]om- fi](L? + ddl = Im|and: {° sin 8 d0 (8) 
= Im|/2nd 


since L = d cotan 6. 
The relative directions of 7, 2, and the current are obvious. 


10. A Closed Plane Circuit of Any Form in a Uniform Magnetic 
Field. (Fig. 91.) Let the plane of the circuit be vertical and 
the field horizontal. Let 2, x, be the codrdinates of any point 
P of the circuit, referred to its highest point O as origin, the 
positive direction of Z being taken as the direction of the current 
at O, and the positive direction of Y vertically downward. Let 
a denote the angle between B and the positive direction of the 
Z axis. 
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Let B be resolved into two components # sin a and & cos a 
perpendicular and parallel, respectively, to the plane of the circuit. 
Owing to the component B sin a, there will be an outward 
force dF, = JB sin a dL upon every element of the circuit per- 





Fig. 91. 


pendicular to its length dZ and to B sin @ in the plane of the 
circuit. Resolving this force along OX and OZ, we have, if dL 
(taken in the direction of the current) makes an angle 8 with OX, 


@dF. =dF_cos 8=J/B sinacos 8 dL = JB sin a dx 
and 


dF, = dF, cos (90° + 8) = — /B sin asin8dL= — JB sinadz 
By integration along the whole circuit 

F = /8 sin afdr=o 
and F,=— IB sinafdz =o 


Hence the forcive due to B sin a, if not zero, is a torque. Since 
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all the forces d@F,, are in the plane of the circuit, there can be no 
torque about an axis in this plane. Let therefore OY (the posi- 
tive direction through the circuit), perpendicular to OY and OZ 
at O, be taken as the axis of moments. The force ¢F_, on the 
element dZ gives rise to a torque 


aT =dF z—dF.x=—/B sin a 2zdz — JB sin a xdzx 
= — /B sin a (sdz + xdx) 
By integration around the circuit we obtain 


T faT= — /Bsina ( fede + fxdz) = O 


Hence, so far as the component £ sin a is concerned, there is 
no resultant torque or force upon the whole circuit. Under the 
action of the force d/,, = /B sin adL, however, each element of 
the circuit tends to move outward or inward according as sin @ 
is positive or negative, 7. ¢., according as the flux of the uniform 
field threads the circuit in the positive or negative direction 
through the circuit; thus the circuit, if made of elastic material, 
would expand or contract. 

The component & cos a gives rise to a force dF on the ele- 
ment @Z perpendicular to the plane XZ of the circuit. If OY is 
taken as the direction of a positive force, 


dF = — IB cosacos BdL = —J/B cos adx 
and the total force upon the circuit in the direction OY is 
Fo =fdF = —IBcosa fdr=o 


Hence the forcive, if anything, is a torque. Since there is no 
force on any element in the direction OZ or ZO, there can be no 
torque about OY. The torque about OZ is 


T, = faT,=fxdF, = —[2IB cosadr =— IB cosafzrdz =o 
The torque about the axis O.X is 
T, = [dT, = —f2dF, = IB cos af sdx 
= /B cos afdS = IB cosa S 


if S denotes the area of the circuit. 
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Thus the total forcive upon the circuit is a pure torque 
T=/B cosaS (9) 
around a line in the plane of the circuit and perpendicular to the 


original magnetic field, the positive direction of the torque being 
always related to the positive direction of O.X as the rotation to 





Current down 





\ 


Current up 





Fig. 92. 


the translation of a right-handed screw with O.X as axis. When 
the torque is positive it tends to increase the angle a (see Fig. 
92). 

If there are turns in the circuit, the torque is ” times as 
great. 

If @ denotes the angle between the normal to the circuit (in the 
positive direction, § 2) and &, the torque tending to increase the 


EL ome NOE AL, (10) 


so that the circuit behaves like a magnet of moment /pS. 

When @ = 0°, 7 =0, and the circuit is in stable equilibrium ; 
and when @ = 180°, 7 =o, and the circuit is in unstable equil- 
ibrium. For in the former position the torque brought into 
existence by a slight change of @ will tend to restore equilibrium ; 
while in the latter the torque devcloped by a similar change in 
@ will tend to increase the displacement. 

When @=o0 and 7=0, the circuit encloses the maximum 
magnetic flux possible, a quantity BS due to the uniform field, 
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and that connected with its own current; the uniform flux, in 
this position of the circuit, being directed through the circuit in 
the positive direction. 

When @= 90° or 270°, the circuit encloses no flux of the 
uniform field, and the torque is a maximum. 

The circuit thus tends to move in such a way as to enclose 
the maximum flux possible. 

We have already noted the tendency of a closed circuit carry- 
ing a current to expand or contract when placed in a radial field 
or a uniform field, according as the magnetic flux of this field 
threads the circuit in the positive or negative direction through 
the circuit. That is, the circuit expands or contracts according 
as the expansion or contraction will increase the flux through 
the circuit in the positive direction, or diminish the flux through 
the circuit in the negative direction. For the same reason 
(Ampére’s law) the circuit would tend to expand if only in its 
own field, and thus to enclose as great a quantity of magnetic 
flux as possible. 

Similar considerations would show that in every case a circuit 
carrying a current moves or tends to move in such a manner as 
to make the magnetic flux threading it as great as possible. 


11, Magnetic Intensity Due to any Current Distribution —From 
Ampeére’s law (first form) and the third law of motion we can 
find, for any point P, an expression for the magnetic intensity 
connected with any current distribution (Ampére’s law, second 
form). 

To do this imagine the conductor immersed in a radial field 
from a concentrated magnetic pole of strength m at the given 
point P distant » from dL, an element of length of the wire or 
current tube under consideration. Then the induction at dZ due 
to the pole is B = m/47/r directed radially from P. If we write r 
in the numerator to indicate the direction of B, r (= r numerically) 
being measured from the pole to @Z, this expression becomes 
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The force upon @Z is therefore 
dF = mI [arr N dLr sin 6 


for a linear current, @Z being measured in the direction of the 
current. Hence 


F = mI/4m X vector integral of 1/r°-VdLr sin 6/r° 


Since F is the total force upon the circuit, there must be an 
equal and opposite force, — F, upon the pole at P. Hence, if 7 
denotes the magnetic intensity at Pdue to the current, 






dh — 8 vis ain 8 


— F=Hm =mI//4m x vector integral of (VrdZ sin 0)/r 
or, if is measured from @Z to the point P, instead of from P to dZ, 


Hm = mI/4m x vector integral of (Var sin 0) /r° 
whence 


H =I/4m x vector integral of (VaZr sin 8)/r° (11) 


The magnetic intensity at Pis thus the same as if each ele- 
ment of the current (/@Z) produced at / an intensity 


dH = I/4mr’-NdLr sin 0 (12} 
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magnitude and direction (r being measured from dZ to P); or, 
numerically, //47r?: sin @ dL. . 
If the conductor has not a negligible cross-section, we have, 


clearly, 
aH =T1/anr® (Vir sin 6)dr (13) 


and H = I/4mr’- vector integral (Vi rsin 6)dr (14) 


Equations (11)-(14) express Ampére’s law in its second form. 

It must be remembered that the integra/ force F and the inte- 
gral intensity /7, not the elements dF and dH, are all that experi- 
ment furnishes. 

The relations between the quantities of equation (13) are 
shown in Fig. 93. @Z, i, and z, are taken in the XY plane, and 
the direction of PX, perpendicular to the XY plane, is chosen to 
coincide with that of ¢ and dL. 

If ¢ (or 7) has everywhere one direction, then it is obvious 
from (12) or (13), that there is no component of magnetic in- 
tensity in this direction anywhere. 

From all the above equations it is manifest that 7 does not 
depend in any way upon the inductivity of the medium in which 
the conductors are placed, provided that the medium is homo- 
gencous and isotropic (so that the field from a concentrated pole 
anywhere is radial). 

In what follows all media will be supposed homogeneous and 
isotropic unless the contrary is stated. 


12. The Magnetic Field Around an Infinitely Long Straight 
Linear Conductor Carrying a Current I. From equation (12), or 
from the direct application of the third law of motion to (8), §9, 
it is evident that the lines of intensity are circles centered on the 
wire and perpendicular thereto, the direction of the lines around 
the wire being related to the direction of the current as the rota- 
tion to the translation of a right-handed screw. The magnitude 
of the intensity is, by (11) or (8), 


H = F[m=1/2nd (15) 


at a distance d from the wire. 
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Maxwell’s plane diagram of a part of the field is shown in Fig. 
16, Chapter II. 
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Fig. 94. 


13, The Magnetic Intensity at a Point on the Axis of a Circular 
Linear Conductor Carrying a Current I. From (12), or, more 
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readily, from the direct application of the third law of motion to 
(7), § 8, the intensity at a point on the axis distant d from the 
center of the circle is, numerically, 

H = Fi[m = IR’ /[2(K’ + 2’)! (16) 


and is directed along the axis in the positive direction through 
the circuit. 
If the circular circuit contains ” turns, closely wound, instead 


of one, H = nIR*/2(R* + ds (17) 


and if there are two similar coils at the same distance d on oppo- 
site sides of P, with their currents of the same magnitude and in 


the same direction, 77 _ nIR*/(R? + se (18) 






é 













; sane: 


Fig. 95. 


Putting @= 0, we obtain for the intensity at the center of a 
circular coil of # turns, H=nI1/2R (19) 


Maxwell’s diagram of the field connected with a single coil is 
given in Fig. 94, and that of the field connected with two similar 
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parallel coils carrying the same current in the same direction in 
Fig. 95 (see Maxwell’s 7reatise, §§ 487, 702, and 713, from 
which the figures are taken). 


14. The M.M.F. Around an Infinite Linear Straight Wire Carrying 
a Current I. The magnetomotive force along the arc P,P, from 
P, to P,, two points on the same line of intensity of radius d, Fig. 


9918 x arc PP, = Fare PP,|omd = 1 Oj2e (20) 


where @ denotes the angle subtended at the wire by the arc P,/,. 
The equation shows that the m.m.f..along the arc of an;’ line 
of intensity front a plane ABE to a plane CBE, intersecting iz 
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Fig. 96. 





the wire at the angle 6, is equal to / 6/27, independently of the 
value of d. 

The m.m/f., moreover, along any path not enclosing the cir- 
cuit, as P),KP, from P,, any point in the plane ABE, to P,, any 
point in the plane CBE, is the same, and equal to the value given 
in (20). For the line integration of the intensity along any path 
is compounded of integrations along lines of intensity, integrations 
along radii, and integrations parallel to the wire. The integrals 
in the last two directions are zero, since they are perpendicular 
to the intensity, and the total integral along the lines of intensity 
is as before, / 6/277. 

The m.m.f. between two points P, and /, therefore depends 
only on the strength of the current / and the fraction of a 
circumference 6/2 traversed in passing from P, to P; or from 
YA oe SA 

Thus the m.m.f. along a closed circuit not enclosing the cur- 
rent, as the line P,AKP,P,P,, is zero, no fraction of a circumference 
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being traversed, on the whole, in passing from P, to P, again. 
This may be shown also as follows: The m.m.f. along the path 
P.KP,P;, is I 9/27, and the m.m.f. along P,P, is — 9/27. Hence 
the total m.m.f. is zero. 

The m.m.f. around a closed path linking with the current 
wi. OQ = J 20/2 =/ (21) 
the directions of the m.m.f. and current being related like the 
rotation and translation of a right-handed screw. If the closed 
path links » times with the current, the m.m.f. is 


Q=nl (22) 


This proposition will be generalised in Chapters XIII. and XV. 
It will there be shown that the m.m.f. along any closed path 
linking times with any current is equal to # times the current. 
The relation is known as the first law of circuttation, and will be 
assumed in what follows. 


15. The Magnetic Field of an Infinitely Long Cylindrical 
Homogeneous Conductor of Circular Cross-section. According to 
§ 11, Chapter VIII., the current density, z, is uniform throughout 
the conductor and has the direction of its axis. Hence it follows 
from the symmetry of the conductor and equation (13) that the 
intensity at any point has no component in the direction of the 
radius or axis of the conductor. The lines of intensity are there- 
fore circles centered on the axis in planes perpendicular thereto. 
The intensity at a point distant d from the axis of the conductor 
can now be determined by applying (21). 

Outside the conductor, that is, for a circle of radius d greater 
than &, the radius of the conductor, we have, for the m.mf. 
around the circle in the direction of the intensity, 


Q = Hoard=/]= wR 
from which 
He [lard = Ri/2d (23) 


just as for a linear wire carrying the same current. 
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Inside the conductor, that is, for a circle of radius d less than R, 
Q = Herd = trd’ = Id? /|R? 
and H= id/2 = IdfanrR (24) 


At the surface of the conductor, where d= R, (23) and (24) 

become identical as 
H=tR/2 (25) 

At the axis of the conductor, where d = 0, (24) gives H = 0. 

Maxwell’s plane diagram of the magnetic field within and with- 
out the conductor is easily drawn by the method developed in 
Chapter II. The lines of intensity and equipotential lines outside 
the wire are exactly similar to the equipotential lines and lines 
of intensity, respectively, of the diagram of the electrostatic field 
of § 11, Chapter II. The development of the formulz for draw- 
ing the lines of intensity so that the spaces between successive 
lines correspond to tubes of equal strength is left to the reader. 

If the same current flows along a homogeneous circular cylin- 
drical shell of infinite length, the field outside the conductor is 
the same as that given by (23), but inside the intensity gradually 
diminishes until it vanishes at the inner surface of the shell. 
Within the space inclosed by the inner surface of the shell there 
is no field. For if there were a field, it would be circular and 
perpendicular to the axis, and the intensity at the distance d from 
the axis would be given by (24). Since in this region : =o, H 
is also zero. 

The same method may be applied to the case of a conductor 
consisting of any number of coaxial circular shells, each infinite in 
length and homogeneous. The external field is the same as that 
which would surround a linear wire at the axis carrying the 
same current. 


16. A Tore of Inductivity 4, Symmetrically Placed in a Circu- 
lar Field in a Medium of Inductivity »,, etc. Ifa tore, or circu- 
lar ring of constant cross-section, of inductivity “4, is placed around 
the cylindrical conductor or any of the conductors of §§ 14-15 im- 
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mersed in a medium of inductivity », with its axis coincident with 
that of the cylinder (or other conductor), the field external to the 
tore will remain unaffected, except during the introduction of the 
tore, and the intensity within the tore will also remain unaffected, 
by the principle of symmetry and equations (17) XI., and (21): 
but the induction at any point within the tore will be increased 
by its introduction in the ratio p,/p,. 

Since the magnetic pressure perpendicular to the intensity and 
to the interface at a point P just outside the tore in medium 1 is 
}u,/7" and the pressure just within the tore an infinitesimal dis- 
tance from P, $u,/7’, there will be a normal mechanical force 
upon the interface equal, per unit area, to 


T= 4y,H1* Pati hu, H1? oan sp, H,) (26) 


if considered positive when directed from medium 2 to medium 
1. Thus if , is greater than w,, the volume of the tore will in- 
crease slightly on its introduction into the field. 

This case and that of § 7, IV., are the limiting cases of 
§ 9, IV. 

In exactly the same way the matter within any (closed) tube 
of induction in a homogeneous medium of inductivity 4, may be 
replaced by a substance of inductivity »,. The external field, as 
well as the intensity within the tube, will not be disturbed; but 
the induction within the tube will be increased in the ratio w,/p,, 
and a normal traction will be developed at each point of the in- 
terface. If H denotes the intensity at any point of the interface, 
the traction at the point is given by (26). 


17. The Magnetic Field of Two Infinitely Long Coaxial Circular 
Cylindrical Shells Traversed by the Same Current in Opposite 
Directions. Let / denote the current, and FF and GG the 
shells, Fig. 97. 

The magnetic field in the region A is zero, as proved in a 
similar case in the last article. 
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The field in the region C outside both conductors is also zero, 
since a closed curve drawn around the outer shell encloses equal 
currents flowing in opposite directions. 

In the region BB the field is circular, and the intensity at the 
distance d@ from the axis is H = //27d. 





Fig. 97. 


Within the shells F and G the field is also circularin the same 
direction, but gradually diminishes in intensity from 3B to C and 
from Bto A. These intensities are computed in §§ 21 and 22, 
XIII. 

The vanishing of the field in the region C might be regarded 
as due to the superposition of the field connected with FF and 
the field connected with GG, the intensities of the two being 
equal and opposite at any point of the region CC. This would 
also account for the gradual diminution of the intensity in pass- 
ing through the outer shell from B to C. 


18. The Magnetic Field of Two Parallel Circular Cylindrical 
Conductors carrying any currents in the same or opposite direc- 
tions can be obtained at once by superposing the two fields, each 
already obtained in § 15. Maxwell's diagram of the lines of 
intensity when the wires are linear is given in Fig. 98 for the 
casc in which the same current traverses both wires in the same 
direction ; and the complete diagram is given in Fig. 27, II., for 
the case in which the same current traverses the two wires in 
opposite directions. When the conductors are not linear, the same 
diagrams hold good for the region outside the conductors, and the 
construction of the internal part of the diagram offers no difficulty. 
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When the currents are equal and opposite, the lines of intensity, 
as shown in the diagram, are circles about the wires. Hence the 





Fig. 98. 


equipotential surfaces, or the equipotential lines in the diagram, 
are arcs of circles cutting the wires. Compare § 109, II. 





Fig. 99. 


That the lines of intensity in this case are circles may be shown 
analytically as follows: Let the plane of the paper cut the wires 
perpendicularly in the points 4 and B, Fig. 99, and let PP’ = ds 
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be the element of a line of intensity. The rest of the figure is 
sufficiently clear to need no further explanation. Since there is 
no intensity perpendicular to a line of intensity, we have at PP’, 


H,-aL,/ds(= sin 0,) = H,:dL,/ds(= sin 8,) 
or T/awL, aL, /ds = I/2rL,-aL,/ds 
from which Lik VRRO FVR 
Integrating, we have L,/_L, = constant 


which is the equation of a circle with center on AB produced. 
The direction of the resultant intensity 4 is that of the normal 
CPG to the equipotential (circular) arc APB through FP, Fig. 100. 





/ \ 

/ v \ 

7, xC(Center 1 ; 
~~ wot Circle) j 

/ 


It makes with PB the angle go° + 9, since, as is easily proved 
from the figure, arc PB = arc FE. 
In magnitude 
H = H, cos 6, + H, cos 0, 
= / cos 6,/27AP + /cos 0,/27BP (27) 
= //2r- AB/AP x BP=1 AB/2nL,L, 
Exactly the same method used in § 19, Chapter II., might 
have been used in the above investigation ; and the method here 
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used can be applied with equal facility to the problem of that 
article. 

19. The Magnetic Field of an Infinite Solenoid. Consider an 
infinitely long straight coil of wire wound uniformly and closely 
at right angles to its length, the coil being of uniform cross- 
section and shape. Let there be # turns per unit length. Then, 
since we have supposed the wires perpendicular to the axis of 
the coil, the current can be regarded as forming a current sheet 
circulating as indicated in the figure (Fig. 101). 


Fig. 101. 


From symmetry, all the lines of intensity inside and outside 
the coil must be either parallel to the axis of the coil or in planes 
perpendicular to the axis and continuous around it. By § 11, 
equation (12), the second alternative is impossible, hence all the 
lines must be parallel to the axis. 

Let 7 and A’ denote the intensities just within and just with- 
out the coil at the point A, considered positive when in the posi- 
tive direction through the coil (the direction of the current in 
the solenoid being chosen as the positive direction around the 
solenoid) ; and let the m.m.f. be computed for the path adcda, 
which encloses 1 aé wires and therefore a current 2 ab J, Thus 


m.m.f. = Hab +0 be + H'cd + 0da=(H — H')ab =n ab 
Hence H—A’=nl 


Since the m.m.f. along 4c and ad is zero, the total m.m.f. 
around the circuit is independent of the length of dc and ad; 
hence  — #7” is constant in magnitude as well as in direction, 
and is equal to x/. 

If S denotes the area of the coil, w//S is the magnetic flux 
through the coil and the return flux outside, since the tubes of 
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induction are continuous. Hence H’ is opposite to H in direc- 
tion, and since the flux returns parallel to the axis across an in- 
finitely great area S’, uw” = w/1S/S', or zero. Hence H’ =0, 
and H=nl (28) 
everywhere within the solenoid. The intensity in the wire dimin- 
ishes gradually to zero in passing from the inside to the outside 
of the solenoid. 

Since there is no external field, the inductivity of the external 
medium may differ in any way from that of the internal medium 
without affecting the field. 

In the case of an actual solenoid which is long but not infinite, 
the above results are obviously approximately true. 

20. A. The Magnetic Field of a Finite or Infinite Circular Sol- 
enoid. “The magnetic intensity at any point along the axis of the 
solenoid, of radius R and # turns per unit length, can be found by 
direct integration from equation (16). From this equation the 
intensity at the given point P due to the current in the infinitesi- 
mal ring of width dx distant x from P is 

dH = nIR*dx/2(R* + x*)! 
the current in the ring being #/drx. The total intensity at P is 
therefore 


H= { d= nifa f az/R)/C + 29/R) 


= nl /2[1 [r+ RLY + 1 f(t + K/L] 
if Pis distant Z, and L, from the ends of the solenoid. 
If L, = LZ, = L, this equation becomes 


H=nI/(1 + Re/L (30) 


(29) shows that if the length of the solenoid, Z, + L, = 2Z, is 
great in comparison with &, the intensity along the axis, and 
therefore (the magnetic pressure 4 uH* being remembered) the 
intensity throughout the volume of the solenoid, is very nearly 
constant and equal to /, except near the ends of the solenoid. 


(29) 
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In this case the external field of the solenoid is very weak 
except near the ends, and the external medium may be altered 
in any manner, except in these regions, without sensibly affecting 
the internal field. 

If the flux through a long slender solenoid is ®, the magnetic 
field at external points is very nearly the same as the field of a 
permanent magnet placed coincident with the solenoid and having 
two approximately concentrated poles, of strength + ® and — ®, 
at its ends. 

When Z, = L, = infinity, (29) reduces to (28). 

B. A Very Long and Slender Cylindrical Rod of Inductivity » 
Placed Within a Longer and Wider Uniformly Wound Solenoid 
Containing a Medium of Inductivity yu, Parallel to its Axis. 
Except near the ends of the rod, the demagnetising intensity 
due to its poles is small, and if the ratio of its length to its 
diameter is sufficiently great, negligible. 

The magnetic intensity within and without the rod, except 
near its ends and the ends of the solenoid, is 


H=nal 
The magnetic induction within the rod is 
B= pH 


and that within the rest of the core 


the region near the ends being excepted. 
The intensity of magnetisation of the rod, except near its 
ends, is 
J=B-B,=(¢—4)H 


and the numerical strength of each of the poles, distributed over 
the ends of the rod, is 


m= 1 S=(B— pH)S = (4 — p,)HS (31) 


where S denotes the area of the cross-section of the rod. 
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21. The Magnetic Field Between Two Infinite Parallel Planes 
Traversed by Equal and Opposite Currents. The result obtained 
for the infinite solenoid, (19), being independent of the shape and 
area of the cross-section of the coil, may be applied to a coil 
with a rectangular cross-section of finite height and infinite 
width. We have then two parallel plane current sheets in 











Fig. 102. 


opposite directions. If the current directions are as shown in the 
figure (Fig. 102), and if the current per unit length of the coil 
perpendicular to the plane of the figure is ~/, the uniform mag- 
netic field of intensity Y= x/ is directed perpendicularly into 
the plane of the paper. This result could of course have been 
readily obtained independently. 

22. The Magnetic Field of an Endless Coil Uniformly Wound 
Upon a Solid of Revolution Generated by Revolving a Plane 
Area 8 about an Axis in its Plane but Not Passing Through It 





Fig. 103. 


(Toroidal Coil). The current is assumed to circulate in a sheet 
accurately perpendicular to the coil, as shown in the figure (Fig. 
103). The cross-section of the coil is shown rectangular in the 
figure, but may have any shape. 
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By symmetry, all the lines of intensity must be either circles 
about the axis of revolution in planes perpendicular to the axis, 
or closed curves around or within the coil in planes cutting it 
perpendicularly. The second alternative is impossible, by § 14, 
since such curves would enclose no current. For the same rea- 
son there can be no circular lines of intensity centered on the 
axis outside the coil. All such circles inside the coil, however, 
enclose the total current circulating around the coil. If the 
total number of turns of wire in the coil is V, and if the current 
strength is /, the m.m.f. along any circle of intensity of radius @ 
within the coil is Hond = NI 


whence H = NI/2nd (32) 


If the radius of the shortest line of intensity is R, and if there 
are # turns per unit length of this line, WV = 27-Rn, and 


H =nIR/d (33) 


If R becomes infinite, and if the area of the cross-section of the 
coil remains constant, so that R and d approach equality as they 


approach infinity, SR 


as otherwise shown in § 19, which with § 21, is thus a special 
case of the present article. 

Since there is no external field, it is immaterial what medium 
surrounds the toroid. 


23. The Force Between Two Infinite Parallel Linear Conductors 
Carrying Electric Currents. Let the currents, of strengths /, and 
/,, intersect the plane of the paper at A and B respectively, dis- 
tant d apart, and first suppose that the currents have the same 
direction, down into the plane of the paper. Then the intensity 
H, due to the current /, is /,/2ad at all points of the wire A, 
and is directed vertically upward at right angles to the wire. 
Hence the force upon a length Z of the wire A is 
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Fea INIA, = [f,L [and (34) 


the last expression being the numerical value of the force. 

V/A, is directed toward B, thus the force is one of attraction 
between the wires. 

The direction of F is not affected if the directions of both 
currents are reversed. If however the direction of one of the 
currents only is reversed, / becomes a force of repulsion. 

The fields surrounding the wires when the currents have the 
same magnitude and flow in the same and opposite directions are 
shown in Figs. 98 and 27. The force upon each wire is seen to 
be always from the stronger to the weaker part of the field. 





Fig. 104, 


24. The Forcive Between Two Infinite Straight Linear Conduc- 
tors Perpendicular to One Another and distance dapart. Let one 
of the conductors, AC, Fig. 104, lie in the plane of the paper, 
and let the other, D, be perpendicular to this plane, the currents, 
/, and J, being directed to the right and downward respectively. 
By considering the field of one current in the neighborhood of 
the other, the forcive is seen to be a pure torque tending to make 
the two currents flow in the same direction. To obtain the 
torque 7 upon a length Z of AC, with center at B, we have, for 
the force upon an element of AC of length dx distant x from B, 


dF = Bi dx x/(d? + x) = pl [xdx/21(d* + 2°) 
and aT = xdF = pl /,x*dx/20(d* + +x’) 


BD being chosen as axis of moments, and a positive torque tend- 
ing to move C down. Hence the total torque upon a length Z 
of AC with center at B is 


T= plJ,/2m-(L + wd — 2d tan"! L/2d) (35) 


CURRENTS AND MAGNETIC FIELDS. 315 


By considering the field of one wire in the neighborhood of 
the other it is easy to see that when the currents make with one 
another an angle @ different from go°, there is, in addition to the 
torque (which vanishes when 6 = 0° or 180°), a force between 
the wires, attractive when @ is less than 90° and repulsive when 
@ is greater than 90°, the force upon each element being always 
from the stronger to the weaker part of the resultant field. 


25. The Force Between Two Linear Circular Coaxial Wires dis- 
tant d@ apart, where d is very small in comparison with the 
radius of either circle. Since the field very near any thin wire 
is approximately the same as the field very near an infinite straight 
wire, the approximate force in this case is easily obtained. 

If the circles have the same radius, X&, and if the currents are 
f, and /,, the force is 


F= [/,/20d:27R = 1 TR/d (36) 
and is attractive or repulsive according as the currents flow in 
the same or opposite directions. 


If the radii of the coils are RX, and R,= R, + a, and if the 
distance between their planes is 4, 


F=Rihlp/(@ + &) (37) 
which is a maximum, for given values of R, and R,, when 4 = a. 


_®. The Torque upon a Circular Cylindrical Coil of n Turns and 
Radius r Placed with its Center in the Axis of Two Coaxial Circular 
Coils each of radius R and XN turns, at a point equidistant from 
the planes of the coils, with which its own nght cross-section 
makes an angle 6, when & is much larger than r. The field of 
the larger coils will be sensibly uniform throughout the region 
occupied by the smaller coil and equal to its value at the center 
of the axis. If the distance between the planes of the two large 
coils is 2d, and if the currents of the larger and smaller coils are 
/ and i respectively, then, by § 13, if the currents in the larger 
coils have the same direction, the field intensity at the center of 
the axis is 
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H = NIR’/(R’ + a’)! 
Hence, by § 10, there is a torque upon the smaller coil equal to 


T = ni pH cos (90° — 8)-4r 


8 
= il nN pr R? sin 0/(R? + a)! eS) 


which is a maximum when the smaller coil is perpendicular to 
the other two. There is no translatory force acting upon the 
coil as a whole. 

If the same current / traverses both coils, and if the medium 
surrounding the coils is air or free ather (a vacuum), in which 
w= w= 1, 

T= PuNarrR sin 0/(R? + a) (39) 


numencally. 

From the above equations, and the equations developed in 
foregoing articles, for the forcive between two conductors carry- 
ing the same current, the electromagnetic unit current and the 
inductivity of the surrounding medium can be defined without 
reference to magnets of any kind. 

It can easily be shown that the field at the center of the axis 
is most nearly uniform when d is made equal to R. In this case 


(39) becomes 
T= [?nNaf sin 0/24R (40) 
numerically. 


27. Galvanometers. A ga/vanometer is an instrument for meas- 
uring or detecting electric currents by means of the forcive acting 
between a permanent magnet and a conductor traversed by an 
electric current. There are two general types of such instru- 
ments: In one the magnet is fixed and the conductor is mov- 
able, in the other the conductor is fixed and the magnet is 
movable. 


28. The Deprez-D’Arsonval Galvanometer. This is an instru- 
ment of the first type. It consists essentially of a permanent 
horseshoe magnet VS, Fig. 105, with a very strong magnetic 
field between its poles ; a coil C, consisting of many turns of fine 
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insulated wire, suspended vertically by a very fine metallic ribbon 
AD continuous with the wire of the coil; and, attached to the 
coil, a pointer or light mirror B, by which any angular change 
in the position of its plane may be determined. 





Fig. 105. 


The coil is adjusted until, when no current is flowing, its plane 
is parallel to the magnet’s field, which is so strong that the field 
of the earth and other magnets or currents in the neighborhood 
is negligible in comparison. When traversed by a current, the 
coil is deflected about AZ as axis until the torque exerted upon 
it by the magnetic field is balanced by the return torque due to 
the twist of the elastic suspension. Let 8 denote the permanent 
angle of deflection when the current strength is 7, S and x the 
(average) area of a single turn of the coil and the number of 
turns, respectively, and B the magnetic induction, supposed 
uniform, between M and S. Then the torque upon the coil 
due to the field is, by (9), § 10, 


T = nSIB cos 6 


If R is the torsional constant of the suspending ribbon, we 
have also 


T = RO 
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Hence, equating the two values of 7 and solving for /, we have 
I= R{[nSB-6/cos @ (41) 


For small values of 6/ cos @ is sensibly equal to 1, and / is 
sensibly proportional to 6. 

By giving a special shape to the magnet’s pole faces and insert- 
ing within the coil symmetrically a cylinder of steel magnetised 
transversely, or a cylinder of soft iron, the induction in the region 
moved through by the vertical portions of the coil may be made 
practically uniform in magnitude and parallel to the plane of the 
coil in any position. In this case 7= »SB/ = R6 and 


I= R/[nSBO (42) 


for all angles. 


28. The Tangent Galvanometer. The simplest galvanometer 
of the second type, in which the magnet is movable and the 
conductor fixed, is the tangent galvanometer. This instrument, 
in its simplest form, consists essentially of a circular coil of wire, 
each turn having practically the same radius R, wound upon a 
suitable frame (of non-magnetic material); a small permanent 
magnet suspended by a long thread of quartz or silk as free from 
torsion as possible, or otherwise mounted in such a way as to 
move very freely, at the center of the coil; and a mirror or a 
pointer mounted upon the magnet, by which its angular motion 
may be determined. The coil is placed with its plane, or the 
nearly coincident planes of its turns, in the magnetic merid- 
ian, VS. 

When there is no current in the coil the magnet will come to 
rest with its axis in this plane, under the action of the horizontal 
component of the earth’s magnetic intensity, which will be denoted 
by H. When a current / traverses the coil, there is developed 
at the center of the coil a magnetic intensity perpendicular to H 


and equal to 
H=nl/2R=GI 


G( = H//=n/2k) being a constant for the given coil. 
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The resultant, ”’, of the two fields makes with H an angle 
0 = tan“'H/ H 


and the magnet will be deflected through this angle, coming to 
rest when its axis lies in the vertical plane through H’. Hence 


we have [= 2R/nH = 2RH/n-tan 6 = H/G- tan 0 (43) 


If the magnet is suspended at the center of the axis of two 
similar parallel coils carrying the same current in the same direc- 
tion, we have 


[= (k*? + d’\tH/xR’- tan 8 = H/C’ -tan 6 (44) 


It can easily be shown that the field near the center of the axis 
is as nearly uniform as possible when d is made equal to R. In 
this case (44) becomes, 

J = 21RH /1-tan 8 = H/C” -tan 6 (45) 


The Determination of a Current in Absolute Electromagnetic 
Measure. By measuring all the quantities in the second member 
of either of the above equations, a current may be determined in 
terms of the REM unit. 


30. Sensitive Galvanometers (Second Type). Such a galvanom- 
eteras that just described, though valuable as a means of determin- 
ing a current in absolute measure, is by no means sufficiently sen- 
sitive for most purposes for which a galvanometer is needed. The 
sensitiveness of a galvanometer, or the ratio of the deflection to 
the current, or change in deflection to change in current, may 
evidently be increased by increasing the number of turns and 
bringing them closer to the magnet, or by diminishing the 
effect of the external magnetic field acting upon the magnet. 
The latter method will be considered first. 

One method of diminishing the strength of the earth’s magnetic 
field is by placing one or more magnets, called control magnets, in 
such positionsas to neutralise to a greater or less extent the earth’s 
field. This method, while very generally practised, is open to the 
often serious objection that slight changes in the earth’s field, 
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which are constantly occurring, produce very large percentage 
variations in the weak resultant field at the magnet, thus mak- 
ing the behavior of the instrument extremely inconstant. 

A better method is to surround the galvanometer with a thick- 
walled case of iron, or several such cases, to act as a magnetic 
shield. This greatly reduces the field of the earth without in- 
creasing the relative prominence of its variations (§ 23, XI.; §§ 
14-15, IV.). 

A still better method, now always adopted for the most sen- 
sitive instruments, usually in conjunction with at least one of the 
other two already mentioned, is to mount on the same suspen- 
sion two galvanometer magnets of as nearly as possible the same 
moment, with their poles turned in opposite directions. If the 
axes of these magnets lie accurately in the same plane, and if 
their moments about the axis of suspension are rigorously equal, 
the earth’s field can exercise no directive influence upon the sys- 
tem. Such a magnetic system is said to be astatic. With this 
condition approximately realised in practice, the directive effect 
of the earth’s field can be made extremely small. The current 
is passed around one magnet only, or else, in highly sensitive 
instruments, in opposite directions around the two magnets. A 
control magnet is used to adjust the position of the mirror as 
well as to regulate the sensitiveness of the instrument. 


31. The Winding of a Sensitive Galvanometer of the Second 
Type. With respect to the winding of a sensitive galvanometer 
of the second type, it is evident that the magnetic intensity at a 
point O, the position of the magnet, Fig. 106, due to unit current 
in length Z of wire wound upon a circular arc whose radius sub- 
tends an angle @ at O and every point of which is distant r from 
O, is 

H=L sin 0/4rr (46) 

If the same wire is wound in parallel circles with their axes 
through O anywhere on the surface of revolution the equation of 
whose generating curve is sin@/r? = 47H/L = constant, the 
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field intensity, 7, at O will be the same as that given by (46). 
This equation may be written 


sin O/r = 1/7 or 7 = p sin 8 (42) 
where 7”? = constant = L/47H. 

A plane section through the axis of revolution of this surface, 
drawn for a given value of 7’, is shown in Fig. 106. 

Since all points within a surface drawn for a given value of 
p lie upon surfaces with smaller values of f, and therefore greater 
values of #7; and since all points without the surface lie upon 
surfaces with greater values of » and smaller values of 77; it 
follows that a given length of wire, in order that it may produce 





Fig. 106. 


the maximum field at O, should be wound so that its whole mass 
just fills up the volume within the surface given by the equation 
(47), where the magnitude of » depends upon the quantity and 
the length of wire. In the actual winding, of course, some space, 
indicated in the figure by dotted lines, must be left for the magnet 
and suspension. These, however, in modern sensitive galva- 
nometers, are so small as to weigh but a very small fraction of 
a gram, so that this space is not large. 

Since a given length of fine wire occupies less volume than 
the same length of coarser wire, it is an advantage, if a galva- 
nometer of a certain resistance is to be constructed, to use fine 
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wire for the smaller values of , that is, near the magnet, and 
coarser wire further from the magnet. Three sizes of wire are 
frequently so used in the same coil, although a single wire of 
uniform cross-section is usually employed. 

It is evident that the current traversing the coils of a galva- 
nometer constructed as above is not, in general, strictly pro- 
portional to the tangent of the angle of deflection. The law 
J=H/G-F(@), where G = ////, connecting the current with 
the deflection can, however, easily be determined by experiment. 


32. The Ballistic Galvanometer. The electric charge of a con- 
. denser, or the charge circulating through a coil owing to electro- 
magnetic induction (XIII.), that is, in general, the time integral 
of a transitory current, can be measured with a galvanometer, 
provided that sensibly the whole charge can be made to circulate 
through the galvanometer’s coil before the magnet (or coil, if 
the instrument is of the first type) has moved appreciably* from 
its position of equilibrium, and provided that the damping (or 
retardation due to friction, induced currents (XIII., § 5), etc.) of 
the magnet’s (or coil’s) motion is but slight. To insure that 
these conditions shall be satisfied, and to make the deflections of 
the mirror easy to read, a galvanometer designed for this purpose, 
called a da/listic galvanometer, is constructed with a magnet (or 
coil) of considerable moment of inertia (and long period), and 
damping is prevented as far as possible. 

We shall consider here only an instrument of the second type. 
Let H denote the magnetic intensity at the magnet due to the 
earth and the control magnets, .J/ the moment of the magnet, 
XK its moment of inertia, the magnetic intensity at the magnet 
due to a current / in the galvanometer coils, and G the constant 
ratio of 7 to /, asin § 29. Then 

H=GI=G dg/dt 
when a current / = dq/d¢ traverses the coils. 


*The cosine of the angle moved through by the magnet in the discharge time # 
must not differ sensibly from unity, or a correction must be applied. 
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The torque upon the magnet, which remains sensibly in its 
position of equilibrium during the passage of the whole (appre- 
ciable part of the) charge, due to the current / is 


T= HM =GM dat 


When a total charge @ is passed through the coils, the (appre- 
ciable part of the) transitory current lasting for a time /’ so small 
that the magnet does not sensibly move within this time, the 
total angular impulse upon the magnet is 


f Tdt = GM it (dq/dt)dt = GM if dg = GMgq 
0 0 


If w denotes the angular velocity imparted to the magnet by 
the discharge 


ie Tdt = GMq = Ko 
\ ee 


and the kinetic energy of the magnet just after the discharge, 
while still sensibly in its position of equilibrium, is 


h Kw? = 4(GMq)?/K 


If, as we assume for the presént, there is no damping, the 
magnet will come to rest at a certain angle of deflection 8, such 
that the work done against the magnetic field of intensity H is 
equal to the original kinetic energy }Xw’. (The torsion of the 
fiber suspending the magnet is supposed negligible.) Hence 


}(GMq)'/K = i "MH sin 640 = MH(1 — cos 6) 


= 2MH sin? 30 
from which 
g=2/G:(KH/M) sin 36 (48) 


Thus the charge is proportional to the sine of one-half the angle 
of deflection (first elongation). 

To obtain the charge in absolute measure from (48), it would 
be necessary to know both K and % or their ratio, as well as H 
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and G; but the first two of these quantities can be eliminated by 
making use of (34), XI., according to which 
(K/M)t = T/H/20 


T being the time in which the magnet, vibrating through an in- 
finitesimal arc, executes a complete oscillation. Thus we have 
g = H7/rG:sin 40 (49) 

H/G can be readily determined by passing a known steady 
current J through the coil and noting the steady deflection @. 
Then, with the nomenclature of § 33, (1), 

H/G = I/F) | 

The period 7 of a complete vibration of the magnet for an 
infinitesimal arc can be computed without difficulty from the 
observed time of vibration for a finite arc. For small arcs the 
difference between the two times of vibration is not appreciable. 
If the damping and the torsion of the suspension are not negli- 
gible, further corrections must be applied. All these matters 
are discussed in Gray's Adsolute Measurements in Electricity ana 
Magnetism. 

The development of the formula corresponding to (49) for the 
ballistic Deprez-D’Arsonval galvanometer is not difficult and is 
left to the reader. It is 

9g = VKR/nSB-0 = RinSB- 7/7 .16 (50) 


The constant R/nSB can be easily determined from (41) by 
means of a known steady current and the corresponding known 
deflection. 

In what follows (49) is adopted as a standard formula for the 
ballistic galvanometer. If an instrument of the first type, which 
offers important advantages in many cases, is used, the equa- 
tions must be modified by the substitution of (50) for (49). 


38. The Best Resistance for a Galvanometer Wound with Uni- 
form Wire. We shall now determine the best resistance to be 
given to a set of galvanometer coils, or a galvanometer coil, of 
given type, in order to produce the maximum sensitiveness, 
when in addition to the type of galvanometer, the space to be 
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filled by the wire, its disposition as to the magnet, and its specific 
resistance are given. The volume occupied by the insulation 
will be supposed negligible. * 

Let 7 denote the volume to be occupied by the wire, and Z the 
length, S the cross-section, 7 the specific resistance, and g the 
total resistance, of the wire. Then 


g=rl[S=rL'/t (a) 


(1) First consider a galvanometer designed to measure steady 
currents. The current / in the galvanometer is proportional to 
some function of @, the angle of deflection, as tan @, sin @, 
6/cos @, etc. Let this function be denoted by /(@). Then we 
have, by what has just been said, 


F0) = BI (6) 


in which & is a constant for the given galvanometer and coil. B 
is evidently proportional to the length of the wire in the coil. 


That is 
B=KL 


where X is a constant depending on the size of the coils, the 
type of instrument, etc. (a) may therefore be wntten 


F6) = BI = KLI 
or 


I = F(6)(KL 


If the galvanometer is connected in circuit with a generator 
with an e.m.f. VW and a resistance such that the total resistance 
in the circuit outside the galvanometer is R, we have 


T=V/( g+ R) = F0)/KL 
or 


F6) = KVL ](g + R) = KVL|(rL*/1 + R) 


“For a more complete discussion reference must be made to Gray’s Absolute 
Measurements in Electricity and Magnetism, Vol. 11., and to The Physical Review, 
Vol. V., p. 300. 
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So far as its dependence upon the length of the wire is con- 
cerned, /(6) will be a maximum when @/(@)/aZ = 0, that is when 


aF(0\/dL=o=KWV(R—rL?/7)[(R+rL?/tl? =o 
which gives r flr g= R (51) 


So that the greatest sensitiveness will be attained by giving 
the wire such a length, or such a cross-section, that its resistance 
is equal to the external resistance. It is obvious that r should 
be as small as possible to produce the maximum current with a 
given e.m.f. Hence the coils are usually wound of copper wire. 

(2) If the galvanometer is one designed for measuring con- 
denser charges so that the total charge g crosses every section 
of the wire, whatever its length or resistance, we have (§ 32) 


F (0) = CBg = CKLq (52) 


where C is a constant and B = KZ can be determined by measur- 
ing F(@), § 33, (1), when a steady current / is passed through the 
coils, 

From (52) it is clear that the wire should be as fine as possible, 
or, for a given kind of wire, the resistance as great as_ possible. 
The specific resistance is immaterial, provided that the total re- 
sistance is not so great as to make the time constant (§ 41, Chap- 
ter XIII.) noticeable. 

(3) If the galvanometer is to be used for measuring discharges 
produced by changing the magnetic flux through a coil (§ 9, 
Chapter XIII.), we have, 


or, for a given value of V (the change of coil flux producing the 
discharge), 


F,(9) = constant x L/(¢ + R) = constant x L/(R + rL*/7) 
Hence dF,(6)/dZ = 0, and the sensitiveness is a maximum, 


h 
bei g=R (53) 
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as in an instrument used for steady currents. In this case also, 
r should be as small as possible. 


34. The Electrodynamometer. The formule developed in § 26 
are utilised for the absolute determination of current strength by 
the electrodynamometer. 


The Electrodynamometer of Weber, in its simplest form, con- 
sists essentially of two large coils and a much smaller coil, 
similar to those described in § 26, together with a fine metallic 
ribbon joined to one end of the smaller coil and suspending this 
coil from a fixed torsion head, with its center at the center of 
the axis of the two large coils, a straight vertical piece of wire 
joined to the other end of the small coil and dipping into a cup 
of mercury below, and a light mirror mounted upon the small 
coil for reading its deflections. 

The suspension is adjusted by turning the torsion head until, 
when there is no current, the planes of the smaller and larger 
coils are perpendicular. When the same current / is passed 
through all the .coils in series, flowing in the same direction 
through the two larger coils, the smaller coil will be deflected 
through an angle 6 such that the return torque due to the torsion 
of the suspending ribbon just balances the torque of the field. 
If K is the constant of torsion of the ribbon, this torque is 7 = 
K@. Hence, by § 26, 


T= KO = PuNprrR cos 0/(R? + a’) 
and I= KR? + d*\t/rR(nNpr)(O/cos 6)3 (54) 


If a= R, when the field throughout the smaller coil is most 
nearly uniform, 
[= 2.RK)t/r(nNyar)(6/cos 6) (55) 


# being sensibly equal to 1, numerically, when the coils are in air. 


The Siemens Electrodynamometer. Instead of keeping the 
upper end of the suspension fixed, and measuring the angle of 
twist of the lower end, the torsion head is often turned in the di- 
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rection opposite to that of the deflection until the deflection is 
reduced to zero. If @ is the angle through which the torsion 
head is turned to effect this result, we have, by § 26, since the 
planes of the movable and fixed coils remain perpendicular, 


T= KO = PuNrrR'|(R? + a7) 
and 
[= (R* + d*)(K0)t/(nNysr)irR (56) 
Ifd=R, 
[= 2{KR)6\/r(nNum)} (57) 


Since all the quantities in the second members of (54) and (56) 
can be determined by direct measurement, they suffice to deter- 
mine / in absolute measure. Since 7 is proportional to the 
square of /, an alternating current can be measured with the 
electrodynamometer. 

Instead of a suspension made of a single ribbon, a bifilar sus- 
pension is often used in the Weber electrodynamometer. It con- 
sists of two fine wires, parallel, or nearly parallel, connected to 
the two ends of the coil, serving to carry the current to and from 
the coil. For small angles the formule are the same for the 
two kinds of suspension. 

When an electrodynamometer is not to be used for the abso- 
lute determination of current strength, but only for relative 
measurements, or when it is to be calibrated by comparison with 
standard instruments, its construction is often greatly modified to 
increase or diminish the sensitiveness, to reduce the size, etc. 

In an electrodynamometer of the Siemens type, in which the 
movable coil is always in the same position when measurements 
are made, the current is always proportional to the square root 
of the angle of torsion, whatever the form of the coils. 


35. The Comparison of E.M.F.s by Poggendorff's Method, Ray- 
leigh’s Modification. A constant current / is passed through the 
circuit ABCDA, Fig. 107, containing two accurately adjustable 
resistances RK and k’, by a battery D of constant emf. WV, 
greater than any of the e.m.fis to be compared. The agents / 
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and F, whose e.m.f.s ¥, and VY, are to be compared are placed, 
one at a time, in a shunt circuit AGB, containing a galvanometer 
G and a key KA, in such a direction as to oppose a current 
through the shunt dueto D. The resistances R and R’ are then 
adjusted, while their sum R + X’ is kept constant and high, until 
the galvanometer needle remains undeflected whether the key 





Fig. 107. 


KA is open or closed. Then Y, the e.m/f. of the agent F, is 
equal to R/, the potential difference between A and B due to the 
field of the current. Hence, if ®, denotes the value of RF for the 
balance when F, is in the circuit, and R, the corresponding value 
when F, is in the circuit, 


WV, = RJ and wv; = R,/ 
and Fy ese = R,/R, (58) 


Slight modifications of this method (potentiometer methods) 
enable comparisons to be made between two resistances or two 
currents, and are extensively used. 


36. The Comparison of a Capacity and a Resistance by the 
Method of Direct Deflections. A constant current / traverses a 
circuit of high resistance including in series the resistance R under 
experiment. The plates of the condenser, of capacity S, are con- 
nected to the terminals of ®, thus coming to a difference of poten- 
tial R/ and acquiring a charge SA/. The condenser is then 
insulated from the battery circuit and discharged through a 
ballistic galvanometer G, producing an angular deflection @ such 


that 
SRI = H7/ Gr ‘sin $6 (a) 
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The galvanometer is then disconnected from the condenser and 
its terminals connected to two points of the battery circuit be- 
tween which the resistance is 7, a very small fraction of the re- 
sistance IJ’ (which may be made as large as desired) from terminal 
to terminal through the galvanometer. This will not alter the 
current / appreciably, but will produce in the galvanometer a 
constant current 


[r/(r + W)] f= H/G-R6") (6) 


8’ being the corresponding steady deflection. Eliminating H/G/ 
from (a) by means of (4), we obtain 


SR = [r](r + W)] T/m-sin 40/F6’) (59) 


The ratio r/(r + W), 7, 8, and F(@’) being observed, SR is 
given in absolute measure by (59). 


The Determination of a Resistance in Absolute Measure. Since 
the capacity of a condenser can be calculated from its dimen- 
sions, the method affords an absolute determination of a 
resistance. 


The Comparison of Capacities, E.M.F.s, etc., by Direct Deflec- 
tions. The above disposition of apparatus, slightly modified, 
enables a comparison to be made between two capacities, two 
e.m.f.s, two resistances, or two currents. 

Thus, if two condensers with capacities S, and S, are charged 
to the same voltage (as R/) and then discharged separately 
through the same ballistic galvanometer, producing angular 
throws of the needle equal to @, and 6,, we have, from (a), 


S,/S, = sin $6, /sin $6, (60) 


Or, if the same condenser is charged to different voltages V, 
and V, in succession, and discharged each time through the same 


ballistic galvanometer, 


V,/ V, = sin 46, /sin $8, (61) 
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37. The Bridge Method of Comparing Capacities. The conden- 
sers whose capacities S, and S, are to be compared are arranged 
as shown in Fig. 107, R, and R, being adjustable resistances. X, 
is first closed, K, being open. The condensers are now charged 
to voltages V, and V,, such that S,V, = S,V,, since they are 
connected in series. , being kept closed, KX, is then closed 


also. If V, = R,/J and V,=R,/, where /is the steady current 





<— 
Fig. 108. 

through R, and X&,, the needle of G will remain undeflected. 

Otherwise it will be deflected. In this case the condensers are 

discharged by opening X,, A, being still closed, and the process 

is repeated with different ratios of R, to R, until there is no de- 

flection on closing A, after A, (or on opening X, before X,). 


nae SV =S,V,= SRI = SR 
whence S,/S, = F/R; (62) 


The battery and galvanometer may be interchanged in the 
above arrangement. The ratio of the capacities is given by the 
same formula, (62). 


CHAPTER XIII. 
ELECTROMAGNETIC INDUCTION. 


1. Magnetic Flux Through a Coil. Consider a thin conductor 
in the form of a coil of 7 approximately closed turns, I, 2,---, 7. 
Let the positive direction around any one of the turns, &, be 
chosen arbitrarily, and let the positive direction around each of 
the others be chosen to coincide with the direction of its current 
when the current through the coil traverses turn & in the positive 
direction. Let the magnetic flux through each turn be denoted 
by ® with the appropriate subscript, as ®,, ®,,---, or ®, and 
let ® denote the average flux through a single turn. Then the 
magnetic flux through the cotl, or the cod flux, which will be de- 
noted by JN, is defined by the equation 


N=O,40,4-..40, = 2® (1) 


If the area of the surface with its edge in any turn is not so 
great in comparison with the width of the conductor that the 
flux across the conductor itself can be neglected in comparison 
with the flux through the turn, an approximately correct result 
can be obtained by assuming the conductor (supposed circular) 
replaced by a /tnear conductor coinciding with its axis. 


2. The Inductance, or Coefficient of Self Induction, of a coil or 
circuit is defined to be the quotient of the coil flux, V, due to the 
coil’s own magnetic field divided by the current / in the coil, 
and will be denoted by Z. Expressed in the form of an equation, 


this relation is L=N/I (2) 


If the inductivity ~ is constant throughout the magnetic field (in- 
dependent of /) so that B and J are proportional to the current 
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/, the inductance is the coud flux per unit current, and is constant. 
If the coil contains iron, Z is far from constant. 


3. Mutual Inductance or Coefficient of Mutual Induction. 
The coefficient of induction of a coil 1 with respect to a coil 2 is 
defined as the quotient of the coil flux V, through coil 2 due to 
the magnetic field of coil 1 divided by the current /, of coil 1, 
and will be denoted by 44,. Thus 


M,= Nil hh (3) 


which is constant, for a fixed configuration of the conductors, 
when »p is constant. 

It will be shown later (§13) that when » is constant the coeffi- 
cient of induction of coil 2 with respect to coil 1 is equal to that 
of coil 1 with respect to coil 2. Hence we may wnite 


M, = M,=M=N,,/1,= Ny/%, (4) 


This relation is true only when yw is constant M= M,= M,, 
is called the coeffictent of mutual induction, or the mutual tnduct- 
ance, of the two coils I and 2. 

The coefficients of self and mutual induction will be defined 
from energy considerations in § 17. 

4. Electromagnetic Induction. Motional Electric Intensity. It 
follows as a generalisation from experiment that whenever a con- 
ductor moves in a medium (ether or ether permeated by mat- 
ter) supporting a magnetic field there is developed at every point 
P of the conductor an intrinsic electric intensity (arising from the 
transformation of mechanical energy into electrical or electrical 
into mechanical) equal to 

e = VuB sin y (5) 


where & denotes the magnetic induction at P, w the velocity of 
the point Pof the conductor with respect to the medium (and 
the fixed magnetic induction at P), and y the angle between the 
directions of «# and B. 

It is often convenient to think of the conductor as fixed and 
the medium supporting the magnetic field as moving, together 


334 ELEMENTS OF ELECTROMAGNETIC THEORY. 


with the field, in the opposite direction with the velocity at the 
point P. In this case we must replace (5) by 
e = VBu sin y (52) 
This will be done in what follows. 
The electric intensity ¢ is called a motional electric intensity. 
It is also very generally called an zmduced intensity. 


A motional electric intensity in zxsu/ators has not yet been 
observed. See Blondlot, Journal de Physique, Jan., 1902. 


Motional E.M.F. It follows from (5a) that the component of 
e at the point Pin any direction is equal to the vector product 





Fig. 109, 


of the component of B perpendicular to this direction and the 
component of ~ perpendicular to the plane containing B and the 
given direction. 

Hence it follows also that whenever an element, of length @Z, 
of a line in any conductor is moving in a medium supporting a 
magnetic field, a motional electromotive force is developed along 
aL equal to dL multiplied by the vector product of the com- 
ponent of B perpendicular to dZ and the component of x, the 
velocity of the medium (and tubes of induction) relative to dl 
considered as fixed, perpendicular to the plane containing B and 
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aL. Thus, if @ denotes the angle between 2 and the component 
of ¢ parallel to ¢dZ, and 8 the angle between w and the plane 
containing B and the component of ¢ just mentioned (or the ele- 
ment dL), the e.m.f. along @Z is given in magnitude and direction 


by the equation 1, _ dLNV(B sin 0\(u sin 8) (6) 


The relative directions of the quantities occurring in this equation 
are shown in Fig. 109, the axis of Z being made to coincide with 
the direction of dZ and @d¥Y, and the plane of XZ with the plane 
containing B and @Z. 

The second member of (6) is evidently the time rate at which 
magnetic flux sweeps across the element of length dZ, or, nu- 
merically, the number of unit tubes of induction moving across 
aL per unit time. If we denote this rate, per unit length of aL, 
by d@/dt (6) may be written 

dV = dL-do/dt (62) 
which, however, does not give the direction of dV (see Lenz's 
law below). 

From the two preceding equations it is clear that the motional 
electromotive force along a line Z of any length or form in a 
conductor moving in a medium supporting a magnetic field is 


VY = fdLlV(B sin 0)(u sin 8) = [dL -dp/dt=d®/dt (7) 


where d® /dt denotes the time rate at which magnetic flux sweeps 
in the same general direction across the line Z, or, numerically, 
the number of unit tubes of magnetic induction moving across L 
per unit time, the last two expressions not giving the direction 
of VW. (See Lenz’s law below.) 


Motional e.m.f. and Ampére’s Law. The existence of a mo- 
tional e.m.f. and its origin in the transformation of mechanical 
work (in moving the conductor against the electromagnetic forces 
of § 4, XII.) into electrical energy or vice versa being established 
by experiment, its magnitude and direction can be deduced from 
Ampeére’s law if we assume that a// the work done in moving a 
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conductor against electromagnetic forces is transformed into 
electrical energy, and that af the energy acquired by a moving 
conductor owing to the action of electromagnetic forces is trans- 
formed without loss from the energy of the electromagnetic field. 

Thus suppose @Z at the point P to be the element of length 
of a thin wire carrying a current / (due wholly or in part to the 
motional e.m.f.). The force upon the element, as given by 
Ampere’s law, § 4, XII., is 


dF = dLNIB sin 8 
The component of d/ in the direction of the velocity # is then 
dF' =dF sin 8 =@L sin 8 JB sin 6 
and if the element is moved against the force dF’ with the 
velocity — # work will be done upon the element at the rate 
P= dF'u=dLu sin 8 JB sin 6 


Hence the intrinsic e.m.f. developed in the length dZ by the 
relative motion of conductor and field is 


aqV=Pi[l= alu sin B B sin 0 
in magnitude, and 
adV =dLV(B sin 6)(u sin 8) 


in both magnitude and direction, since @Y must have the same 
direction as / when energy is transformed from mechanical to 
electrical form. 

The agreement between this result and (6) justifies the above 


assumption. 


5. Induced Electric Intensity and E.M.F. It follows from ex- 
periment that in a conductor at rest in the surrounding medium 
the same electric intensities (and e.m.fis) are developed by a 
given motion of the tubes of magnetic induction (without motion 
of the medium) relatively to the conductor, due to the motion in 
the medium of the magnets or electric circuits producing the field, 
as by the same relative motion of the conductor with reference to 
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the fixed medium and field. This would be expected from the 
fact that the motional intensity can always be calculated from the 
motion of the tubes of induction with reference to the conductor, 
and the fact that the forcive upon the conductor is in both cases 
equal and opposite to the forcive upon the magnets or circuits 
producing the field, so that the work done by or against the 
electromagnetic forces during a given relative motion of the con- 
ductor and the magnets or circuits is in both cases the same. 
These intensities and e.m.f.s are not intrinsic, no energy being 
transformed from mechanical to electrical, or vice versa, in the 
regions which are their seats, since the conductor does not move 
(appreciably) against or under the action of any force. Through 
their agency electrical energy is sransferred to or from the con- 
ductor at rest, the transformation taking place at the circuit which 
moves (in which there is a motional e.m.f.). 

Also, when the magnetic flux through a circuit changes owing 
to any other cause than the relative motion of the circuit and a 
magnetic field, as when the current in the given circuit itself (if 
a conductor) or the current in a neighboring circuit varies, the 
tubes of magnetic induction must be conceived to move inward 
or outward across the circuit, since all tubes of magnetic induc- 
tion are continuous or closed, and since each tube has the same 
strength throughout its length. Hence the change of the mag- 
netic field in this manner would be expected to develop intensi- 
ties and e.m-f.s similar to those developed by the relative mo- 
tion of a conductor and magnets or circuits carrying steady 
currents; and this expectation is fully confirmed by experi- 
ment. These e.m.f.s are not intrinsic, energy being merely 
transferred, not transformed, through their agency, and all 
the (electrical) energy so transferred coming originally (by trans- 
formation) from the intrinsic e.m.f.s in the circuit, or one of the 
circuits. 

The intensities and e.m.f.s considered in this section are called 
induced electric intensities and c.m.f.s, although, as stated in §4, 
the same term is very generally applied to the motional intensity 
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and e.m.f. also, When the intensity is not intrinsic, £ should 
be substituted for ¢ in (5) and (52). 

Satisfactory direct experiments upon the induced intensity in 
insulators have not yet been made; but the very important con- 
sequences of assuming that the results established by experiment 
for conductors apply to insulators as well are justified by their 
agreement with experiment. See Chapter XVI. 


Lenz’s Law. The general form of Lenz's /aw, which is only a 
particular case of the law of the conservation of energy, is as 
follows: Whenever an c.m.f. is induced in any body, either a con- 
ductor or a dielectric, by a variation of the magnetic field or by 
relative motion between the body and magnets or circuits tra- 
versed by electric currents, the e.m.f. has such a direction that 
in the resultant magnetic field the variation of the field, or the 
motion, which produced the e.m.f. is opposed. 

Thus when a wire is moved in a magnetic field, the field is 
strengthened on the side toward which the wire is moving and 
weakened on the other side, since the force on the wire is from 
the stronger to the weaker part of the resultant field (§ 3, XII). 
This gives the direction of the motional e.m.f. at once; for it 
gives the direction around the wire of the lines of intensity it 
produces, and this direction bears a definite relation (§ 1, XIII.) 
to the direction of the current developed by the motional e.m.f., 
which is the direction of the e.m.f. itself. 


6. The Second Law of Circuitation. Integral Form. Consider 
any closed curve, or circuit, in a conductor or dielectric traversed 
by a magnetic field. Let the positive direction around the cir- 
cuit be chosen arbitrarily, and the positive direction through the 
circuit according to the convention of § 2, XII., the first direc- 
tion being related to the second as the direction of rotation to 
the direction of translation of a right-handed screw. Then, if the 
circuit moves relatively to the magnetic field in any manner, or if 
the field varies in any manner, or if both changes occur together, 
f dLN(B sin 0)(« sin 8) taken tx the positive direction once around 
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the circuit evidently denotes the rate at which the magnetic flux 
in the positive direction through the circuit is diminishing. If we 
assume that electromotive forces are induced in insulators accord- 
ing to precisely the same laws as in conductors, it follows that 
when the magnetic flux through ay circuit changes owing to 
any causes an e.m.f. is induced around the circuit equal to the 
rate at which the magnetic flux through the circuit is decreasing. 
That is, if ® denotes the magnetic flux through the circuit (posi- 
tive when in the positive direction) and VW the e.m.f. around the 
circuit (positive when in the positive direction), at the time ¢ 


V = —d0/dt (8) 


which is the second law of circuitation (in its integral form). The 
e.m.f. may be wholly, or only partially, or not at all, intrinsic. 
As an immediate deduction from (8) it follows that the e.m.f. 
induced in a coil of wire through which the coil flux changes at 
the rate dV / df is 
V=—dN/at (82) 


The relative directions of induced electromotive force and 
change of magnetic flux, as given by (8) and (8a), can also be 
obtained immediately from Lenz’s law. 


E.M.F. of Self Induction. Thus when the current / in an iso- 
lated coil, of inductance LZ, increases at the rate d//dt, and the 
coil flux therefore at the rate dNV/dt=a(LJ)/dt, an em. 
— a(L/)dt is induced in the coil. Thus the change of the cur- 
rent or of the magnetic flux is opposed by the induced e.mf. 


E.M.F. of Mutual Induction. Also, if the current /, in one (1) 
of two coils, with mutual inductance J, increases at the rate 
d/,/dt, and therefore the coil flux \,,= M/, through the other 
coil (2) due to the first coil at the rate dN,,/dt = d(M/,)/dt, an 
e.m.f. — a(M/,)/dt is induced, owing to this change of flux, in 
coil 2 (in addition to the e.m.f. — d(Z,/,)/dt). At the same time 
there is induced in coil 1 the e.m.f. — [a(Z,/,)/at + a MT,)/dt]. 
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7. Differential Form of the Second Law of Circuitation for Media 
at Rest. The Curl of a Vector. Curl E. Consider an infinites- 
imal plane circuit of area dS in a changing magnetic field in a 
medium at rest. Let B denote the induction at dS and dB its 
increase (in magnitude and direction) in the time dt. The line 
integral of zzduced electric intensity, Z, around the edge of dS, 
viz., {E cos @daL, is evidently a maximum when dS is perpen- 
dicular to dB, in which case 


JE cos 6 dL = ~ d®/dt = — dBfdt-dS 
Hence the maximum e.m.f. around the edge of @S per unit area is 
fE cos @ dL/dS = — aB]at 


Now the maximum line integral of a vector per unit area 
around the edge of an infinitesimal circuit at a point is called the 
curl of the vector at the point. Hence the above equation may 


be written curl E= —dB/at (9) 


Thus curl £ is a vector with the magnitude and direction of 
—dLBfdt. The three components of curl Z along the rect- 
angular coordinate axes of ., Y, and Z are 


curl, E = — dB, /dt 
curl, E= — adB,/adt (10) 
curl, £ = — dB,/dt 


Cartesian expressions for these components will be developed 
in §4, XVI. 

& in the above equations denotes the (non-intrinsic) induced 
electric intensity, and does not include the motional intensity or 
any other intrinsic intensity, or any intensity connected with 
electric charges, true or fictitious, if present. Since, however, 
the line integral of the latter intensity around any closed circuit 
is zero, its curl is zero, and (9) will remain true if Z is taken to 
denote the vector sum of the induced intensity and the intensity 
(whose curl is zero) due to the presence of charges, true or 
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fictitious. The second law of circuitation will be generalised in 
Chapter XV. 


8. The Absolute Determination of a Resistance by Lorenz's 
Method. A circular coil C, Fig. 110, mounted with the planes 
of its turns in the magnetic meridian, is traversed by a constant 
current /, the resistance R to be determined being included in 
the circuit. With its axis coincident with that of the coil, a cir- 
cular metallic disc D rotates with a constant angular velocity, 





Fig. 110. 


making / revolutions per second. Wires bearing upon the edge 
and axle of the disc connect it through a galvanometer G with 
the terminals of the resistance R. 

Let W% denote the magnetic flux across the disc between its 
edge and the edge of its axle per unit current in the coil. Then 
the magnetic flux cut across by every radius of the disc, between 
axle and circumference, in one complete revolution is M7 (pro- 
vided there is no current in the disc). Hence an e.m.f. is devel- 
oped along every radius of the disc equal, from axle to circum- 
ference or from circumference to axle, to 4/p/. The connections 
from the disc to the terminals of X, for a given direction of rota- 
tion of the disc, are so arranged that the induced e.m.f. Wp/ and 
the e.m.f. R/ are in opposition through the galvanometer ; then 
the resistance or the speed of the disc is adjusted until the gal- 
vanometer shows no deflection when the galvanometer circuit is 
either open or closed. Then 


Mpl = RI 
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and R= Mp (11) 


p can be measured directly, and ‘7 can be calculated from the 
linear dimensions and number of turns of the coil. Hence & can 
be determined in absolute measure. 

If Cis a long solenoid, and if D is placed well within C, 


M = np x a? — ny x wr? = nur(r — r’*) 


where 2 denotes the number of turns of wire per cm. upon the 
solenoid, and r and r denote the radii of the disc and its axle. 

The method serves also for the comparison of low resistances, 
in which case 7 need not be known, 


9. Induction Discharge Through a Circuit. When the coil flux 
through a coil of resistance R changes from one value MV, to 
another value MV, as the time changes from ¢, to ¢, an electric 
charge 


g=f ldt= [V/R:dt={(—dN/dt/R-dt= —(N,—A,)/R (12) 


due to electromagnetic induction, circulates in the positive direc- 
tion around the circuit. Here / denotes that part of the current, 
and YW that part of the electromotive force, in the circuit due to 
the change of flux. 

Thus g depends wholly upon the resistance and the total 
change in the flux, and not at all upon the time or the way in 
which this change takes place. 


10. The Electrokinetic Energy of the Field of an Isolated 
Circuit. The magnetic energy residing in the field of a single 
coil or circuit whose coil flux is V when its current is / is 


W=lIN=1LP=1NJL (13) 


provided that Z = V//= constant, that is, provided » is con- 
stant. 

For, if no energy is dissipated, the energy of the field is equal 
to the work done against the counter e.m.f. — dN /d¢ in increas- 
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ing the current from o to / or the coil flux from oto V. If V 
and / denote also the instantaneous values of the coil flux and 
current, the work done against the e.m.f. — dV/d¢, or the energy 
stored in the field, in the time d¢ is 


aw= ldN|dt dt = IdN (14) 
Hence 


Nv I 
W= f ldN = if Lidl =4LI = }IN=4N JL 
0 0 


which is identical with (13). 
The same result follows from § 19, XI, which gives 


W = 300 = 4N/n-nI = 4N/ = etc. 


W is called the electrokinetic energy of the field. A mechan- 
ical conception of this energy is given in § 11, B. 


11. A. Mechanical Analogues of L, I, N, V, dN/dt, and W. 
(1) Let Z, /, and WV = L/ denote the moment of inertia, angular 
velocity, and angular momentum, respectively, of a rigid body B 
about a given axis. If the angular velocity / is increased at 
the rate d//dt, and the angular momentum at the rate dV/dt 
= a(L/)/dt, the increase will be opposed by a torque of inertia 
equal to W = —d/N/dt. To overcome this torque, that is to in- 
crease the velocity or momentum, an equal and opposite torque 
+.aN/dt must be applied. The rate at which work is done in 
increasing the velocity or momentum is dW/dt = JdN/dt, and 
the total work done in increasing the velocity from o to /, or the 
momentum from 0 to V = L/, is 


W = fldN =[Lid/=jIN=4LP 


which is the kinetic energy of B when its angular velocity is /. 

(2) Let Z, 7, and N= ZL/ denote the mass, linear velocity, 
and momentum, respectively, of an incompressible liquid flowing 
in a closed pipe of constant cross-section. If the velocity / is 
increased at the rate a//dt, and the momentum at the rate 
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dN /dt, the increase will be opposed by a force of inertia equal 
to —aN/dt=YW. To overcome this inertia, that is, to increase 
the velocity or momentum, an equal and opposite force + dN/dt 
must be applied. The rate at which work is done in increasing 
the momentum is dIV/dt = JdN/dt, and the total work done in 
increasing the momentum from 0 to V = L/ is 


W=fldN=}IN=3LP 


which is the kinetic energy of the liquid when its velocity is /. 

Neither of these analogues is at all complete. Thus the 
energy in (1) resides wholly in the rigid body and the energy 
in (2) resides wholly inside the pipe, while the energy of an elec- 
tromagnetic field may reside almost wholly in the dielectric sur- 
rounding the conductor. 


B. Mechanical Conception of the Magnetic Field. Let », H, 
and & = zH/ denote the moment of inertia per unit volume, angu- 
lar velocity, and angular momentum per unit volume, respectively, 
at a point Pin an incompressible medium in a given type of rota- 
tory motion. If the angular velocity / is increased at the rate 
aH /dt, and the angular momentum per unit volume therefore at 
the rate dB/dt = udH/dt the increase will be opposed by a torque 
of inertia equal, per unit volume at P, to curl E = —dB/adt (E 
being the force per unit area acting tangential to the surface of 
the rotating element). 

Adhering to the fundamental conception of the electric field, 
§§ 13-14, I., according to which £ is a kind of shearing stress 
between positive and negative ather cclls, we shall therefore 
assume that at any point of a magnetic field in free xther the 
positive and negative cells are rotating with cqual angular speeds 
in opposite directions (unlike cells being in contact or geared to- 
gether) the axes of rotation being parallel to the direction of the 
intensity at the point, and the direction of rotation of the positive 
cells being related to the direction of the intensity as the rotation 
to the translation of a right-handed screw. We shall assume 
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the magnetic intensity HY to be the angular velocity of the posi- 
tive cells, equal and opposite to the angular velocity of the 
negative cells. We shall further assume pw to be the sum per 
unit volume of the moments of inertia of the cells. Then 42 
= 4$uH will be the sum of the angular momenta of the positive 
cells per unit volume, and —$2 = — 3u# will be the sum of 
the angular momenta of the negative cells per unit volume. The 
total kinetic energy per unit volume will be 4(34H x #7) + 
3(—4uH x — H)=}uA*. The centrifugal force arising from 
the rotation of the cells will account for the pressure normal to 
the lines of magnetic intensity, and therefore for the tension along 
the lines of intensity, and these tensions and pressures will account 
for the mechanical forces upon magnets, for Ampére’s law, etc. 
For a fuller account of this conception and its application to nu- 
merous electrical phenomena see Lodge’s Modern Views of Elec- 
tricity, and an article by W. S. Franklin, Physical Review, Vol. 4. 


12. Electrokinetic Energy Density in a Medium With Constant 
Inductivity («). Fig. 111 represents a plane section through a 





beeR 


Fig. Lil. 


coil RR with # turns (# = 3 in the figure), an equipotential sur- 
face S, and a tube of induction ABCDA threading the circuit RR 
and cutting out from the equipotential an element of area ¢S. 
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If / denotes the current through the coil, the m.m.f. around 
the tube ABCDA is 
nl = { HdL 


The magnetic flux across the equipotential S is 
N/n = [Bas 
Hence the energy of the magnetic field is 
W = LIN = jnIN[n =} f Hal f BaS 


=} [BHdLds = [\BHar = {kpH'dr (15) 


the integration being extended throughout the magnetic field. 
The energy per unit volume is therefore 


T= dW/dt =\BH = }pH* = 3B" /p (16) 


as otherwise proved in § 18, XI. 
For the work done during the process of magnetisation when 
# is a function of see § 18, XI, or § 29. 


13. The Electrokinetic Energy of the Field of Two or More 
Circuits in a Medium of Constant Inductivity (u). Consider first 
two circuits, 1 and 2, Fig. 112, with ”, and #, turns and currents 
J, and J/,, respectively. Let Z,, Z,, 44, and AZ, denote the self 
inductances and coefficients of induction (§ 3, XIII.) of the two 
circuits. Let H, denote the magnetic intensity at any point P 
due to the current /, alone, /7, that due to the current /, alone, 
and # the resultant intensity due to /, and /, together. Then 


HT? = H}? + Hj + 2H,,H, cos @,, 


if @,, denotes the angle between 7, and H,, The total energy 
in the magnetic field is, by § 12, 


W = f lular =} [uHrdr + | fulitdr + [eH H, cos 0,,dz 


the integrations extending throughout the magnetic field. 
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The first and second integrals are equal, respectively, to 
$L,/? and 3Z,/,/7, by §§ 10 and 12. 
To evaluate the third integral, consider a magnetic equipoten- 
tial surface S for the field of /, alone drawn through P, and 7, a 
tube of induction of this field enclosing P and cutting out from S 


“om 
cs) 


*----"-"" 





Fig. 112. 


an element of area dS. With WX, the normal to dS, H, and 2, 
make the angle @,, The integral dh »H,H, cos 6,,dr may evi- 
dently be written 


f nk nH, H, cos @,,dSdL = f Hdl if nH, cos 6,,aS 


in which the first integration extends around the tube 7 and the 
second over the surface S. Now, by (22), XII., 


fH@L=n/, 


and, by the definitions of magnetic flux and coil flux, 


fur, cos 6,,dS = N,,/", = M,/,/1, 
Hence [HAL fue, cos 0,,4S = ,/J\M,/,/2,= 1,4, 
and 


W = fyuHdr = 3l 2+ 4ll3+ Malt, (17) 
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If, in evaluating the third integral, we interchange the roles of 
circuits I and 2, we obtain 


Wm fyutttdr = 4L 3 +4Ll2+ Mall, (17!) 
Since the two expressions for W are equal, 


My = M, (18) 
as stated in § 3. 

The term J7,,/,/, = M,J,/, is called the mutual energy of the 
two coils or fields. In the same way, in general, the expression 
N,,/, denotes the mutual energy of the fields 1 and 2. 

In exactly the same manner it may be shown that if we have 
any number of circuits I, 2,--., # with currents /, /,---, 7, 


inductances L,, L,,---, L,, and coefficients of mutual induction 
M,, My ---, May M,, ---, etc., then the electrokinetic energy is 


12? 20) * 
W = gL, / i gL, 
ae Ge ET A Se UAE: epee (19) 


14. The Coefficient of Self Induction of a Coil is Proportional 
to the Square of its Number of Turns, the dimensions of the coil 
being kept constant. Forif ® denotes the average flux through 
a single turn of the coil, 


rc) = hnl 
where # is a constant. Hence 
L=N/[[= n® [I = kr? (20) 


15. The Coefficient of Mutual Induction of Two Coils is Pro- 
portional to the Product of the Numbers of Turns in the Two Coils, 
the dimensions and positions of the coils remaining constant. For 
if ®,, denotes the average flux through a single turn of coil 2 
due to a current /, in coil 1, 

®,, =a kal, 1 
where & is a constant. Hence 


M, — Niel ti = n,P,,//, aor knn, (21) 
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16. The Coefficient of Self Induction of a Coil is Proportional to 
its Linear Dimensions, the shape of the coil and its number of 
tums remaining constant. To prove this, consider a coil A, and 
another coil A’ with linear dimensions / times as great. If P 
and ?’ are corresponding points, S and S’ corresponding equi- 
potential surfaces, dS and dS’ corresponding elements of area, 
B and B’ corresponding inductions, ® and ®’ corresponding 
average fluxes through a single turn for the same current /, and 
LZ and L’ the corresponding inductances for the two coils, then 
B’=1/kB, by § 11, XII, and dS’ = #dS. Hence 


@ = [B'dS' =k f BdS = k® 
and L! = n®! [T= kn® [7 =kL (22) 


which was to be proved. 

In like manner it may be shown that the coefficient of mutual 
induction of two coils is proportional to the linear dimensions, 
the relative dimensions and distances retaining the same ratios, 


17. Energy Definitions of Self and Mutual Inductance. From 
(13), § 10, the coefficient of self induction of a coil or other con- 
ductor may be defined as the ratio of twice the energy of its 
magnetic field to the square of its current. Thus 


L=2W/P=fpHdr] 1? (23) 


This definition is not identical with that of § 2 unless yu is con- 
stant. It is often more convenient than the previous definition 
in getting the inductance of non-linear circuits or conductors. 

In like manner the coefficient of mutual induction of two cir- 
cuits or conductors may be defined as the ratio of their mutual 
magnetic energy to the product of their currents, by § 13. Thus 


M,= (W,, oe Mt.) ff, 2 ([uHH, COS 6,,a7)/ 1,1, (24) 


From the definitions just given the relations proved in §§ 14- 
16 on the basis of the earlier definitions may be readily estab- 
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lished. Thus if the number of turns of a coil is altered in any 
ratio 7, the dimensions and the current remaining unaltered, the 
magnetic intensity H in every element of volume d@r will be 
altered in the same ratio. Hence Z = ih pH*dr/ J? will be altered 
in the square of the same ratio. The other relations may be 
established in like manner. 


18. The Inductance of Any Number of Coils Connected in Series. 
If all the coils of § 13 are connected in series, /, = /,=--- = J. 
Hence, if Z denotes the inductance of the system in series, 


L=2Ww/P=aL +L, +--+ 2M, (25) 
+ 2M ,+---+2M,+--- 

If the individual coils are so constructed or so far apart that 
all the mutual inductances vanish, 


L=L,+L,+---+2L, (26) 


The principle of (26) is commonly applied in the construction 
of standards of inductance variable by fixed amounts, and that 
of (25) in the construction of continuously adjustable standards 
of inductance. For this purpose two circular coils with induc- 
tances Z, and LZ, are mounted (1) with their axes coincident and 
the distance between their centers adjustable, or (2) with their 
centers coincident and the angle between the planes of their turns 
adjustable. Thus the mutual inductance J is adjustable, and 
therefore the resultant self inductance, 


L=L+Ll,+ 2M (27) 


M is positive or negative according as the magnetic flux due 
to one coil threads the other in the positive or negative direction, 
the direction of the current around each circuit being chosen as 
the positive direction around the circuit. 

It will be shown in § 44, that a condenser of capacity S con- 
nected in series with a coil of inductance Z produces the same 
effect in the case of harmonic alternating currents, as an induc- 
tance L — 1/S~’, where p = 27 x the frequency of the current. 
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19. L,L, — M’ is not Less than Zero. Let Z, and L, denote 
the self inductances of two coils, and J/ their mutual inductance. 


Then 
LL,—-M’=0o (28) 


For the electrokinetic energy of the field, given by (17), is a 
signless or positive quantity, whatever the values of the currents ; 
and (28) is the condition that this expression may never be less 
than zero, whatever the values of the currents. 

The proposition may also be demonstrated as follows. In the 
nomenclature of § 15, 


L,=1,0,//,, L, = 2,P,//, and M=2,?,,//,=2,®,,//, 
Hence 
Lf, —-M’= nn,[1,, (®,®, a el 
in nn? P,//,/, (1 a ®,,/®,- ®,,/®,) 


which is greater than zero, or equal to zero, since each of the 
last fractions is less than unity, or unity. 

The sign of equality holds, or Z,L, = M”’, only when all the 
magnetic flux threads every turn of both coils (P,, = ®,, = ®, 
= ®,), as when the coils are toroidal and uniformly wound on 
the same core. 


20. The Inductance of a Uniformly Wound Solenoid and Its 
Electrokinetic Energy. The flux through each turn of the infinite 
solenoid of § 19, XII., is ® = wHS = wSn/, and the coil flux 
through the 7A turns in a length A of the solenoid is V= Spn/nA 
= #S/n*A. Hence the inductance of a length A of the solenoid is 


L=N/[l=pSvA (29) 


The same result may be obtained otherwise thus : The mag- 
netic energy per unit volume within the solenoid is 34/7? = 4yn?/?, 
and there is no energy outside the coil. The volume of a length 
A of the solenoid is SA, and the energy contained in this vol- 
ume is 
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W = 3H?SA = hyn/*SA (30) 
Hence Lex 2W/]? = pSA (31) 


Since the magnetic field is confined wholly to the region 
within the coil, the inductivity of the surrounding medium does 
not affect the inductance. 

If the length, A, of a finite solenoid, § 20, XII., is great in 
comparison with its cross-section S, the intensity within the 
solenoid is sensibly uniform and equal to H = / except near the 
ends, where it is weaker, and the external field, except near the 
ends, is very weak. Hence the inductance of the solenoid is 
approximately that given by (31), the approximation becoming 
more exact as the length of the solenoid increases, since the 
internal energy increases almost proportionally to the length 
(slightly faster) and the external energy increases but slightly 
with increase of length (see § 8, VI.). The inductivity of the 
external medium affects the inductance only slightly, inappreci- 
ably when the solenoid is very long. 

The permeance of the solenoid is sensibly 


P= 0/0 =pHS/HA=pS/A (32) 


21. The Electrokinetic Energy Contained in an Isolated Circular 
Cylindrical Conductor. (1) Solid Cylinder. The energy con- 
tained in an elementary cylindrical shell of length J, radius ¢, 


and thickness ar is 
dW = 3p’ A2rrdr 


Within the conductor at a distance » from its axis 
H = rl| ark? 


if R denotes the radius of the wire and / the current. Hence 
R 
We faw=uralank | Pdr = pltAsi6r (33) 
0 


Thus the energy within the wire, for a given current, is inde- 
pendent of the radius of the wire and is proportional to its induc- 
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tivity. The external energy is less the greater the radius of the 
wire. 


(2) Hollow Cylinder. Let the inner and outer radii be denoted 
by R, and #,, respectively. Then, within the shell, at a point 
distant v from the axis 


H = /fanr (Pr — R,’)/(R? — RF, 
Ry 
Hence W= pl?A/an(R? — Rf (7? — R*adr/[r 
— pL?A [163 Z [(R? ve 3R,’) /(R, a R,’) 


% 4R*/(R? = Ry: log R,/R,] (34) 


In this case the electrokinetic energy depends on the ratio of 
R, to R,, being greater the greater this ratio, and approaching 
zero as the ratio approaches unity. The correctness of the last 
statement is easier to see from the following considerations than 
from (34). For a given value of the current and &,, the external 
field is wholly independent of the magnitude of R,. The internal 
intensity steadily decreases from the outer to the inner surface, 
being equal to the external intensity at the outer surface and to 
zero at the inner surface. The volume of the shell approaches 
zero as R,— R, approaches zero. Hence the internal energy, 
which is equal to the volume of the shell times the average 
energy density, approaches zero as R,/R, approaches unity or as 
R, — R, approaches zero, while R, or R, remains constant. 


22. The Electrokinetic Energy and Inductance of a Cable con- 
sisting of a circular cylindrical core of inductivity ~ and radius 
R and a coaxial circular cylindrical shell of the same inductivity 
and internal and external radii R, and R,, the inductivity of the 
intervening dielectric being yp. 

The magnetic energy contained in a length A of the core (sup- 


posed solid) is 
(2) = pl 24 i 167r 
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The magnetic energy in a length A of the dielectric is 
(5) = [3u' H*A2mrdr =p’ /*A/4m - log R,[R 
The intensity within the shell at a point distant 7 from the 
(SE Hallam [1A RA(RE- RD] (33) 
Hence the magnetic energy within the shell is 
(c) = BI*A/ 16m -[(R? — 3R,)/(Ry — /’) 
+ 4R,'/(R? — &,’): log R,/R, 
The total magnetic energy in the length A of the cable is 
i=) tC yate) 
The inductance of a length A of the system is therefore 
L=2W/P =pA/8r + p'A/em - log R,/R+ wA/8r -[(R? 
— 3RP)/(R? — 2) + 44,'/(F? — 8,7): log F,/R,] (36) 
If the outer shell is extremely thin, the third term becomes 
negligible, and we have, very approximately, 
L = pA/8r + p'A/2m.log k,/R (37) 
If the core of the cable is a very thin hollow cylinder, instead of 
a solid cylinder, the first term also vanishes approximately, and 
L=p'Af2m-: log R,/R (38) 
(38) is rigorously true when the conducting shells are infinitely 


thin, or when the conductors are perfect conductors, both of 
course ideal cases. 


23. The Magnetic Energy, Inductance, etc., of a Rectangular 
Toroid (Fig. 103, § 22, XII.). Let the uniform thickness of the 
toroid parallel to the axis of revolution be denoted by 4, and the 
inner and outer radii by R, and R,, and let the whole number of 
turns in the coil be denoted by 2. 

Then the m.m.f. along a closed line of intensity is 


Q= ni 
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The intensity at a distance x from the axis, when ~ is greater 
than &, and less than R,, is 
Hf ox nl lowe (39) 
and the induction is 
B= pH = pnl/orx 


The magnetic flux across an elementary strip of length 4 
parallel to the axis, and breadth dx perpendicular to the axis is 


a@® = Bbdx = pnb] lon - dx] x 


if the strip is distant x from the axis. The total flux through 
a single turn of the coil is thus 


d= pnb! am {dx|x = unbI/2r- log R,/R, (40) 
and the coil flux is 


N= 2® = pr’b/ [an -log R,/R, 
whence 
L=N/[/ = pr’bf2r-log R,/R, (41) 


The permeance and reluctance of the magnetic field are given 
by the equation 


P=1/R=0/O = pb/am- log R,/R, (42) 
The electrokinetic energy within the tore is 
W = 4L/? = 408 = pn'd/? [27 - log R,/R, (43) 


24. The Inductance and Electrokinetic Energy of a System Con- 
sisting of Two Parallel Circular Cylindrical Wires traversed by 
the same current in opposite directions. 

Let the distance d between the axes of the wires be great in 
comparison with &, the common radius of the wires. Then the 
energy contained in a length A of each wire is very nearly. the 
same as if the wires were infinitely remote from one another, 
viz., 


(a) = Al? / 163 
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The energy within a length A of the dielectric is very ap- 
proximately equal to }®/, where ® is the magnetic flux across 
the rectangular area A(d — 2R) connecting a length A of the 
wires. 

The magnetic induction B at every point of the area A x (d — 
2R) is normal thereto. Let x denote the distance of a point in 
this plane from one of the wires, and yw’ the inductivity of the 
dielectric ; then the induction at the point is 


B= pl [2mx + u'l/20(d — x) 
Hence the magnetic flux through the area is 


i if UB Age pan los (@ = RR) 

The energy contained in the tubes crossing the area A(d — 
2R)IS (B= Ol ep AP fom-log [(d — R)/R] 

The total energy in a length A of the system is 
W = 2(2) + (8) = wAP*/8m + pw’ AI*/2m log [(d — R)/R] (44) 
and the inductance of a length 4 is 

L=pA/an + p'A/m-log [(d— R)/R] (45) 
25. Two Standard Mutual Inductances. (a) If a coil (2) of »’ 


turns is wound around the endless solenoid (1) of § 20, the coil 
flux through this outer coil (2) will be 


N,, = #San' I, 
and the coefficient of mutual induction of the two coils will be 
My = Noll, = wSnn! (46) 


If the solenoid has the length 2Z and a circular cross-section 
of radius R, small in comparison with 2Z, the field at all points 
of the central portion is very nearly uniform and equal to the 
intensity at the center of the axis, viz., 


H=nl/[(1 + R*/L) 
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Hence if a coil of ’ turns is wound about the central portion 
of this solenoid, 
Lehpig pres MA eae 
N= TRpHn = (1+ R/Z) 


and the coefficient of mutual induction is 
M,, = N,[I = Ripnot [(1 + Re/L) (47) 


which, when Z is large in comparison with R, becomes practi- 
cally identical with (46), S being put equal to 7K’. 

(6) In the same way, if a coil (2) of #’ turns is wound around 
the closed coil (1) of § 23, the coil flux through this outer coil 


Te Mn! = N,, = pnn' 16/20 log R,/R, 
and the coefficient of mutual induction of the two coils will be 
M,, = N,,/ 1, = pan'b[om-log R,/R, 


26. The Work Done in Increasing the Coil Flux Through a Coil 
with a Constant Current. Let the constant current be denoted 
by 7. If the coil flux is changing at the rate dNV/d¢, an e.m.f. 
—daN/dt is developed tending to diminish the current. To keep 
the current constant, energy must be supplied (in addition to that 
supplied when the flux remains constant) to the circuit (by in- 
creasing the e.m.f. of the battery or other source) at the rate 


adW/dt = ldN {dt 


just sufficient to balance this induced e.m.f. The work done on 
the circuit, that is on the magnetic field, while the flux increases 
by dN during the time dt will be 


adW/dt dt = dW = IdN/dt dt = IdN 


Hence if the flux changes from J, to X,, the magnetic field 
must receive an increment of energy equal to 


W,—W,= (N,—) (47) 


which is a particular case of the equation following (14). 
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If V,— X%, is negative, the work W,— W, is also negative, or 
the work is done by the magnetic field, and its energy diminishes 
by this amount. 


27. The First Law of Circuitation. The Magnetomotive Force 
Around a Closed Path Linking with an Electric Current. Consider 
an ideal permanent flexible * magnet with concentrated poles in 
the field of a circuit consisting of a single turn of a conductor 
traversed by a current which is kept constant. Suppose the 
negative pole of the magnet to remain fixed in position and the 
positive pole to be moved from its initial position along a closed 
path linking once with the circuit back to its initial position. 
During this process the flux through the circuit changes by the 
flux passing through the body of the magnet (equal to m, the 
strength of its poles), and this is the only change in the flux 
through the circuit that occurs. Since the pole is in its initial 
position, and the current is unchanged, the energy of the mag- 
netic field is unaltered. Hence the work done by the magnetic 
field on the pole is equal to the work done upon the magnetic 
field during the change of flux. That is, if /7 denotes the inten- 
sity due to the current /, | , 


mH cos 0dL = I (N,— N,) = Im 
Hence 
N= fH cos OdL = I (48) 


If there are ” turns to the coil, or if the path links » times with 


a coil of one turn, 
Q = nl 


Thus the m.m.f. once around a closed path in the positive 
direction through a circuit, or in the direction of the lines of 
intensity, is equal to the total current in the positive direction 
around the circuit. 


* Not essential but convenient. See Nichols and Franklin's Elements of Physics, 
Vol. IL., 3 124. 
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28. Differential Form of the First Law of Circuitation. Con- 
sider an infinitesimal circuit of area dS in a conductor traversed 
by a steady current whose density at dS is 7 The current 
across @S will be a maximum, 7#d@S, when dS is turned with its 
normal pointing in the direction of z. In this case the m.m.f. in 
the positive direction around the circuit is 


fH cos O0dL = tdS 
Hence the line integral, or m.m.f., per unit area is 
curl H=1 (49) 


In the above equations denotes the magnetic intensity of 
the current, and does not include the field intensity, or intrinsic 
intensity, connected with magnets. Inasmuch, however, as the 
former intensity has no curl (m.m.f. around a closed path zero), 
(49) will remain true if His taken to denote the total intensity 
exclusive of the intrinsic intensity. 

The above relation, (48) or (49), established here for con- 
duction currents, is true for the general electric current (§ 7, 
XV.), and is called the first law of circuttation. 


29. General Expression for the Work Done in Magnetisation. 
The work per unit volume done in changing the magnetic induc- 
tion at any point of any medium from B, to B, was shown in 
§ 18, XI., to be 

adW/dt = [ "Hap (50) 
By 
The same result will now be deduced by a different process. 

For convenience we shall make use of a very long solenoid of 
cross-section S uniformly wound with turns per cm., and we 
shall suppose the space within the coil completely filled with a 
homogeneous isotropic material. 

The work done in magnetising the core, in which we shall first 
suppose that no currents are induced during the change of mag- 
netisation, is equal to the work done against the counter e.m/f. 
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developed in the coil by the changing induction. The rate at 
which work is thus done upon a portion of the core of length Z 


and volume t = SZ is 
dW/dt= ldN|/at 


where JV denotes the coil flux through the portion of the sole- 
noid surrounding the volume considered. Hence the work done 
in changing the flux from J, to N,, or in changing the induction 
from B, to B,, is 
1A Ba 
WV = IdN=t{ HdB 
™ B, 

since n= Hand N=nLBS. From this equation (50) follows 
immediately. 

If the core is conducting, currents (called eddy currents or 
Foucault currents) will be induced in the core itself during the 
change of the induction, and more work than that given by (50) 
will be done, the extra energy going to Joulean heat. These 
currents and the consequent dissipation of energy can be greatly 
reduced by going through the process slowly, or by dividing the 
substance up into parts insulated from one another in the direc- 
tion of flow of the eddy currents. 

(50) gives the change in magnetic energy during the change 
of induction only when there is no dissipation arising from any 
cause. 

(50) has been derived with the aid of the uniform field of a 
very long solenoid, but since alt fields are uniform in their 
infinitesimal parts, the result is perfectly general. 

When up is independent of 7 or B, (50) reduces to (16). 


30. Electrokinetic Energy, Mechanical Energy, and Change of 
Configuration of Circuits. First consider two circuits, I and 2. 
For the electrokinetic energy we have 


W= 42,1) a5 3L,/, + Mi/, 


If, while the currents are kept constant, the circuits so move 
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{or one of the circuits) that J/ is altered by an infinitesimal 
amount dM, W is altered by an amount 


dW =] IdM 


During this motion the coil flux through circuit 1 is increased 
by the amount 


dN, = 1,aM 
Hence an amount of work 
lan, = 1faM 


is done upon the magnetic field. 
In like manner, the coil flux of circuit 2 is increased by the 


amount 
dN, = 1aM 


and a second amount of work 
LdN, = [,/,adM 


is done upon the magnetic field. 
Hence the total work done upon the magnetic field (by the 
batteries, in keeping the currents constant) is 


2//,aM 
while the increase in its energy is only 
[fam 


Hence the additional energy /,/,¢M has gone to increase the 
mechanical energy of the system. If / denotes the force acting 
upon either circuit and tending to increase the distance x between 
the circuits, measured in its line of action, the increase of me- 


chanical energy is — Fdx = 1 1,dM 


the negative sign being chosen because dM is negative when dr 
is positive. Hence the force tending to increase the distance 


between the circuits is 
F= —1TAM/dx (51) 
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If the forcive between two circuits is a torque, instead of a 
simple force, we have for the torque tending to increase the 
angle @ between the planes of the two circuits, 


T= — I 1M/d0 (52) 


31. The proposition of the last article is a particular case of 
the following more general theorem: If any number of circuits 
suffer any infinitesimal change of configuration, both L’s and M’s 
varying in the general case, while the currents are kept constant, 
the increase in the electrokinetic energy, @W, is equal to the in- 
crease in the mechanical energy, @W’; while the work done by the 
batteries (over and above that expended in overcoming resistance 
and dissipated in heat), dW”, is equal to 


AW" =dW+ dW! = 2dW = 2dW' (53) 


We proceed to establish this ‘proposition. When the most 
general infinitesimal change of configuration occurs, the increase 
in the electrokinetic energy is, when the currents are kept con- 


stant, 
dW = jlIPdl, + 4lpdl, +--+ 472d, 


a6 /ldM, fe 1/,aM,; BG 114M, i 
The work done upon the magnetic field by the batteries is 
dW" = IdN, + 1aN,+---+ dN, 


Now 
aN, = fal, or IdM, ee ace Lam, 
dN, = 1dM, + all, +--+ 14M, 
aN, a [aM,, + 1AM, a erat a aL, 
Hence 


aW" = 1(442L, ae 1AM, 0 With; /,aM,,) 
te L(1a@M,, a 1,aL, 6 AL BIG 9 /aM,,) 


Bea L (14M, 35 1AM, is pls a /aL,) 
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feed aT Sti ick seis ihy DicliPet-a( Mololite Mal Tacteslos)) 
= a2 W) = 2dw 


The difference between dW” = 2dW, the energy supplied to 
the magnetic field, and dW, the increase in its energy, must 
equal the mechanical work dW’ done by the field on the circuits, 
or the increase in the mechanical energy. Hence equation (53) 
immediately follows. 


32. The Electrodynamic Balance. As an example of (51) we 
shall find the forcive upon a circular coil (2) of # turns and radius 
ry placed with its center in the axis of a much larger circular coil 
(1) of V'turns and radius R, the planes of the coils being parallel. 
Let the currents of the larger and smaller coils be denoted by /, 
and /, respectively, and the distance between them by @. Then 


N,, = PH arn = ar RynNI/,/2(R? + a’) 


poo M = N,,|/, = 7? RynN/2(R? + a?) (54) 


Hf being practically uniform in the small region occupied by the 
small coil, and » (for air) being sensibly equal to unity. The 
force tending to increase the distance d is, by (51), 


F= —/,/aM|dd = — 307°RepnNal,/,/2(R* + d2)' (55) 


If J, and /, have the same direction, F is attractive, otherwise 
repulsive. If the same current / is caused to flow through the 
two coils in series in the same direction, the force is 


F = — 307 RnNa!?/2(R? + d?)! (56) 


If a third coil C, exactly similar to the larger coil A is placed 
with its plane parallel to that of A and distant therefrom 2d, 
with B half way between the centers of A and C, and if the same 
current /is made to flow through A and C in opposite directions, 
and also through B, the force F will be twice as great as that 
given by (56); or, in magnitude, 


F = 30° R'unNa/*{(R? + a?) (57) 
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If the coils are mounted with their planes horizontal, and if the 
small coil B is connected with one end of the beam of a balance, 
the force F can be easily measured, and / determined in absolute 
measure. We have in this case 


J = (R? + d?)iF¥/rR(3rpdnN yh (58) 


Since / is proportional to the square of /, alternating as well 
as direct currents can be measured. The instrument is known 
as an electrodynamic balance. 

For descriptions of two electrodynamic balances by which cur- 
rents have been determined in absolute measure with great pre- 
cision, see Lord Rayleigh, Ph:/. Trans., Part II., 1884, and H. 
Pellat, Comptes Rendus, Vol. 103, 1886. The most recent of 
electrodynamic balances, that of von Helmholz, is described by 
Kahle, Zettschrift fur Instrumentenkunde, Vol. 17, 1897. 


33. The Torsion Electrodynamometer. If the planes of the 
coils 4 and B of the last article make with one another an 


angle 6, 
M =27PR nN pcos 6 / 2(R? + d*)i (59) 


and there is, in addition to the force 
F= — /,J,dM/d0 = 30° R'nNd pl J, cos 8/2(R* + d*)' (60) 
a torque in the direction of increase of the angle @ equal to 
T= — 1 1,dM/d0 = 7° RuN/ Jp sin 8/2(R* + d*)t (61) 


If the smallest coil is at the center of the two coils A and C, 
§ 32, we have 
= —//adM/dd=0 
and 
T= — /,/,aM/d0 
=—//,a/d0. (re RnNp cos 0/(R* + a7] (62) 


= pr RnN sin 0/(R? + at 
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from which the equations for the Weber and Siemens forms 
of electrodynamometer immediately follow, as in § 34, Chap- 
ter XII. 

For a description of one of the most recent and accurate of 
torsion electrodynamometers see Patterson and Guthe, Physical 
Review, Vol. 7, 1898. 


34. General Definitions of Band ©. In XI. uw was defined by 
(2), and B by (5). These definitions are not valid, however, in 
their unmodified form without qualification when the magneti- 
sation is wholly or partially intrinsic (§ 22, XI.). We shall now 
redefine B by (9). Thus 

t 
B= -f curl Eat (63) 


0 
the substance considered being in its neutral state at the time 
t= 0. 
Consistently with the preceding definition of B and XI., we 
shall redefine ® by the equation 


“pt 
® -{2 cos 6dS = — {var (64) 
: 0 


the substance being in its neutral state at ‘the time / = o. 

® and B, defined by these equations, can evidently be deter- 
mined experimentally (by the ballistic methods referred to be- 
low). Starting with these definitions it can be shown by experi- 
ment that tubes of magnetic induction are always closed, as 
assumed in § 14, XI. These definitions are perfectly consistent 
with the earlier definitions, and are more general, including all 
cases of intrinsic as well as elastic magnetisation. 


35. Magnetisation Curve. Redefinition of ». Permeability. 
If we start with a substance in a neutral state and increase the 
magnetic intensity 7 from zero in a series of steps, observing 
the corresponding values of B, we obtain, on platting the results 
graphically, a curve showing the relation between B and H and 
called the magnetisation curve of the substance. 
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We shall now redefine », for any given value of /, as the ratio 
of B to H for the given point on the magnetisation curve. The 
relation B = »## thus holds for the process of magnetisation rep- 
resented by the curve. 

The curve showing the relation between / = B( = n/7) — 4, 
and # is also called the magnetisation curve of the substance. 
Either curve can of course be readily obtained from the other. 

The permeability of a substance is the ratio of its inductivity to 
the inductivity of the standard medium. If, as in this book, free 
ether is chosen as the standard medium, the permeability »/, 
of a substance is numerically equal to its inductivity. The in- 
ductivity of air is only slightly greater than unity, being equal, at 
ordinary temperatures and pressures, to about 4,(1 + 3 x 107°). 


36. Diamagnetic and Paramagnetic Substances. The inductivity 
# of nearly every substance is independent of the value of 7 and 
is very nearly equal to #,=1. Thus the magnetisation curve 
of such a substance is a straight line, and, if B and # are platted 
to the same scale, makes an angle of very nearly 45° with the 
axis of 

A substance whose inductivity is less than #,, or whose per- 
meability is less than 1, is called a diamagnetic substance ; and 
a substance whose inductivity is greater than y, is called a mag- 
netic, a paramagnetic, or, if its inductivity is great and its mag- 
netic properties resemble those of iron, a JSerromagnetic sub- 
stance. The inductivity of every diamagnetic substance is very 
nearly equal to unity, water being the commonest example. 
The inductivity of a diamagnetic or weakly magnetic substance 
is best investigated by methods analogous to those of §§ 3 and 
4, VII. (see A. P. Wills, Physical Review, 6, 1898; Jager u. 
Meyer, Wied. Ann., 67, 1900; Du Bois, The Magnetic Circuit). 
In §§ 37 and 38 are described two methods commonly applied to 
iron, nickel, and cobalt, in which » reaches great magnitudes. 

For detailed information on the magnetic properties of iron 
and other ferromagnetic substances, together with the methods 
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of experimental investigation, reference may be made to Ewing’s 
Magnetic Induction in Iron and Other Metals and to Du Bois's 
The Magnetic Circuit, The more important magnetic properties 
of iron are briefly described in Ch. Maurain’s recent Le Magnét- 
tsme du Fer. A résumé of the magnetic properties of matter 
‘generally, with abundant references, is given by Du Bois in Vol. 
II. of the Rapports of the International Congress of Physics, 1900. 


37. The Determination of B, u, and J (Intensity of Magnetisa- 
tion) by the Magnetometric Method. A very long solenoid, 
similar to that of § 20 B, XII., is mounted with its axis vertical, 
and a magnetometer (§ 26, XI.) is mounted with its needle in 
vertical plane passing through the solenoid perpendicular to the 
magnetic meridian and ina horizontal plane passing through the 
upper part of the solenoid. The solenoid is connected in series 
with another coil, called a compensating coil, so arranged that 
both coils together produce no deflection of the needle when 
traversed by a current. 

The iron or other substance whose magnetisation is to be 
investigated, in the form of a long cylindrical rod similar to that 
of § 20 B, XIL., is then placed vertically in the solenoid traversed 
by a steady current with its axis in the vertical plane perpen- 
dicular to the meridian passing through the needle, and its 
height is adjusted until a position is reached in which the deflection 
of the needle isa maximum. In this position the upper resultant 
pole of the rod is approximately in the horizontal plane passing 
through the magnetometer needle. Let $Z denote the distance 
from this plane to the center of the rod. Then the other result- 
ant pole is, by symmetry, distant approximately 4Z from the 
center on its other side. Let R denote the distance from the 
center of the magnetometer to the axis of the rod. 

The circuit is broken, and the rod is demagnetised (if this is 
necessary for the purpose in view) and left, or reinserted, in the 
position already determined for maximum deflection. The demag- 
netisation can be accomplished by heating the rod to redness, or 
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by sending a current, gradually diminished to zero while its 
direction is rapidly reversed, through the solenoid with the rod 
in place, or by other means. 

The circuit is now closed and the current increased to produce 
the desired value of H=n/ (§ 20 B, XII.), thus developing 
poles of strengths + m and — m in the rod, and the quantities 
under investigation are determined as follows. 

The magnetic intensity at the magnetometer needle due to the 
two poles of the rod is 


H = m{amp,:[1/R? — R/(R* + L*)"] 


perpendicular to the meridian. 
If H denotes the horizontal component of the earth’s mag- 
netic field at the needle, the needle will be deflected through an 


angle @ such that 
H = #H tan 0 


By measuring 0, H, Z, R, and S, , and the current /, the 
quantities B, 7 = B— pw,H, w — pw, can then be calculated from 
the above equations and those of § 20 B, XII. 

If the experiments are not performed at the earth’s magnetic 
equator, where the total intensity is horizontal, the intensity 
parallel to the rod will not be given completely by H = #/ on 
account of the vertical component of 'the earth’s intensity. This 
component can be neutralised by winding another coil in the 
solenoid and passing through it a suitable current. 

If after adjusting the apparatus we start with the current zero 
and the rod in a neutral state, and then increase the current by 
steps, observing both currents and corresponding deflections, we 
obtain, on platting the results graphically, the magnetisation 
curve of the substance. The magnetisation curve, and the curve 
showing the relation between 4 = B/H and H obtained there- 
from, are shown in Fig. 113 for a particular sample of wrought iron. 

When great accuracy is essential, an e//ipsotd, instead of a 
cylinder, of the substance under investigation must be used. 
See Ewing’s treatise above referred to. 
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38. The Determination of B, u, etc, by the Ballistic Method 
(Rowland’s Form). The substance to be investigated, in the form 
of a rectangular tore, §23, whose thickness R, — R, = a is small 
in comparison with R,, is wound with a toroidal coil of z turns. 

This coil is connected in circuit through a reversing key with 
a battery of constant e.m.f., a current meter, and a rheostat 
whose resistance can be suddenly varied. 
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Fig. 113. 


A secondary coil of 2’ turns is wound around the toroidal coil 
and connected in circuit with the coil of a ballistic galvanometer. 
Let the resistance of this secondary circuit be denoted by &. 

The relation between the deflection of the galvanometer and 
the charge q circulated through its coils is supposed known from 
direct experiment. 

Since R, — R, = ais small in comparison with &,, the mag- 
netic intensity, given accurately by (39), is nearly constant 
throughout the tore and sensibly equal to 


H = nI/m(R, + R,) 
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The magnetic flux across every section of the tore is Bad, and 
the coil flux through the secondary is 7’ Bad. 

If, by altering the resistance of the circuit, the current is sud- 
denly changed from a value /, to a value /, the magnetic inten- 
sity will be increased by 


H~ Hy= I —I,)ir(R, + R,) (65) 
and the magnetic induction will be increased by 
B—B,=qk|n'ab (66) 


where g is the charge sent through the galvanometer circuit 
when the coil flux through the secondary changes from ’B,aé 
to x’ Bab (§ 9g), and is known from the observed galvanometer 
throw. 

All the quantities in the second members of (65) and (66) 
being determined by experiment, 7 — H/, and B — B, are known. 

Starting with any value of //,, and the corresponding value 
of B,, and increasing or decreasing the current suddenly in a 
series of steps, current and galvanometer throw being read at 
each step, the relation between B— 2B, and H— A, can thus 
be obtained for as wide a range of H — H, as desired. 

If we start with the current zero, and the substance under in- 
vestigation in a neutral state, /,and J, are zero, and if we increase 
HT in a series of steps, we get the magnetisation curve of the 
substance. From corresponding values of 8 and #7 on this 
curve » can be found by division. 

For additional ballistic and other methods, see the references 
given above. See Du Bois, Zettschrift fur Instrumentenkunde, 
Vol. 20, 1900, for a description of his latest magnetic balance 
and its theory. 


39. Magnetic Hysteresis. If a sample of iron, nickel, or 
cobalt is carried repeatedly through a given magnetising cycle, 
the intensity being increased to GB, Fig. 114, then reversed to 
HE = — GB, then reversed to GA, then reversed again to HE, 
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and so on for a number of cycles, and the relation between B and 
#f then investigated for a complete cycle by the magnetometric 
or ballistic method, a closed symmetrical curve with general 
characteristics similar to those of the figure will result. The 
arrow heads indicate the direction in which the cycle is traversed. 

Thus the magnetisation is in part ¢xtrinsic. The induction 
OC or OF is called the restdual or remanent induction, and is the 
maximum value of the intrinsic induction. The ratio of the 
remanent induction OC or OF to the maximum induction OG or 
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OH is called the retentiveness of the substance for the given 
cycle. The reversed intensity OD or OA necessary to reduce 
the intrinsic induction to zero is called the coercive force or coer- 
ctve intensity of the substance for the given cycle. 

The closed curve is called a hysterests cycle since, as it is de- 
scribed, the induction always /ags behind the intensity. 

The area of the curve, viz., i HdB from any point such as B 
around the cycle once to the same point again, represents the 
work per unit volume done in carrying the substance from the 
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state denoted by B (or the state denoted by any other point on 
the curve) through the complete magnetising and demagnetising 
processes indicated by the cycle to the same state again. Hence 
uf HadB for the complete cycle, or the area of the cycle, represents 
the energy dissipated in heat per unit volume per cycle by 
hysteresis. 

The area of the cycle is the same or very nearly the same when 
the cycle is traversed very slowly and when it is traversed very 
rapidly (see references given below and Comptes Rendus, April 
20, 1903). Thus the phenomenon of magnetic hysteresis is not 
due, except perhaps to a slight extent, to anything akin to vis- 
cosity (Cf. § 2, VI.). 

For references to the literature on magnetie hysteresis, see 
Chapter IV. of Maurain’s Le Magnétisme du Fer and the résumé 
by Warburg in Vol. II. of the Rapports presented to the Inter- 
national Congress of Physics, 1900. 

If we assume the relation B = #7 to hold for the hysteresis 
cycle, as it holds, by definition of yu, for the magnetisation 
curve, » goes through all values from + wat C to —o at F dur- 
ing the cyclic process. By introducing the ¢ntrinsic intensity, h, 
however, always acting in the direction of the induction, and by 
writing AY for the vector sum of 4 and the field intensity A’, 
which we have hitherto denoted by H, we may so define 4 that 
the relation B= p»H = (A+ H’) (vector sum) holds univer- 
sally, and leads to no impossible values of (cf. § 4, VI.). 

The magnetic phenomena of iron, nickel, cobalt, etc., includ- 
ing the trend of the magnetisation curves, hysteresis, the relation 
of the magnetic phenomena to temperature, etc., have been 
largely explained by the molecular theory developed by Weber, 
Maxwell, and Ewing. For an extended treatment of the molec- 
ular theory and a discussion of its experimental confirmation 
reference must be made to Ewing’s Magnetic Induction tn Iron 
and Other Metals, Chapter XI. 


40-44, The Current, etc., in an Electrical System Containing, 
in the General Case, Resistance, Inductance, and Capacity, Immersed 
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in a Medium, or Media, of Constant Inductivity and Permittivity, 
‘Let a condenser AB, Fig. 115, of capacity S be connected in 
series with a conductor CDF whose inductance is L and whose 
capacity is negligible in comparison with that of the condenser, 
and an agent with an intrinsic e.m.f. V, the total resistance of 
the circuit being R. Let the e.m.f. V be reckoned positive when 
directed around the circuit in the direction CDF. The agent 
containing the e.m.f. is supposed to be capable of being instan- 
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taneously inserted in or removed from the circuit, the resistance 
being kept constant, by suitable switches. Let the time, ¢, be 
reckoned from the instant at which WV is inserted or cut out. 
Let g denote the charge of the plate A, / = dg/d¢ the current in 
the conductor in the direction CDF, V the voltage from A to B, 
at the time ¢; and let g,, 4, and V, denote the initial values of 
q, I, and V. 
At the time ¢ the electric energy of the system is 


Wei? /S=4SV? 
the electrokinetic energy is 


the rate of dissipation of energy in heat is 


374 ELEMENTS OF ELECTROMAGNETIC THEORY. 
F=R/*= R(dq [aty 
and the rate at which energy is supplied to the system by the 
agent with the intrinsic e.m.f. is 
P=V/=Vdq/dt 

41. Non-Inductive Circuit. Case I. Let V = constant, L=o0, 
sensibly, and therefore 7 = o. 

A. Let V be suddenly cut out of the circuit, the initial charge 


of A, g,, being equal to SY. By the principle of the conversa- 
tion of energy, we have at the time ¢ 


— ah q'/S)/dt = R(dg/aty 
R dg/dt+9/S=o (66) 


or 


a relation which might have been written down at once from 


Ohm’s law [dg/dt = J = (Vs — V4)/R = — V/R = — 9/SR]. 
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The solution of (66), with the condition g = g,= SW when 
t= 0, is 

= gol VIR me SUE VSRt (67) 
whence 
es V = qg/S vane We —V5R.t — hae (68) 


im aq/at = ex W Rig eew an MP hana (69) 
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The relation between gq, /, and ¢ is shown graphically for a 
particular case in Fig. 116, Curve I. 

The time SR in which ¢/¢,= V/V,=///, becomes t/e is 
called the “me constant of the system. 

B. Let WV be suddenly inserted into the circuit. In this case 
J) = O. 

By the principle of the conservation of energy 


W dg/dt = R(dg/dt)’ + d(4q"/S)/at 
Y= ¢/S + Radg/dt (70) 


or 


another equation which can be obtained immediately from 
Ohm’s law. 


To solve (70), put g — SY =’, and the equation becomes 


Rad7 fdt+¢7/S=o 


the solution of which, with the condition g =o when ¢= 0, is 


gi =m — SVe-Vsr.t 


whence 
gm SY (1 —e7'0*-*) (71) 
Vn W(1 — V8 (72) 
[= W/R- V5: (73) 


The relations between ¢, /, and ¢ are shown in Fig. 116, 
Curve II., for the same system whose discharge is illustrated in 
Curve I. 


42. Case II. Inductive Circuit Without Capacity. Let Y= con- 
stant, S = infinity (condenser short-circuited), and therefore W= o. 

A. Let V be suddenly cut out of the circuit, the initial value 
of the current being 4, = ‘V/F. In this case we have, by the 
principle of the conservation of energy, 


— ARLl)\/dt = RP 
or 
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Ld//dt+ Rl =o (74) 


which also follows immediately from Ohm's law [/=(— 
Lal /dt)/R). 


The solution of this equation, with the condition /, = V/R, is 
Shee Arla Sy Sa se ee (75) 


The relation between / and ¢ is shown for a particular system 
in Fig. 117, Scale A. 

The time Z/R in which J falls to 1/e of its initial value is 
called the “me constant of the circuit. 


R =—10 Ohms 
L—0.1 Henry 
Y—10 Volts 

-+-—0.01 Seco 


Current in Amperes (A) 





iL 0.04 
Time in Seconds 


Fig. 117. 


The total electric discharge in the positive direction around 
the circuit after the time ¢ = 0 is 


g -{ lat = v/Rf e7 Lt LY /R* = Li,[R (76) 
0 0 
The same result follows from (12) : 
g=—(N,—M)/R=—(0—LL)/R | 
= LI/R=L¥/R 77) 


B. Let the agent with e.m.f. WY be suddenly inserted into the 
circuit, the initial value of the current being /, = 0. In this case 
the principle of the conservation of energy gives 
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WV] = R/* +4 d(4Ll)/at 
or 
V = RI + Lal [at (78) 


which may be obtained from Ohm's law directly [(J=(¥ — 
Lal/dt)/R). 


The solution of this equation is 
[a ¥/R(1— Pe) (79) 


Thus / may be regarded as the sum of a steady current V/R 


and an induced current 
_yv / Reen Ribs 


The relation between / and ¢ for the same system illustrated 
in Case IT. is shown in Fig. 117, Scale B. 

The total electric charge traversing the coil in the positive 
direction due to the induced current is 


43. CaseIII. Circuit Containing Both Capacity and Inductance. 


Let VY be cut out of the circuit at the ttme ¢=o0. In this case 
the principle of the conservation of energy gives 


— d[}¢'/S + }L(dg|at| Jat — R(dg | a0) 
Ld'9/df# + Rdg/dt + g/S=o0 (81) 


or 


which, like equations (66), (78), etc., also follows immediately 
from Ohm’s law. 

To solve (81), assume g = constant x &™ and substitute in the 
equation. Thus we obtain 


Lm? + Rm+1/S=o (82) 
The values of m which satisfy this equation are 


m= — Rf2l + (R/40? — 1/SL)t= —a+ (a — &) 


and 
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m,=— R/2lL—(R*/4l?—1/SLi=—a-—(@—P)i 


if we put R/2L =a and 1/SL=&. 
If m, is not equal to m,, the general solution of (81) is there- 
fore 
ga Ae + Age (83) 
in which A, and A, are constants to be determined by the initial 
conditions of the problem. 
When m, = m, = m = — a, the solution of (81) is 


q = (3B, + Bye (84) 
where B, and #, are constants to be determined by the initial 
conditions. 

Three cases are to be considered: A, when a? = 2; B, when 
22>; C, whn’’< &. 













1. @—S¥(i tat) e~dut 
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1.2 


S—1 Microfarad 0.8 


| oh] — 10 Onms 
a = 25 Microhenrys 
ACA oS esac ee 


Re 
Po EES 


Time in Seconds 
Fig. 118. 


A.2=86. Since = SV and /, = Oo, (84) gives 
Gg=Q(i+ R/2L- the FP! = SW(1 + R/2L-the-FPt-# (85) 
Ve V(1 oh Rial net (86) 









Charge in Microcoulombs 


and 
T= — SWR' /4l?- te“ Ab (87) 


The relations between g, /, and the time for a particular system 
are shown in Fig. 118, I. and II. (Scale A). 
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B. a@>&. To determine the constants A, and A, we have, 
when ¢= 0, 
q=S¥ =A, +A, 
and 
1,=0 =m,A, + m,A, 


Hence (83) becomes 


g = 96] — m,)- (mem — mg) = ee 
SV /(m, — m,)-(merr — me") 
from which we obtain 


d V= g/S = ¥ (om, — my): (mer — mem) (89) 
I = dg/dt = S¥mm,|(m,— m,)-(e#* —e) (90) 


The curves showing the relation between g and ¢ and the 
relation between / and ¢ are very similar to the corresponding 
curves of Fig. 118. Their drawing is left to the reader. 


C. Oscillatory Discharge. a*< *. Equation (83) may be 
written 
q= e-* Aeon +A a Gaee) 


where # denotes (— 1). This equation is equivalent to 
g=e[A cos (# — ait + B sin (F — a*)it] (91) 
where 4 and B are real constants to be determined by the initial 
conditions, From (9!) 
I = dq/dt = e~*{ [B(P — a*)t — Aa] cos (P — a*)¥t — 
[A(@ — a*)t + Ba] sin (P — a’*)t2} 
From the initial conditions g = g, = SV,and / = /, = 0, when 


t=, the above equations may be wnitten 


gq = SVe [cos(? — a*)lt + a/(F — a’)t- sin ( — a’)tt] (93) 
and 


(92) 


T= — SVP /(P — a*}t-e sin (F — a*)it (94) 


We have also 
V=q/[S = ete. 
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The relations between g, /, and ¢ are shown for a particular 
case in Fig. 119. (See the data given in the figure.) 
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Fig. 119. 


The discharge is seen to be oscillatory, as well as damped, the 
charge of the condenser and the current in the wire each revers- 
ing its sign at intervals of }7, where 7 is the period of the oscil- 
lation and is given by the equation 

21 /T = (6 — a’) 
or 
T= 2m/(1/SZL — R?/4L?) (95) 
and the amplitude of the oscillation being gradually reduced 
to zero. 
The charge gq is zero at times ¢ such that 


t= T/en- [wr — tan“? — t/a] 
and / is zero at times 7“ such that 


Y=437n 


where is zero or any integer. 
Each quantity reaches a maximum or minimum value half way 
between two successive zcro values, 
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The current reaches a maximum, minimum, or zero value ahead 
of the charge by the interval 


Z (w — tan = 27) 0 1 


21 20 


6/22: Tis called the phase difference between the current and the 
charge, and @ the angle of lag of the charge behind the current, 
or the angle of (cad of the current over the charge. 

The ratio of the magnitude of a maximum or minimum value 
of the current or charge to the magnitude of the next following 
minimum or maximum, occurring 37 later, is 


Cage i) — gir 


The natural logarithm of this ratio is called the /ogarithmic 
decrement of the oscillation and is denoted by A. Thus 


A= faT= w/(4l/R*S — 1) (96) 


If RK =0,a=0, no energy is dissipated, and the oscillation 
takes place without damping (energy radiated being assumed 
zero). The period when Rk = 0 is 


T, = 2m(SL) (97) 
By (95), (96), and (97) we have 
Ta Trt M [r= Tr tat) (08) 


Hence the effect of a smal! decrement on the period is propor- 
tional to the square of the decrement. See Fig. 119 for the rela- 
tion between 7 and 7) for the circuit whose discharge is there 
illustrated. 

If R is increased while Z and S remain constant, the period 
of the oscillation, as well as the damping, is increased until, when 
@* = 6, the oscillatory character of the discharge disappears. As 
the resistance is still further increased, the discharge assumes 
more and more nearly the character of the discharge of a con- 
denser through a non-inductive resistance (Case I., A). 
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The maximum and minimum ordinates of the current curve 
are equal to the corresponding (to the same time) ordinates of 
the logarithmic curves + SWe-“ and — SVe, or the logarith- 
mic curves are tangential to the current curve at the maximum 
and minimum points. 

The maximum and minimum ordinates of the charge curve 
exceed the corresponding ordinates of the logarithmic curves, 
which are therefore not tangential to the charge curve. The 
ratio of a maximum or minimum ordinate of the charge curve 
to the corresponding ordinate of the logarithmic curves is 
4/(@ — a’), which is nearly unity when a@/é is small. For the 
case illustrated in the figure this ratio is about 1000 to 995, a 
difference scarcely perceptible in the drawing. 

For one of the most recent and accurate experimental investi- 
gations confirming the above theory, which is due to Lord Kelvin 
(1853), the reader is referred to a memoir by Webster (Physical 
Review, 6, p. 297, 1898), where references to the earlier literature 
will be found. 


44. CaseIV. PeriodicE.M.F. Let the electromotive force bea 
simple harmonic function of the time, V = V, cos pf, where p = 
21/7 = 20n, T being the time of one complete period, and 
the number of periods per second, or the frequency, of the elec- 
tromotive force. 

In this case we have, by either of the methods already fre- 
quently employed, 


Ld*q/dt? + Rdag/dt+ 9/S='Y, cos pt (99) 


The general solution of this equation is the general solution 
of (81) already obtained, zzz. (83), + a particular solution of 
(99). To obtain a particular solution of (99), assume 


g =A cos ( pt — 8) 


substitute in (99), and equate to zero the coefficients of sin pt 
and cos ff separately (since the resulting equation must be true 
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for all values of ¢). In this way we find that the above equation 
is a particular solution of (99) if 


= V,/pLR + pL — 1/SP))) 
= V,/pR[1 + L/SR(T,/T— T/T, (100) 


and 
6 = tan'pR/(1/S — Lp’) 
Hence 
Y, ¢—tan-'pR S—L 
ae me EL Tayi PI + Ae + Ajo (101) 


Since the last two terms become sensibly zero a very short time 
after closing the circuit, we may write, except during this interval, 


q= WV, cos (pt — 6)/p[R? + pL — 1/Sp*)?]* = (102) 


Y, cos = | 1 84r 
I = dg/dt = a pee iSpeyt (103) 
and 


Vex g/S= WV, cos (pt — 8)/Sp[R* + P(L — 1/Sp?}7]4 (104) 


The angle @ is called the phase difference (a term more properly 
applied to 0/27: 7) between g and Y, or the angle of lag of ¢ 
behind Y, or the angle of lead of V over g. Similarly @— }ar= 6 
is the angle of lag of / behind VY, or the angle of lead of V over /. 

The quantity [K? + p(Z — 1/Sp*)"]* is called the zmpedance 
of the circuit (or portion of the circuit considered), the quantity 
p(L — 1/ Sp*) its reactance, and the quantity 1/ Sp? its condensance. 

From the way in which S and Z enter into the above equa- 
tions it is evident that a condenser of capacity S in series in the 
circuit has the same effect upon a simple harmonic current as 
would a negative inductance equal to 1/S~’._ Thus condensance 
and inductance can be made to neutralise one another’s effects. 

For given values of Y and & the amplitude of / reaches a 
maximum when L — 1/Sp’ = 0, that is when p = f, = 21/7, 
where Z, = 27(ZS)! is the natural period in which the een 
would execute oscillations if its resistance were zero. In this 
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case 6’ = 0, the current is i phase with the e.m.f., and has at 
all times the same value as if there were no inductance or con- 
densance in the circuit. In this case the circuit is said to be in 
rvsonance with the e.m.f. The relation between the maximum 
value, or amplitude, pA, of the current and 7/7, for a given value 
of L/SR? [see equation (100)] is shown in Fig. 120. 
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Equation (104) may be written 


V = V, cos ( pt — 8) 
Vy = V,/SpLR* + pL — 1/Sp’)*] (105) 


V, being the amplitude of V. If the denominator in this equa- 
tion is less than unity, which is easily possible, V’, will be greater 
than Y,, the amplitude of the applied e.m.f. Differentiation of 
(105) shows that for given values of S, Z, and R the amplitude 
V, will be a maximum when 


pf’ = (2L — SR*)/2SL? 


where 


If SR* is small in comparison with 2Z, this expression gives, 
approximately, 2? = 1/SZ, or 
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T = T, = 20(SL) 

the natural period of the system without damping. In this case 
V,/Y, = (L/ SR) 


which, in accordance with the above assumption (2//?S large), 
is much greater than unity. This is another illustration of the 
effects of resonance. 

Equation (103) may be written 


I= /, cos (pt— 6’) 
The power supplied to the circuit by the e.m.f. V at the time ¢ is 
P=WV/J=VY,/, cos (pt — 6) cos pt (106) 


It is easy to show, either graphically or by means of (106), 
that when 6’ = 0, P is always positive ; that when @ is equal to 
+ 1/2 (its limiting values in the system considered), Pis posi- 
tive during half the period and negative during half the period, 
no power on the whole being developed by the e.m.f. (to make 
6’ = + 1/2, Rmust be zero and either the inductance or the con- 
densance must be zero); and that when @ is less than + a/2 
and greater than zero, / is positive during more than half the 
period. 


45. Dynamical Analogues. Consider the angular motion of a 
cylinder C about the vertical axis of a suspending wire AB. 
Let the moment of inertia of C about this axis be denoted by Z, 
and suppose the inertia of the wire negligible. When the cylin- 
der is turned through an angle g, the twist of the wire gives rise 
to a return torque V= ¢/S, 1/S being a constant of the wire 
depending upon its rigidity and dimensions and called its ¢/as- 
tance or the reciprocal of its permittance, tending to diminish g. 
Let the motion of the cylinder be resisted by a frictional torque 
proportional to its angular velocity dg/dt= J, that is by a 
torque — R/ = — Rdq/dt, where R is a constant. At the time 


386 ELEMENTS OF ELECTROMAGNETIC THEORY. 


t= 0, let a torque WV, capable of producing a final angular dis- 

placement g, = SW, be applied to the system, or removed after 

having been applied sufficiently long to produce the maximum 

displacement g,. Then the equation of motion of the cylinder 

after Y has been applied or removed may be found as follows : 
The potential energy of the system is 


W = { Vdg =4¢°/S 

the kinetic energy of the system is 

T=}3L/* = 4L(dq/at? 
the rate of dissipation of energy in heat is 

F= RI’? = R(dq/dt) 
the rate at which energy is supplied to the system is 

W/ = Wdg/dt 

By the principle of the conservation of energy 


W/=dW/dt+d7/dt+ F 
whence 
Ld*q]dt* + Rdag/dt+¢/S=WV¥ 
which is the equation of motion sought. 

The equation may be obtained also by the direct application 
of the second law of motion. Thus, Y, the total torque acting 
upon the cylinder, consists of three parts: A torque V= ¢/S to 
balance the counter torque due to the torsion of the wire, a 
torque R/ = Rdg/dt to balance the torque — R/ due to friction, 
and a torque Ld//dt = Ld*q/dt* to balance the torque — Ld//dt 
due to the inertia of the cylinder, or to produce the angular 
acceleration d//dt. Hence 


W = Ld’q/adt? + Rdg/dt+q/S 
The equation of motion after the removal of is ¥ 


Ldg/dt* + Rdg/dt + 9/S =o 
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In the same way, if a periodic torque V = Y, cos p¢ acts upon 
the cylinder, the equation of motion is 


Ld*q/dt? + Rdg/dt + ¢/S = V¥, cos pt 


The solutions of these equations are given above. 

I, Let the inertia of the cylinder be negligible (7/W sensibly 
zero). A. The cylinder is displaced initially through the angle 
Y, and the wire possesses’ the potential energy }g,’/S. If the 
cylinder is suddenly released, it will begin to move with the 
angular velocity / = g,/SR, which gradually diminishes toward 
zero as g, diminishes. The potential energy is dissipated by 
friction during the process. The relation between g, /, and @ is 
shown in Fig. 116, I. 

B. If a constant torque V is applied to the cylinder at rest in 
its equilibrium position, it will suddenly acquire an angular ve- 
locity 7 = V/R, which will decrease toward zero, owing to the 
return torque exerted by the wire, as the angular displacement 
increases toward the limiting value g.=SW. The potential energy 
will increase during the process toward the limiting value 49,7/S, 
and an equal quantity of energy will be dissipated by friction. 
The relations between g, /, and ¢ are shown in Fig. 116, II. 

II. Let the elastance of the wire be negligible, or let the wire 
be removed and let the cylinder be supported on pivots (W/7 
sensibly zero). A. If a constant torque V is applied to the cylin- 
der, its velocity and kinetic energy will increase from zero toward 
the limiting values /= VW/R and 7=}L/*. The torque will 
continue to dissipate energy, the limiting rate being V?/R. 

B. If the torque is suddenly removed, the cylinder will con- 
tinue to rotate with continually diminishing velocity and energy 
until the energy is wholly dissipated in heat by friction. 

The relations between / and ¢ for the two cases are given in 
Fig. 117. 

III. Let both the elastance of the wire and the inertia of the 
cylinder be noticeable (W and 7 both appreciable). A and B. 
Let R?/4L? be equal to or greater than 1/SZ. If the cylinder, 
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initially displaced though an angle g,, the potential energy being 
37,7; S, is suddenly released, the potential energy will decrease, 
the velocity and kinetic energy will increase, reach a maximum, 
and decrease, with g, indefinitely toward zero, all the energy be- 
ing finally converted into heat. 

If the torque is suddenly applied to the cylinder at rest in its . 
equilibrium position, the velocity and kinetic energy increase 
gradually from zero to a maximum, decrease, and approach zero 
as the displacement and potential energy approach their limiting 
values g, and }¢,7/S. During the process an amount of energy 
49,°/S is dissipated in heat. 

The relations between g, /, and ¢ for the first case are shown 
in Fig. 118. 

C. Let 1/SZ be greater than X?/4Z*. First assume & to be 
zero. The initial displacement g, and potential energy 39,7/S 
will decrease to zero as the velocity / and the kinetic energy 7 
increase to maxima when the cylinder is in the equilibrium posi- 
tion. The kinetic energy will carry the cylinder beyond this posi- 
tion until the displacement is — ¢,, when the kinetic energy and 
velocity will be zero and the potential energy equal to its initial 
value. The same phenomena will then recur in inverse order, 
and so on indefinitely, the time of a complete oscillation being 
fh. = 2m( SL), 

When &?/4L? is not zero, the phenomena will be similar ex- 
cept that the motion will be damped, each elongation being less 
than that immediately preceding, since energy is continually dis- 
sipated by friction. The time of an oscillation will be increased, 
and the time between zero elongation and zero velocity will not 
be exactly one quarter of a period. 

The relations between g, /, and ¢ are shown in Fig. 119. 

IV. If an alternating torque VY = VY, cos pt is applied to the 
cylinder, it will make simple harmonic vibrations, after the 
motion has become steady, with the period 7 = 2m/p of the 
applied e.m.f. (99) may be written 


g/S=V=Y, cos pt— Ld’g/d? — Rdgq/dt 
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If 7/7, is very great, the velocity / = dg/dt, the acceleration 
d’q{dt, and the second and third terms of the second member, 
which are the counter torques of inertia and friction, are very 
small, so that V = g/S, the return torque of the twisted wire, is 
approximately equal to WV, the applied e.m.f., and its maximum 
value V, is approximately equal to V,, while the maximum 
elongation is approximately equal to SY,. 

If 7/7, is very small, or p/p, very great, the counter torque 
of inertia —Ld’g/df is great; for the acceleration @’¢/d? is 
proportional to » and to the amplitude of the velocity dg¢/d¢ and 
is therefore great even if this amplitude is small. Hence the 
maximum values of g and V, the twist and torque of the wire, 
are small. The velocity d¢/d¢ is also small. 

If 7 = 7,, the torque of inertia is just balanced by the return 
torque of the wire, or the first member of the above equation 
and the second term of the second member cancel. Hence the 
velocity reaches its maximum value, the whole torque WV, cos ft 
being applied to keeping up the velocity or overcoming friction. 
The amplitude of the velocity, and therewith the maximum 
elongation of the cylinder and return torque of the wire, increase 
until the rate of dissipation of energy by friction is equal to the 
rate at which energy is supplied by the e.m.f. V. If the friction 
is small, the maximum elongation and return torque may be 
much greater than SW, and W,, which would be produced by a 
steady torque V,. 


46. The E.M.F. Developed by Rotating a Coil in the Earth's 
Magnetic Field. One of the most obvious ways of developing a 
simple harmonic e.m.f. of known period and amplitude is to 
rotate with constant angular velocity about a vertical axis in the 
earth’s magnetic field a coil of insulated wire wound upon a 
rigid frame with the planes of its turns parallel and vertical, the 
ends of the coil being connected to conducting rings revolving 
on the same axis, the springs bearing on these rings, connecting 
the terminals of the coil with the rest of the circuit. 
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Let 2 denote the number of turns in the coil, S the average 
area enclosed by a single turn, g the angular velocity, 8 = pt the 
angle made by the planes of the turns with the magnetic 
meridian at the time ¢, and B = wH the horizontal component of 
the earth’s magnetic induction (sensibly equal in magnitude to 
H, the horizontal component of the intensity) in the region 
occupied by the coil. 

Then at the time ¢ the coil flux due to the earth’s field is 


N= 2SB sin 0 
and the intrinsic e.m.f. developed in the coil by its rotation is 


VY = — dN/dt = — nSB cos 6 d8/dt 


= — pnSB cos pt = V, cos pt (107) 


For an accurate determination of a resistance in absolute 
measure by a method involving essentially the use of such a coil 
with known constants, see Lord Rayleigh, PA. Trans., 1882, 
Part IT. 


47. A Simple Harmonic E.M.F. Acting on Two Conductors With- 
out Mutual Inductance Connected in Multiple. If an emf. 





Fig. 121. 


VY, cos g¢ is applied to the terminals of the conductors, 1 and 2, it 
is clear from § 44 that the currents /, and J, in the conductors 
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will be simple harmonic with the period 7 = 27/p of the e.m.f., 
and that their amplitudes A, and A, will be in the inverse ratio of 
the impedances. Thus 


Piet rts seal adel 
A, [Ri+ PL" —1/S Py] 


Suppose L,= S, = R, = R,= 0, approximately (Fig. 121). 


Then 
. A,/A,= 1/P'S,2, (109) 
approximately. 


When p is such that 7’°S,Z, = 1, or T= 2r(S,L,)' = 7,, the 
natural period in which the system 12 would execute electrical 
oscillations if isolated and without resistance, etc., A, = A, = A. 
The currents in the two branches have in this case the same 
direction around the circuit 12, and the e.m.f. V cos pf can be 
removed after the oscillations are started without affecting the 
phenomena (dissipation and radiation of energy being supposed 
zero). That / and /, are in this case opposite when measured 
from A to B, or have the same direction around the circuit 12, is 
clear from (100). For in this case we have 








(108) 


6, = tan-"( —R,/pL,) el ee tan'R,/pL, a Ls 

and 6, = tan—'pR,S, =O 
so that 

I, =A cos (pt — 0, + 4) = A cos ( pt — Ado) 

= — Acos (pt +427) = — A cos (pt — 6,+ 47) = —/, 

Since the current in the external circuit connected at A and B 
is /, + /, = 0, no power is supplied by the external e.m.f. This 
also follows from the consideration that /, lags 90° behind ¥ 


and /, is in the lead of ¥ by go°. 
This is another example of electrical resonance. 


48. Distribution of the Total Discharge Through Two Coils in 
Multiple. Let the terminals of the two coils, 1 and 2, be joined 
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at A and &, Fig. 122, and let the e.m.f. from A to B at the time 
t be denoted by ¥Y. The discharge may be that from a condenser, 
as shown in the figure, or any other form of discharge, and the 


VOQQ 
Logo 


Fig. 122. 


circuits may have any inductances and mutual inductance what- 
ever. The capacity in each coil is supposed negligible, so that 
the current is the same across every section of each conductor, 
no charge accumulating at any point. 

The total charge traversing coil 1 is 


Q=flat=f[V/R, dt =1/Rf¥ det 
and the total charge traversing circuit 2 is 


q,=f lat = 1/R,f ede 


WV, /, and J, being considered positive when directed from A to B. 
Thus the total discharge g = 97, + ¢, is divided between the 
two coils in the ratio 


1/9, = F/R, : (110) 


that is, in the inverse ratio of their resistances. Thus the total 
discharge (considered positive when in one direction, negative 
when in the other) does not depend upon the inductances, but 
only upon the resistances, 


49. An Electrical System (Transformer) Consisting of Two Cir- 
cuits, One of Which Contains an Intrinsic EM.F. ‘VY. We shall 
consider only the case in which the capacities of both circuits are 
negligible. Let the resistances and inductances of the two cir- 
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cuits be denoted by #,, R,, L,, Z,, respectively, and their mutual 
inductance by /; and let the time be reckoned from the instant 
at which the e.m.f is applied (to circuit 1), or removed, or the 
resistance of circuit 1 suddenly altered. 

Case I. W= Constant. The total energy of the system is 
electro-kinetic and equal to 


W=34l l/l? + MII, + 32L,/; 
The rate at which energy is dissipated in heat in the two circuits is 
hae f+ foil? Rly 
The rate at which power is supplied to the two circuits is 
eas 
Therefore, by the principle of the conservation of energy, 


P=dW/dt+F 
or 
I (Lal, at + Mal,/dt + R,J, — V) 


+ 1(L,a/,/dt + Mal,/dt + R,/,)=0 


We proceed to show, quite independently of what precedes, 
that each of the expressions within parentheses in this equation 
vanishes separately ; that is, that 

Lal, fat + Ma/,/dt+ R,J,-—-V=o0 (111) 
and 
Lal,/adt + Mal,/dt + R,/,=0 (112) 
equations from which /, and /, are determined below. 

The validity of these equations can be established in several 
ways. Thus the rate at which electromagnetic energy is gener- 
ated in circuit 1 plus the rate at which energy is transferred from 
circuit 2 to circuit 1 is (WY — Md/,/dt)/,, while the rate at which 
the electromagnetic energy of circuit 1 increases plus the rate at 
which energy is dissipated by its resistance is a($Z,/,”)/at + R,//. 
Hence 
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(WY — Mal,/dt)/, = a(4L,/7) [at+ RJ? 


from which (111) results immediately. 

(111) also follows immediately from Ohm's law, the impressed 
e.m.f. in the circuit being YW — L,ad/,/dt — Madl,/dt. 

(112) is obtained in exactly the same way as (111), the intrin- 
sic e.m.f. in circuit 2 being put equal to zero. 


If we place 
A-V¥/R,=1/ 


(111) and (112) may be written 

Lal! |dt+ Md/,/dt+ RJ! =o (a) 
= Lgal,/adt + Mal! [dt + R,/,=0 (4) 
To solve these equations, put 


I! = Ae and J, = Bem (c) 


where A, B, and m are constants to be determined, and substi- 
tute in (a2) and (4). On dividing the resulting equations by &™, 
we obtain, as the conditions which the constants must satisfy in 
order that (c) may give the solution, _ 


(Lim + R,)A+ MmB =o (2) 
MmA + (Lm+R,)B=o (e) 
Eliminating A and &, we obtain, to determine m, the equation 
(LL, — M*)n? + (RL, + &,L,)m + RR, = 0 () 
whose roots are 


mz (AL, th R,L,) + (2,2, ee RL, ns 4K, KM")* 
i phe OS ara) <a e (g) 





nd 
; Tz (RL, Be R,L,) ee (4,2, as RL, cus 4R, RM Al 
soma mmr sot (29 0.) me NE 
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Since (R,L, — R,L,) = (RL, + &,L,) — 42, 2,L,2, and since 
L,L, — M*=o0, the quantity under the radical is positive and 
naiedeallt) less than, or equal to, the first term of the numera- 
tor, and the denominators are positive ; hence do/h m, and m, are 
real and negattve. 

Making use of (zg) and (4), we can now obtain from (@) and (e) 
the values of A/B satisfying (a) and (4). Thus, putting = m, 
in (2) and (e), and denoting the resulting value of A/B by 4,/B,, 
we obtain 


A,/B, = — Mm [(Lym, + R) = — (Lyn, + R)/Mm, (2) 
and similarly, putting m= m,, 
A,/B, eestor Mm,|(L,m, =e R,) eroeE (Lym, a8 R,){Mm, (7) 
Thus the general solutions of (111), (112), (a), and (4) are 


: L=h—-WV/R, = 4% + Ae (2) 
an 

I, = Bye + Bem 
= — [Ai(Lm + &,)/ Mim em + A{Lym, + Ry)/ Mon, -e*) 


where A, and A, are to be determined from the initial conditions. 

A. The circuit containing VY is suddenly closed. The initial 
conditions are /,= /,=0 when ¢=o0. Hence, from (2), (7), 
(4), and (/), we obtain 


(7) 


he RCH Re, he aay * "| : 
113 
and *e i (AZ, Snes vaio alee fo) 


I= — YM/[(RL, — RL) + 4, RM] (et — em) (114) 


The relations between /, and J/, and the time after closing the 
circuit 1 are shown approximately for the general case in Fig. 
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123. J, approaches asymptotically a final value ¥/R,, and /, 
has a maximum at the time given by @/,/dt = o. 

The total charge traversing circuit 2, obtained either by inte- 
grating (114) from the time ¢= 0 to the time ¢= infinity, or 


from (12) directly, is 
met Leer Nie) Bees EE Be 2) Ra re) 
= — MY¥/R,R, = — M1/R, 


if J denotes the final current W/R, in circuit 1. 


Current 


Fig. 123. 


B. The electromotive force VY is suddenly cut out of circuit 1 
(without opening the circuit). The values of the currents, in 
terms of /, and /,, given in (113) and (114), are 


I! =V/Rk, -L=-— 1! (116) 

and l=, (117) 

t now denoting the time reckoned from the instant of cutting out 

the electromotive force. 

50. Case II. The Electromotive Force is a Simple Harmonic 
Function of the Time, V, cos pt. In this case we have 

LdI,/adt + Madl,/dt + RJ, = VY, cos pt (118) 

and L,dl,/at + Madl,[dt + R,/,= 0 (119) 
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The general solution of these equations is that given in (4) 
(for /,’) and (/) added to a particular solution now to be obtained. 
Since the applied e.m.f. is harmonic, we may assume that the 
currents to which it gives rise will also be harmonic in the same 
period. Hence we put 
a I, = A cos (pt — 8.) (120) 
I, = B cos ( pt — 8,) (121) 
where A, B, 8, and 8, are constants to be determined. To deter- 
mine these constants, substitute (120) and (121) in (118) and 
(119), and equate to zero the coefficients of cos pt and sin pt 
separately, since the resulting equations are true for all values 
of 4. Thus, putting 


L! = Ly — PML, |(R? + pL,’) (122) 
RR’ = R, + PM*R,| (RY + /L,’) (123) 


we find, as conditions that (120) and (121) may be solutions of 
(118) and (119), 


and 


A=W,/(R" + pL") (124) 
B= MpA/(R} + ££, (125) 
Gy tanec” pL fk (126) 
6, = 6, + tan“ (— R,/pZ,) (127) 
which, inserted in (120) and (121), give the particular solution 


sought. 

The terms given by (4) and (/) become negligible in a very short 
time, hence after this time (120) and (121) are the complete solu- 
tion of (118) and (119). 

On comparing (120) and (124) with (103), we see that the 
current in circuit 1 is the same as it would be if circuit 2 were 
not present and the resistance of circuit 1 were increased from 
R. to R’, and its inductance diminished from Z, to L’. 
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When 7’Z, is great in comparison with #,, (122) and (123) 
become approximately 


Leal—M JL, and R=R,+RML3 


If in addition the coils are wound together so that the mag- 
netic leakage is zero, or L,L, = M", approximately, L’ becomes 
approximately zero. In this case, 0, = 0, the current in circuit 
1 being in phase with the e.m.f., and @, = 7, so that the current 
in circuit 2 lags behind the current (and e.m.f.) in circuit 1 by 
half a period. 

If either circuit contains in series a condenser of capacity S, 
the solution is obtained, as follows from § 44, by writing in place 
of LZ, or L,, L, — 1/ Sp’ or L, — 1/ Sp’, in the expressions for A, 
B, 6,, and @,. 

If the magnetic field contains iron, or other substance in which 
hysteresis occurs, a simple harmonic applied e.m.f. will not de- 
velop a simple harmonic current. For the current is propor- 
tional to the magnetic intensity H,, by the first law of circuita- 
tion, and the induced part of the total e.m.f. is proportional 
to the rate of change @B/dt of the magnetic induction B. But 
if dB /dt is a simple harmonic function of the time, then, if there 
is hysteresis, 7 cannot be, as is evident from Fig. 114. This of 
course applies to single circuits as well. 


51. The Ratio of Transformation of Two Coils for Which Z,/, = 
M?* and R, = R, = 0, approximately. Let two coils 1 and 2 be 
so wound that all the magnetic flux ® threads every turn of both 
coils (magnetic leakage = 0). Let coil 1 contain », turns and 
coil 2 , turns; then the flux through coil 1 will be V, = ”,® 
and the flux through coil 2 will be V, = 2,®. 

The e.m.f. applied between the terminals of coil 1 will be 


VW =F, + dN [at 
and the e.m.f. between the terminals of coil 2 will be 


Y,= — dN,/dt — RJ, 
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the same direction being chosen as positive around both circuits. 
Hence if R,/, and &,/, are negligible in comparison with the 
electromotive forces of induction, we have, in magnitude, 


V/V, = 2,d® /dt/na® [dt = n/n, (128) 


which is called the rato of transformation of e.mf.s of the two 
coils, 

R, and R, above denote only the resistance of the cols, or 
those parts of circuits 1 and 2 threaded by the tubes of magnetic 
induction common to both circuits. 

The power supplied to the system by the e.m.f. V, is V,/,, and 
the power supplied to that part of circuit 2 outside the coil is 
W,/, When no energy is dissipated in the coils we have _ 


VL=VA, 
whence — L/4,= V/V, = 2,/2, (129) 


which is the rato of transformation of currents for the case con- 
sidered. 


52. Electromagnetic Repulsion Between Two Circuits. When 
an alternating current is induced in a circuit (2) owing to the 
circulation of an alternating current in a neighboring circuit (1) 
connected with an alternating current generator, a force is 
developed between the two circuits, positive or repulsive when 
the two currents have opposite directions, and negative or 
attractive when the two currents have the same direction. We 
proceed to show that the average force is one of repulsion. 

For the sake of simplicity let the two circuits be circular with 
their axes coincident, and let circuit (2) consist of a single turn 
of wire. Let the magnetic flux through circuit (2) be a har- 
monic function of the time, 


N=A cos nt 


Then the outward radial component of the magnetic induction at 
all points of circuit (2) will be 
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B= a cos nt 
where a is a constant 


The e.m.f. induced in circuit (2) will be 
VY = —dN/dt= nA sin nt 
and the current in circuit (2), 
I= C sin (#t — @) 


where C and @ are positive constants (8 < 90°). 
The force upon circuit (2) in the direction 1 2 is therefore 


F= —V/B_x length of circuit (2) 
= — cos ut-sin (nt — 8) x positive constant 


When cos zt and sin (mt — 6) have the same sign, or opposite 
signs, the force upon coil (2) is thus an attraction toward (1), 
or a repulsion from (1), respectively. On platting cos x2, 
sin(zt — @), and their product, which is proportional to — F, as 
functions of the time, it will be seen that, owing to the /ag of the 
current, the average force is a repulsion between the circuits. 

The same result follows from integrating Fat throughout a 
complete period, the average force being 


r r | 
: ih ieee ip cos nt sin (nt — @)-dt x positive constant 
y pa F Te; 


Analogous theory applies to a great variety of cases, one of 
the simplest being that of a light coil, or disc, of copper, alu- 
minium, or other good conductor placed horizontally over an 
electromagnet with coils horizontal. When the magnet is power- 
fully excited by an alternating current the disc or coil is thrown 
violently up into the air. Another interesting case is that of a 
horizontal copper disc mounted on a pivot and placed eccentric- 
ally over the electromagnet, with a second disc, held likewise 
horizontal, near by. Owing to the asymmetry thus introduced, 
the pivoted disc rotates continuously while the magnet is power- 
fully excited. 


53. The Comparison of a Mutual Inductance and a Resistance 
One (1) of the two coils, of mutual inductance M7, is connected 


ELECTROMAGNETIC INDUCTION. 40! 


in circuit with a constant battery B through a key X, while the 
other (2) is connected in circuit with a ballistic galvanometer, the 
total resistance of circuit (2) being R. 

When a current /is suddenly started or stopped in coil (1) 
by closing or opening the key A, a charge g = M//R circulates 
through coil (2) and produces an angular throw @ of the needle 


such that M1/R =T/Gr-sin 36 
or M/[R = H/G/-T/7-sin 36 (130) 


Circuit (2) is now cut at some point and the resulting ter- 
minals connected to two points on circuit (1) with a resistance r, 
very small in comparison with the total resistance of circuit (1), 
between them. This will not sensibly affect the current in cir- 
cuit (1), but will cause a steady current 


r/(r + R)- [= H/G- F{@’) (see § 33, XI) (131) 


to traverse the galvanometer, producing the steady deflection 6’. 
Eliminating H/G/ from (130) by (131), we obtain, finally, 


M/R=r[(r+ R)-T/a-sin 30/F0’) (132) 
6, F(6’), 7, and the ratio of r toy + R being observed, M/R is 
given in absolute measure by (132). 

Absolute Determination of a Resistance. From the dimensions 
of the coils, if circular, toroidal, or rectangular, M/ can be calcu- 
lated ; hence the method affords an absolute determination of a 
resistance. See Glazebrook, PAi/. Trans., 1883, for an important 
investigation in which this method was adopted. 


The Comparison of Two Mutual Inductances. By sending the 
same current in succession through the primaries of two coils 
and connecting the secondaries in succession through the same 
galvanometer, the total resistances of the secondary circuits in 
the two cases being R, and &,, the two mutual inductances /, 
and M,, and the two deflections 6, and @,, the ratio of the two 
mutual inductances can be obtained from the relation 


M,/M, = R, sin 29,/%, sin 24, (133) 
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By putting an adjustable resistance in one circuit, or in each 
circuit, and changing the resistance until 6, = 8,, we have 


M,/M,= R,/R, (134) 


By connecting the two secondaries in series with the galvano- 
meter permanently, and passing the same current in succession 
through the two primaries, we have 


M,/M, = sin 36,/ sin 30, (135) 


~The Comparison of Resistances. The method can also be em- 
ployed for the comparison of two resistances in the secondary 
circuits. In this case 


R,/R, = sin $9,/ sin 46, (136) 


54. The Measurement of Magnetic Induction by the Ballistic 
Method. A small coil consisting of # turns of fine insulated wire 
uniformly wound in parallel planes, the mean area enclosed by 
a single turn being S, is connected by twisted wires to the ter- 
minals of a ballistic galvanometer. The coil is introduced into 
the magnetic field at the place where the induction is to be de- 
termined with the planes of its turns perpendicular to the induc- 
tion, and the galvanometer needle is brought to rest. Then the 
coil is suddenly jerked out of the magnetic field, and the result- 
ing deflection @ of the galvanometer needle is read. Let B 
denote the mean induction perpendicular to the planes of the 
coil’s turns in the part of the field in which the coil was placed, 
and let R denote the resistance of the circuit. Then, by (12), 
and (49) XII., the charge traversing the circuit and producing 
the deflection @ is 

gq =nSB/R=HT/1G -sin 36 
from which 


B= RHT/rnSG -sin 36 (137) 


If u (sensibly equal to unity in nearly all cases) is known, the 
magnetic intensity can be found by dividing B by uz. 
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55. Maxwell's Method of Comparing Two Mutual Inductances. 
In the practise of this method (Fig. 124) two of the coils (the 
primaries), one from each pair, are connected in series with the 
battery through a key XK, and the terminals of each of the other 
coils (the secondaries) are connected to the terminals of a 
galvanometer G through an adjustable resistance, connections 
being so arranged that the discharges of the two secondaries, on 





Fig. 124. 


opening or on closing A, when tested separately, traverse the 
galvanometer in opposite directions. Then the resistances in the 
secondaries are adjusted until the galvanometer needle remains 
undeflected, 7. ¢., until the /o/a/ discharge through the galvanome- 
ter reckoned in one direction is zero, when X is opened or closed. 
Then, if R, and R, denote the adjusted resistances from A to B 
through C and from A to B through D, respectively, 


M,/M, = R,/R, (138) 


To prove this, let / denote the current through the battery and 
primaries, /, /,, and /, = /, — /, the currents from A to B through 
C, from A to B through D, and from A to & through the gal- 
vanometer, at the time; and let Z,, Z,, and Z, denote the in- 
ductances of ACB, ADB, and AGB, and R, the resistance of 


AGB. Then the impressed e.m.f. from A to B at the time ¢ is 
Md!/dt — Lal, [at — RJ, = Ld, — 1) /dt+ RJ, — 4) 
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and the impressed e.m.f. from B to A at the time ¢ is 
Md! at — Ldl,/dt — R,/, = Ld(/,— 4)/at + RA, 4) 
Multiplying each equation by af and integrating from the time 


of closing the circuit (¢= 0) to the time at which the battery 
current becomes steady (¢= 7), remembering that the initial 


v 
and final values of /, and /, are zero and that [ (7, — /,)a@t, the 
1) 


total discharge through the galvanometer, is zero, and denoting 
the steady value of the battery current by /,, we have 


v 
M./,— RJ /,dt =0 


Mj, R,f Tdt=o 


from which (138) immediately follows, since 


“ v 
i [dt = I [dt 
0 9 


The Comparison of Resistances. We can vary the method 
slightly for the comparison of two resistances. Suppose the 
balance given by (138) effected. Introduce an unknown re- 
sistance X into the branch ADB, and balance by adding a 
known resistance R,’ to R,. Then 


M,/M, = (A, + Ry’) /(R, + *) 
Combining this equation with (138) we find 
X/R/! = R,/R, = M,/M, (139) 


If X and RK,’ are both known, (139) gives ,/@M, without a 
knowledge of ¥,/R,. 


56. Maxwell's Method of Comparing an Inductance and a Capac- 
ity. The given coil, with inductance Z and resistance R, is con- 
nected up in a Wheatstone’s bridge with three non-inductive 
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resistances P, Q, 7, Fig. 125, and a resistance balance for steady 
currents is obtained in the usual way by adjusting the resistances 
until the galvanometer needle remains undeflected when &, is 





Fig. 125. 


closed after K,. Then, if V7, denotes the fall of potential from 
A to B, etc., and / the current through ABC, 


VA) VSR aR Va Vim PhO 


During the variable state of the currents just after closing or 
opening X,, however, A, being open, 


V/V, = (RI + Ldl[dt)[ T1= R/T = V/V, 


Hence, if A, is opened or closed while X, is closed, the gal- 
vanometer needle will be deflected. 

If, however, a condenser is introduced as a shunt to DC, as 
shown by the dotted lines, a part of the current through P will 
be shunted into this condenser during the rise of the current after 
the closing of X,, thus reducing the current through Q and 
increasing the ratio V_,/V,,; and during the decrease of the cur- 
rent after the opening of X, the discharge of the condenser will 
increase the current through Q and decrease the current through 
P, thus diminishing the ratio V_,/V,. Hence, since the law of 
the increase or decrease of the induced current in an inductive 
resistance with the time, and the law of the increase or decrease 
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of the charging current of a condenser with the time, are identi- 
cal, §§ 41-42, an exact balance for both transient and steady 
currents can be obtained by using, with given inductance and 
resistances, a condenser of a particular capacity. By readjusting 
the non-inductive resistances, however, a balance for both steady 
and transient currents may be obtained for any inductance and 
capacity. Thus, if Rand Pare fixed, the ratio of the effect of 
the inductance to that of the capacity is decreased by increasing 
Q and 7 and keeping always @/T = P/R. When this double 
balance has been attained, then, as shown below, 
L{S= RQ = PT (140) 
Anderson's Modification. To avoid the necessity of this tedious 
process of readjustment and trial, an additional non-inductive 
resistance W may be inserted between D and the condenser and 
galvanometer, Fig. 126. This will not affect the balance for 





Fig. 126. 


steady currents, but will enable the effect of the condenser on 
the balance for variable currents to be altered. After the balance 
for steady currents has been attained, the resistance W is altered 
until the balance is good for transient currents also. Then 
L/S= WR+7)+ PT (141) 
W thus increases the effect of the condenser. If the condenser 
has too great an effect when W= 0, PT(or QR) must be de- 
creased in the balance for steady currents. 
To establish (141), let x, x, y + 2, y,and z denote the currents 
in the branches R, 7, P, Q, and W’, respectively, at the time ¢ after 
closing or opening X,, the double balance having been attained. 
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_ Then, since the fall of potential along the path ABZ is equal 
to that along the path ADE, we have 


Rz + Ldx/dt= P(y +2) + We (2) 


In the same way the fall of potential from D to C through Q 
is equal to that from D to C through W and the condenser ; 
that is 


Oy = Wz + («, + dt) |S (0) 


where g, denotes the initial charge of the condenser. 

Likewise, the fall of potential from £ to C through the con- 
denser is equal to that from £ to C through the galvanometer 
and 7; or 


(«, ar sat) S = Tx (c) 


Eliminating + and y from (a) by (4) and (c), differentiating 
with respect to ¢, and equating to zero separately the coefficients 
of z and dz/dt (since the equation holds for all values of 2 and 
dz/dt, including zero), we obtain the conditions of a double 


balance : 
R/T=PQ (2) 


the condition for a balance for steady currents ; and (141), wsz., 
L/S=(R+ T)W+ PT 
which reduces to (140) when W= 0, 


Russell's Modification. If a given inductance is to be com- 
pared with an adjustable standard capacity, or if a capacity is to 
be compared with a standard inductance which can be adjusted 
to different values without an alteration of resistance, the balance 
for steady currents is first effected, then the galvanometer circuit 
is closed and the standard capacity or inductance altered until 
the galvanometer needle remains undeflected when the battery 
key is opened or closed. 
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57. Maxwell's Method of Comparing Inductances. The two 
coils whose inductances Z, and Z, are to be compared are joined 
up with four non-inductive adjustable resistances and a battery 
and galvanometer as shown in Fig. 127. (The connections of 





aK 





Fig. 127. 


the battery and galvanometer may be interchanged.) X&,, &,, 
etc., denote the total resistances in the branches AB, BC, etc. 
The resistances are varied until the galvanometer shows no deflec- 
tion for steady currents (K, closed after X,) or for transient or 
variable currents (X, closed after A, or opened before X,). Then 
L,/L,= F/R, = R,/R, (142) 
For, when such a double balance has been effected, the voltage 
from A to B is equal to the voltage from A to D at any time ¢; 
ee Rf, ae L,dI, [at o R;/, 


where /, and J/, denote the currents through ABC and ADC re- 
spectively. In like manner the voltage from B to C is equal to 
the voltage from D to C, that is 


RS ste Lal, [at= Rls 


Combining these two equations and dividing the resulting equa- 
tion by /,, we obtain 


RRL + LR al, [dt = RRs, + LR al, [dt 
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Since this equation is true for all values of the current /, and 
its rate of change, including zero, we have 


RR, = RR, (2) 
which is the condition for a balance with steady currents, and 
LR, = LR, (6) 


which is the additional condition for a balance for variable cur- 
rents. From these equations (142) follows immediately. 

Standard coils are constructed whose inductances can be varied 
within wide limits without an alteration of resistance. If one of 
the coils to be compared is a standard of this kind, a balance for 
steady currents is first obtained in the ordinary way; then, with- 
out altering the resistance in any part of the network, a balance 
for transient currents is made by altering the inductance of the 
standard. See § 18. 


58. Cary Foster's Methods of Comparing a Mutual Inductance 
and a Capacity. Let connections be made as in Fig. 128, S and 





Fig. 128. 


M denoting the capacity and mutual inductance, A, the total re- 
sistance from A through X;, to #, and R, the resistance between 
the points A and C, both resistances being, at least in part, ad- 
justable. If A, is open and K, closed, then when X is opened 
or closed a charge SX,/ will traverse the galvanometer, / de- 
noting the steady value of the current in the battery circuit. If 
K, is open and KX, closed, a charge M//(R, + g), where g de- 
notes the galvanometer resistance, will traverse the galvanometer. 
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By reading the two galvanometer deflections the ratio of to S 
may therefore be obtained. 

In Cary Foster’s null method connections are so made that 
on closing K or on opening X the capacity and inductance dis- 
charges are in opposite directions through the galvanometer. 
Then A, and X, are both closed, and the resistances R, and R, 
are adjusted until on opening or closing X there is no deflection 
of the galvanometer needle, showing that the total discharge 
through the galvanometer is zero. Then 


M1/R, = RIJS 
& not entering the expression. Hence 
M/S= R,R, (143) 
The demonstration is left to the reader, who should refer to 
§ 55. 


59. Brillouin’s Modification of Maxwell's Method of Comparing 
the Mutual Inductance, M, of Two Coils with the Self-Inductance, 
L, of One of Them. The coil with inductance Z and resistance R 





Fig. 129. 


is connected up with three non-inductive resistances P, Q, 7 in 
a Wheatstone’s bridge, Fig. 129, and the other coil is connected 
through an adjustable resistance to the points A and C. Balance 
is first obtained for steady currents in the usual way, then the 
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resistance S of the branch ASC is adjusted until the galvanometer 
shows no deflection when the galvanometer circuit is closed and 
the battery key is opened or closed. In order that the mutual 
inductance of the two coils may thus neutralise the effect of the 
self-inductance of one. of them, the two coils must be so con- 
nected that their currents flow always in opposite directions 
around the tubes of induction which thread them. Then 


L/M=(R+T)/S (144) 


For the increase of voltage from A to B due to the self-induc- 
tance is L dx/dt, and the decrease in the voltage due to the 
mutual inductance is M dz/dt, where x and z denote the currents 
through ABC and ASC respectively. Hence, when the balance 
for transient currents is attained, 


L dx[dt = M ds/dt 


Integrating through the time ¢in which the currents rise from 
zero to their steady values x, and z,, or in which they drop from 
their steady values to zero, we have 


Lf dxdt adt=Lri= Mf ds/dtae = Mz, 
0 0 
Hence L{[M=z,/%,=(R+7)/S 


60. The Comparison of a Capacity with a Resistance. A ca- 
pacity may be compared with a resistance by a method exactly 
analogous to that of § 53, as shown in § 36, XII. The following 
null method, due to Maxwell, is, however, much to be preferred. 

One branch of the Wheatstone’s bridge, as the branch 23, Fig. 
76 is cut and a condenser ABZ inserted, the plate B being con- 
nected by a wire of negligible resistance to the point 3, and the 
plate A being connected in the same way with a rapidly and 
uniformly moving commutator, which puts it alternately into 
electrical contact with the point 3 and the point 2. When J is 
connected to 3 the condenser is short-circuited and the galvanom- 
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eter is traversed by a current in the direction 24; while during 
a part of the time the plate A is connected with 2 the galvanom- 
eter is traversed by a current in the opposite direction 42, the 
plate 4 being charged through the galvanometer and the branch 
12. If the period of the galvanometer needle (or coil) is great in 
comparison with the period of the commutator, a steady deflec- 
tion will, in general, result. By suitably adjusting the resistances 
a, 6,and d, however, the average current through the galvanom- 
eter, reckoned as positive in one direction and negative in the 
other, may be made zero, when the galvanometer will show no 
deflection whether the battery is connected to the bridge or 
not. This is the only adjustment to be made in the practise of 
the method. 

When this balance has been effected, the average voltage 
from 1 to 2 is equal to the average voltage from I to 4, z. ¢., to 


bY | (d + 6) 


if YW denotes the e.m.f. of the battery, and if the battery resistance 
is negligible (a condition easy to attain) in comparison with that 
of the bridge (from point 1 to point 3). Hence the average value 
of the current in the branch 12 is 


and this is equal to the average charging current of the con- 
denser, since the average current through the galvanometer is 
zero. 

The voltage of the condenser when fully charged is the volt- 
age between the points 1 and 2 when the current in every part of 
the bridge has reached its steady state. This voltage is readily 
seen to be 

hal gist dati hash gow 
a+ g)+da +6 +2) 

Hence, if denotes the frequency of the commutator, or the 
number of times the condenser is charged per second, and S the 
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capacity of the condenser, the average value of the charging cur- 
rent of the condenser is 
bg+d(a+6+g) 
L=nS¥ —--—— 
Oa + B+ Mat 5+ 8) 





Equating the two expressions for / and solving for S, we 
obtain 
_ b[oa+g)+da+5+)]* 


S= a(S + d)[bg + dat b+ g)] Se) 








When the condenser has a guard ring, this method cannot be 
used without an inconvenient modification.t A much simpler 
method, however, equal in accuracy, can be used in all cases. A 
galvanometer with two independent coils acting on the same 
needle (differential galvanometer) has the intermittent condenser 
current sent through one coil and a steady current from the 
battery in the opposite direction through the other. The deflec- 
tion is reduced to zero by suitably adjusting the resistance con- 
nected with this second coil. This method, due to Klemencic, 
has been used with great precision by Himstedt { and by H. 
Abraham § in the determination of @ (XIV., § 4). 


Comparison of Capacities. These methods also serve admira- 
bly for the comparison of capacities, only the ratios of the re- 
sistances being necessarily known. 


61. The Comparison of an Inductance with a Resistance. The 
coil AB, with inductance Z, is connected up with three non-in- 
ductive resistances P, Q, and 7, a galvanometer, and a constant 
battery, as shown in Fig. 125 (the dotted lines being annulled), 
and a balance for steady currents is effected in the usual way. 
With the key X, closed, K, is then either opened or closed, when 
the flux through the coil will change from Z/ to 0 or from 0 to 

*H,. Abraham, Ann. de Chim. ct de Phys., Vol. 27, 1892. 

+ For an important investigation in which the method was modified and used with 
a guard ring condenser, see Thomson and Searle, Phil. Trans., A, 1890. 


{ Wied. Ann., Vol. 35, 1888. 
@ Loc. cit. 
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LI, / denoting the steady value of the current in AB. Owing 
to the change of flux and the e.m.f. developed thereby in the 
coil AB, a charge g proportional to Z/ will traverse the galva- 
nometer, producing an angular throw 9, such that 


H7. 
g= KLI =~ sin 48 


where X is a constant depending on the resistances. 

The balance for steady currents is then disturbed by increasing 
or decreasing the resistance R of the branch AZ by a very small 
quantity AR. If /’ denotes the new value of the steady current 
in AB, an e.m.f. /‘AR will thus exist in the branch during the 
steady state, and a steady deflection 6’ of the galvanometer 
needle will result, such that 


H 
KI'AR= — F(6') 


¥ being the same constant occurring in the previous equation. 
Eliminating K from the two equations and solving for Z, we 
have 


I’ Tsin 10 


The ratio /’// of the final and initial values of the steady 
current in AB can be calculated from the resistances in the 
bridge. It is obvious that ordinarily the ratio will be sensibly 
equal to 

i R+T 
I R+OR4T 


which is very nearly unity. 

The method was originated by Maxwell, and was first used 
with precision in an important investigation by Lord Rayleigh 
(Phil, Trans., Part II., 1882). 


CHAPTER XIV. 
UNITS AND DIMENSIONS. 


‘1. The Electrostatic Systems of Units. (1) Zhe rational electro- 
static system. The rational electrostatic unit charge, fully dis- 
cussed in Chapter I., is defined by the equation 


g = (4mcL?F)t (1) 


where Z and F are expressed in c.g.s, units and c is expressed 
in terms of the permittivity of free ether (c,) as unit permittivity. 

From this fundamental definition and the further definition that 
all the equations hitherto developed (except those specified as 
belonging to irrational systems) hold good for all rational systems 
of units (electromagnetic as well as electrostatic), the definitions 
of the rational electrostatic units of all the other electrical quan- 
tities follow. Thus the definition of the RES unit current is 
given by the equation /= ¢/t, / being expressed in RES unit 
current when ¢ is expressed in the RES unit charge and ¢ in the 
c.g.s. unit time; similarly, the definition of the RES unit mag- 
netic intensity then follows from the relation Q = m.m.f. = 
x 2rd=J/(§ 14 or 15, XII.); the definition of the RES unit 
magnetic pole strength then follows from the equation # = F/H; 
and then the definition of the RES unit magnetic inductivity from 
the equation » = m’/4mL*F; etc. 

(2) The common or irrational electrostatic system. If, however, 
while the units of permittivity, force, and length remain un- 
changed, A, equation (1’), I., is put equal to unity instead of 47, 
we obtain, as the definition of the (irrational or common) ¢/ectro- 
static unit charge, the equation 

g = (cl.*F)i (2) 
415 
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On comparing this equation with (1) we see that the electro- 
static unit just defined is equal to (47r)! times the rational unit. 

The system of electrical units built up from this unit charge 
as fundamental unit in a manner exactly similar to that in which 
the rational system is built up from the RES unit charge, with 
the exception of a few units, such as intensity of electrisation or 
magnetisation, which, as stated in appropriate places in the text, 
are differently defined, is called the electrostatic (ES) system of 
units. 


2. The Electromagnetic Systems of Units. (1) Zhe rational 
electromagnetic system. The rational electromagnetic unit mag- 
netic pole strength is defined by the equation 


m = (4mpl*F) (3) 


where Z and F are expressed in c.g.s. units and wis expressed 
in terms of the inductivity of free zther (4,) as unit inductivity. 

From this fundamental definition and the general equations 
already developed for systems defined as rational, the definitions 
of the rational electromagnetic units of all the other electrical 
quantities follow. Thus the REA unit magnetic intensity is 
defined by the equation = F/m, H being expressed in the 
REM unit magnetic intensity by definition, when m is expressed 
in the REM unit pole strength and F in c.g.s. units; the REM 
unit current is defined by the relation /= F/BL or /= 20d x H; 
the REM unit electric charge from the relation g = /t; the REM 
unit electric permittivity from the equation c= ¢7/4mLl?F; etc. 

(2) The common (or irrational) system. If, without changing 
the units of inductivity, force, or length, we put A, (1), XI., equal 
to unity instead of 47, we obtain, as the definition of the e/ectro- 
magnetic (EM) untt pole strength, the relation 


m = (pli) (4) 
On comparing this equation with (3) we see that the electro- 


magnetic unit just defined is equal to (47)! times the electromag- 
netic rational unit pole strength. 
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The system of electrical units built up from this unit pole 
strength as fundamental unit in a manner exactly similar to that 
in which the rational system is built up from the R£JZ unit pole 
strength, with the exceptions referred to in the closing para- 
graph of §1, is called the e/ectromagnetic system of units. 


3. Relations Between the Units of Different Systems. Every 
equation developed in the preceding chapters holds good, as 
already stated, by definition, when every electrical quantity oc- 
curring therein is expressed in its rational electrostatic unit, or 
when every electrical quantity is expressed in its rational electro- 
magnetic unit, all other quantities being expressed in c.g.s. units. 
Every one of these equations that contains the definition of a 
unit, moreover, except those defining unit charge, unit pole 
strength, and the other units referred to in the closing paragraph 
of § 1 and mentioned in the appropriate places in the text, is 
valid also when expressed in irrational units throughout, either 
all electrostatic or all electromagnetic. Thus, on any system 
of units, electric intensity is defined as the force per unit charge, 
magnetic intensity as the force per unit pole strength, electric 
displacement as permittivity x intensity, capacity as charge per 
unit voltage, etc. The following definitional equations, in which 
plain letters denote quantities expressed in rational units and 
primed letters quantities expressed in irrational units, will serve 


as examples: Fat eho! 
atin = TT 
dt = dq/p = dq’ |p’ 
cm D/E= D'/E 
bo Bl/H= Bs 
t=g/I=q'/P 
F/L=IB= I’ B' 
@Hidt=RP=R I 
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P=Vi a=W? 
S=9/V, S=q'[V' 
(but S= {DaS/Vand S’ = [{D’dS/4nV") 
P= /Q, P= '/0! 
J=D,—¢£, 477 =D,-—<¢£, 
J=B,—pH, 477 = B,— wy, 
L=MN//, L'=N'/? 


etc., nearly all the equations being identical on the two systems. 

On the other hand, while some of the derived equations are 
identical in the rational and irrational systems, many are not 
identical. Thus, for example, on developing the equations for 
the irrational systems, we find that 


II’ = 47q’, while II = ¢ 
SY = Wl’ /4rV’, while S= W/V 
V! = 7 [eL, while V= ¢/4mcL 
U' = }3cE"/an, while U= }cl? 
T’ = $hH*/47, while T= nA? 

curl Hf” = 4m’, while curl H=2 

while 2:so 
W = 45'V" = 39/5! = 39 V' = 4S = 49/5 = 4qV 
W=3l'/? =43LP 
curl B” == —dB’ /dt, curl E= —dB/dt  etc., etc. 


The ratio of the rational electrostatic unit of a given quantity 
to the irrational electrostatic unit of the same quantity is always 
equal to the ratio of the corresponding rational electromagnetic 
unit to the irrational electromagnetic unit. This ratio for each 
of the principal electrical quantities is given in Table II. 


419 


UNITS AND DIMENSIONS. 


(fauayy) O18 


log 
3 Yy 
SAS LT ork 
5 Cc #D 
C2 £5 
Bis oO 
UL meen 
~aZr 
uw Cm 
elgei ate 
oa low 
wm Ee 
Cm sD 
~ . 
less 
7) = 
ies) 
S & », I 
J -~ 
Seca ie ela) 
vudore 
como SD 
= 
Qy 
(ury()) ,o1 


(aapdury ) | 


(pus) 


(OA) or, 


(‘ao sad OA) ,O1 


(quojnoa) | _o1 
Wu WMauAvuU 
“OIDALY JEUCH EL 





Nay pews 





~- ber 





| ” 
99 


(26) 





' qtuq snoukear | 
-04)93[q [Laon] 





| wWuy] WIS 
| -ondepy [BUCY 




















20 x 
D z (=>) 
2? I 
{-? (+) 
v 7 (=+) 
v t(+F) 
1-9 i (++) 
Bei I 
p ;. (+?) 
Dv 5 (+) 
7-2 (+) 
2-2 ,_-(+*) 
20 LY 
2? Sar, 
1-2 ¢_ (+f) 
1-? | i (=?) 
1-2 r_(=¢) 
aed “Pies 2 
p 2(2F) 
TaD {(2F) 
1? (4) 
v Puch) 
2—? I 
oe ; (=F) 
1? t_(«b) 
1?  (=+) 
1-2 + (sb) 
seusruianats Bieedeena 
muy tera} 
dnvisos2a1q jeuoney 











[v7] 
[it 2 7 eit) 

(7 7] 
[z raw sill 
ee ; rH] 
et TWN) 


[ 7]} 


ee eae a al 
Urea adel 
I fae eer hel 2 
fos Seyi) 
(eg ve ise] 


C7, "2, 7) 
Peo ed BE |i 
[ez me 77) 

[v7 u- Tin)! 
[eet M. Tea Av] 
Le an 1) 
Cee eyes) 

oe ale Tis) 


We Sa gy si 


ae Are {| 


(7] puv [7] ge suuay 
ur suoIsusWy 


rn te vate 


p 
oy E> 


(vr ae es] 
Ee a, eh) 
omelet 


[oe 25F at 
Ra ce ae (ial) 
pe Ae er a 


ie v 


(ve i ca 
a7 al 
Looe ay] 


ew ANTS 





Hig aoe es ig 
ee WA Bad srg et 
beet he a aril 

tL] 

[eae Luee teh 
[eo ey 
C7, ae yt} 

(eee ie! 20} 





[2] pew pv] qe saa yp 
Ul SOLS LIC 


“SNOISNAWIQ] GNV SLING) TVOTULIITY— J] ITavy 


D7 
hi 


‘joqu sc 


| 
| 


“AUTON PU 


UORUSH USL JO ApSUaqu | 


werelen wa lere | | 

MOP OVNOWMIO USE TY 
NOY OUT L YY 
UOR IN pAL Maury 
“AYISUDYUL DUTY 
“Quango pul dnauteyy 
WUAWOI IHoUSUY 

Up Auays epod MUTI YY 
“Aon puo, ) 
“AVUBPOAPUO > 

“AWAD sIsoy 

“AOUL YSIS 

“Ayisuap JAD MA) 
"JUIN IU} AW] 
"NONTSI IIA JO Apsuojuy 
“Ayoudyy 

“AMOJ « ANOUIOIIDI| 

ANY 919914 
juatmsudsip s1199]'4 
*Aysuoqut IBOR ATI | 
MDP] 
MII 
JUDIE T 


“Apt dl 
"JUPMUOUL 
“Ayisuap dovpuns 


“Qisuop atmos duyda/47 
‘aBavyd d4I0[4 
Tt va] 





420 ELEMENTS OF ELECTROMAGNETIC THEORY. 


The ratio of the rational electrostatic unit to the rational 
electromagnetic unit of a given quantity is always equal to the 
ratio of the irrational electrostatic unit to the irrational electro- 
magnetic unit of the same quantity. This ratio can easily be 
found in any case from the equations defining and connecting the 
units, and the relation given in § 4, XII., between the electro- 
magnetic and electrostatic unit current. Thus the electromag- 
netic unit charge or current is @ times as great as the corre- 
sponding electrostatic unit ; the electrostatic unit magnetic pole 
strength is @ times as great as the electromagnetic unit pole 
strength ; the electromagnetic unit permittivity is @ times as 
great as the electrostatic unit permittivity ; the electrostatic unit 
inductivity is a? times as great as the electromagnetic unit in- 
ductivity, etc., etc.; the ratio of the electrostatic to the electro- 
magnetic unit being always a, a’, a~', or a~*. 

The ratio of the electrostatic to the electromagnetic unit of 
each principal electrical quantity is given in Table II. The table 
also contains the ratio of the rational electrostatic unit of each 
quantity to the irrational electromagnetic unit. 

As shown by the table, or by the preceding statement, the per- 
mittivity of free ather, which is unity on the electrostatic systems, 
is 1/a’ x unity on the electromagnetic systems. Also, the in- 
ductivity of free zther, which is unity on the electromagnetic 
systems, is 1/a? x unity on the electrostatic systems. Thus the 
product of the permittivity of free zther by its inductivity, both 
measured on the same system of units, is equal, numerically, 
to 1/a’. 

Of the dimensions (§ 6) of a nothing is known. In all that 
precedes we have assumed its dimensions to be zero, and we 
shall adhere to this assumption in what follows, that is we shall 
treat @ as a mere number, except where the contrary is stated. 


4, Experimental Determination of the Magnitude ofa. To de- 
termine the value of a experimentally, it is necessary only to find 
the ratio between the electrostatic and electromagnetic measures 
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of any one electrical quantity. This will furnish 2 or a known 
power of @ according to what precedes. Hence.the ratio a can 
be determined in a great variety of ways. For example, the 
capacity of a standard condenser can be determined in absolute 
electrostatic measure from the measurement of its geometrical 
dimensions (§ § 1-2, III.), and can be determined in absolute elec- 
tromagnetic measure by comparison with a resistance (§60, XIII.), 
or a mutual inductance (§58, XIII.), or other electrical quantity, 
independently determined in absolute measure according to the 
methods described above, or other methods. By such methods, 
and a number of others, some of which will be apparent from 
the methods of measurement previously discussed in this book, 
a has been determined with considerable precision. The best 
results all lie close (within a few tenths per cent.) to 3 x 10”. 

For some of the most recent and best determinations, see 
Thomson and Searle, Pil. Trans., A, 1890; H. Abraham, Azan. 
de Chim. ct de Phys., Vol. 27, 1892; and D. Hermuzescu, Ana. 
de Chim. et de Phys., Vol. 10, 1897. 

According to the theory developed in Chapter XVI., electro- 
magnetic waves are propagated in free zther with the velocity 
v = 1/(c,)', which is equal to a numerically. This velocity has 
been determined approximately for long waves, and very accu- 
rately for extremely short waves (light), and found to agree with 
a as otherwise determined within the limits of error of experiment. 


5. Practical Units. The rational systems of units are at present 
unfortunately but little used, and the irrational electrostatic system 
is used only in pure science and mostly for theoretical purposes. 
The irrational electromagnetic system, on the other hand, is more 
extensively used. For the purposes of ordinary experimental 
work, however, especially for the purposes of electrical engi- 
neering, many of the electromagnetic units, as well as many of 
the c.g.s. mechanical units, are inconveniently large or small. 
Hence a practical system of units, each a decimal multiple or 
submultiple of the corresponding (irrational) electromagnetic unit, 
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or the c.g.s. mechanical unit, has been developed in which each 
of the units most frequently employed in practice has a magni- 
tude of the same order as that of the quantities with which it is 
ordinarily to be compared. These units are so chosen as to form 
a self-consistent system satisfying all the equations satisfied by 
the electromagnetic system, except those equations which are not 
wholly made up of quantities whose units are defined in the prac- 
tical system. The units of mass, length, permittivity, and induc- 
tivity are the same in both systems. The relations between the 
other practical units and the electromagnetic units are given in 
Table II. together with the names of the practical units. 

A unit one million (10°) times as great as any one of these 
units is designated by the name of the unit with the prefix mega 
or meg. Thus a megohm is one million ohms. 

A unit one millionth (10~‘) as great as any one of these units 
is designated by the name of the unit with the prefix mucro. 
Thus a microvolt or microfarad is one millionth of a volt or a 
farad, 

In like manner the prefixes dvka, dect, centt, etc., are attached 
to the names of the units with the same effects as they have upon 
the common units of the metric system. 


6. The Dimensions of Electrical Quantities.* As already stated, 
nothing is known of the physical nature, or dimensions in mass, 
length, and time, of the quantities c, 4, and a. Hence, since 


* Vector Dimensions. In the system of dimensions adopted here no account has 
been taken of the fact that a length, unlike a mass or a time, is a vector, or directed 
quantity. Thus, on this system, the dimensions of a plane angle, which is a length 
divided by a length, are zero in [4/], [Z], and [7], although one of the lengths is 
perpendicular to the other ; the dimensions of a solid angle are zero, although it is a 
surface divided by the square of a length perpendicular thereto; the dimensions of 
work (force X distance in direction of force) are equal to the dimensions of torque 
(force distance perpendicular to force), etc., etc. Yet there is an essential difference 
between a mere number, which of course has no dimensions, and a plane or solid 
angle, and there is an essential difference between the physical nature of a quantity of 
work and a torque. 

These anomalies vanish, however, if we express all dimensions in terms of [47], 
[7], and [LX], [YJ], and [2], three lengths at right angles to one another, thus 
taking account of the vector nature of Z. On this system, a plane angle has such 
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every electrical unit involves one or more of these quantities, the 
complete dimensions of every electrical quantity are unknown. 
If, however, [c], [#], and [@] are written for the unknown 
dimensions in mass, length, and time of ¢, w, and a, respectively, 
a complete expression for the dimensions of every electrical quan- 
tity can be written down. Thus, if the dimensions of any quan- 
tity are obtained from the equations of either of the electrostatic 
systems, they will be expressed in terms of [47], [Z], [7], and 
[2] and [ec]; if they are obtained from the equations of either 
electromagnetic system, they will be expressed in terms of [7], 
[Z], [7], [4], and [#]. The dimensions of all the principal 
electrical quantities, both in terms of [a] and [c] and in terms 
of [a] and [+], are given in Table II. 

Since the actual dimensions in [7], [Z], and [7] of any 
electrical quantity must be the same whether expressed in terms 
of [a] and [c] or in terms of [a] and [p], the dimensions of 
any quantity in terms of [@] and [c] may be equated to its di- 
mensions in terms of [a] and [u]. Thus, equating the dimen- 
sions of electric charge in terms of [a] and [c] to its dimensions 
in terms of [a] and [], we obtain 

[MALIT—'ct] = [MiLip-ta) 
or [a/aut] = [Z/T] (5) 
That is, the quantity ¢/ctut is a dinear velocity, Exactly the same 
relation, (5), and only this relation, follows from equating the two 
expressions for the dimensions of any other electrical quantity. 

The velocity of electromagnetic waves as determined from the 
equations of Chapter XVI. is 1/(ue)!. In these equations, how- 
ever, as stated above, the dimensions of @ are ignored. If this 
is not done, it is easy to see that the velocity comes out equal 
to 1/(uc)! x [a], which is numerically equal to 1/(cu)! and is 
dimensionally correct by (5). 
dimensions as [.¥ ¥—'] or [ ¥Z-"]; a solid angle such dimensions as [X ¥Z—?] or 
( YZX-*); a quantity of work such dimensions as [ .1/.X? 7-2]; a torque such dimen- 
sions as [7X Y7-8]; etc. This is therefore a rationa/ system of dimensions. This 


system of dimensions, as applied to mechanical and electrical quantities, is discussed 
at length by W. Williams, in the Philosophical Magazine, September, 1892. 


CHAPTER XV. 
THE GENERAL ELECTRIC CURRENT, 


1. Displacement Current and Magnetic Intensity. It has been 
shown in § 27, XIII., that when no other kind of current is 
present the conduction current across a surface is equal to the 
m.m.f. around the edge of the surface, and that the conduction 
current density is equal to the curl of the magnetic intensity. 

That a changing electric displacement, or a pure displacement 
current, also gives rise to a magnetic field similar, qualitatively, 
to that of a conduction current Hertz proved by direct expen- 
ments. Consistently with these experiments, we shall here as- 
sume that a given displacement current develops a magnetic 
field similar, both qualitatively and quantitatively, to that con- 
nected with a conduction current of the same magnitude and 
distribution. The very important consequences of this assump- 
tion are in rigorous accord with experiment (XVI.). Thus we 
may write for a closed curve through which the electric flux is 
changing and through which there is no other form of current 
than a displacement current, 


Qe J,=dIl/dt (1) 
and curl H=1,=dD/at (2) 


which are analogous to (8) and (9), XIII. 
Q) is called an induced m.mf., and H an induced magneti 
intensity. 


2. The Magnetic Field Induced by the Motion of a Concentrated 
Charge. Let an approximately concentrated charge g = pdr 
424 
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move with a velocity v, Fig. 130. Let II denote the electric 
flux through a circle of any radius @ with its axis passing through 
dt parallel to v, and let the direction of v be chosen as the posi- 
tive direction through the circle. Owing to the motion of the 
charge with its field the flux through the circle will increase at 
the rate dII /d¢ and a m.m.f. equal to 2 = dI1/d¢ will be induced 
in the positive direction around the circle. By symmetry, the 





Fig. 130. 


induced magnetic intensity 7 is equal in magnitude at all points 
of the circle which, like all other parallel circles centered on the 
same axis, is a line of magnetic intensity. Let @ denote the 
angle between v and the direction of D at every point of the cir- 


cle; then 
aM /dt=v-sin 0: 27aD = Q = 20aH 


and the directions of the vectors are so related that this equation 
gives 
H = VvD -sin 6 (3) 


which is analogous to (5a), XIII. 
Thus the magnetic intensity is developed by the motion of the 
tubes of electric displacement at right angles to their length. 
Since in the case considered 


D=9/4nr = gr/4nr* 
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where x (= 7 numerically) is the distance of the circle from dr, 
(3) is equivalent to 


H = 1/4rr-Vog-r sin 0 = dr/4mr-Npv-r sin 8 


eae 


Thus, as shown by a comparison of (4) with (13), XII., the 
same magnetic effects are produced by a moving charge with 
convection current density #_, as by a conduction current of den- 


sity ae yh cael vhut sth he 
In strictness the above results are only approximate andrre- 
talty es : LTE AN ps 


quire an appreciable correction when v is domparable with the 
velocity of free electromagnetic disturbances (the velocity of 
light), § 11, XVI., since the field at a distance from a moving 
charge /ags behind the charge. 

A similar magnetic field would be developed by the motion 
of the pole of an electret, and an electric field exactly analogous 
to this last by the motion of the pole of a magnet, only the 
space outside the magnet or electret being considered. 


3. The Magnetic Field of a Cylindrical Convection Current. 
The electric field of a cylindrical condenser is discussed in §§ 8-0, 
II. Let the charge upon unit length of the inner conductor be 
+ q and that upon unit length of the outer conductor therefore 
— gq; and, for simplicity, suppose the conductivity ot the outer 
cylinder perfect. Then the tubes of displacement will terminate 
normally upon the outer cylinder whether the inner cylinder is 
at rest or in motion. Let the inner cylinder move with a velocity 
v in the direction AZ of its axis. Then the convection current 
through any closed curve surrounding the inner cylinder is 

f= qv 
in the direction AZ. 

By the last article, the m.m.f. around any closed curve sur- | 
rounding the inner cylinder and within the outer cylinder is 


therefore 
0 = fs = qu 
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The magnetic intensity has the same magnitude at all points 
of any circle of radius r coaxial with the cylinders, and all such 
circles are lines of magnetic intensity. Hence 


QD. = 20rrH = qu = 20rDv 
and, with due respect to the directions of the vectors, 
H =VvD (5) 


In this case there is no displacement current through the cir- 
cle of intensity, but the magnetic field is developed as before by 
the motion of tubes of displacement perpendicularly to their 
length. (5) isa particular case of (3), since in this case sin 0 


= 1. 


4. Experiments upon the Convection Current. That an electric 
convection current, in conformity with the above theory, is accom- 
panied by a magnetic field of the same character, both qualita- 
tively and quantitatively, as that connected with a pure conduc- 
tion current of the same magnitude and distribution, has been 
proved in several series of experiments by Rowland, using charged 
rotating discs, and has been confirmed by many others. 

Just as the magnetic field of a conduction current may be 
deduced as a consequence of Ampére’s law, § 11, XII., so, con- 
versely, Ampére’s law may be deduced as a consequence of the 
(experimentally investigated) magnetic field of the current. Since 
therefore a convection current develops a magnetic field identical 
with that of a conduction current of the same magnitude and 
distribution, Ampére’s law must apply to such a current. Hence 
a beam of cathode rays (consisting of very fine negatively charged 
particles, or e/ectrons, moving with velocities approaching that of 
light) should be deflected when immersed in a magnetic field 
perpendicular to the beam. That such a deflection occurs, in 
qualitative agreement with the theory, has been known for many 
years. A deflection in a magnetic field, in the direction indicated 
by theory, of the much more massive and more slowly moving 
positively charged particles forming the cana/ rays has also been 
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recently observed. The assumption, justified by the experiments 
of Rowland, that the agreement between these experiments and 
theory is also quantitative has recently led to very important 
advances in knowledge. 

In accordance with what precedes, we may write for the m.m.f. 
around the edge of a surface across which there is a convection 


current only (ous (6) 
and curl 7 = 7, (7) 


5. Magnetic Intensity and the Motion of Electric Displacement. 
Motional Magnetic Intensity. In § 2 it has been shown that for 
the case there considered (1), and therefore (2), is equivalent to 
(3). In the same way, just as (8) and (9), XIII., are equivalent 
to ($a), XIII., so (1) and (2) may be readily shown to be 
equivalent, in the general case, to the more general relation 


H=VNVvD sin 6 (8) 


where //7 is the magnetic intensity at a point Pin the dielectric, 
at which the displacement is D, developed by the motion of the 
tubes of displacement relatively to the medium at P with the 
velocity 7, whose component perpendicular to D is v sin 8. 

If the medium at Pis in actual motion with reference to the 
surrounding medium, containing the inducing system, such as 
fixed charges, it is an t¢rinsic magnetic intensity, and is called a 
motional magnetic intensity. The existence of a motional mag- 
netic intensity was first established by Roentgen, in whose ex- 
periments a magnetic ficld in qualitative agreement with (8), to 
judge from its continuation in the air, was developed ina slab of 
rigid dielectric rotated in air between fixed charged discs. For 
the most recent experiments upon the subject, see A. Ejchen- 
wald, Ann. der Phystk, Nos. 5 and 6, 1903. The experiments 
indicate that for D, in (8), if c, and c, (= ¢,, sensibly) denote the 
permittivities of the slab and the air, respectively, 


J= he BD, ¢,)/¢,]D 
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should be substituted. That is, a /icttt#tous convection current 
produces the same magnetic effects as a true convection current 
of the same magnitude and distribution. 

Thus magnetic intensity is induced by moving tubes of electric 
displacement, as electric intensity is induced by moving tubes of 
magnetic induction (§ 6, XIII.). It cannot be said, however, 
that magnetic intensity is always due to moving tubes of electric 
displacement, or that electric intensity is always due to moving 
tubes of magnetic induction, an attempt to make (5a), XIII., and 
(8) general expressions for magnetic and electric intensity lead- 
ing to apparently insurmountable difficulties. It is sufficient to 
mention the field of a static electric charge or magnetic pole. 


6. (Induced ?) Intensities in the Field of a Steady Conduction 
Current. Let the current / traverse the inner and outer con- 
ductors of a cylindrical condenser axially in opposite directions, 
the inner cylinder in the direction AZ, and suppose both 
cylinders perfect conductors. Then the electric field will be 
radial and perpendicular to both cylinders as in a purely static 
field. 

Jmagine the conduction current to consist in the motion of the 
positive and negative ends of the electric tubes along AZ and 
CC respectively, the electric tubes travelling in the direction AB 
with the velocity v. Then the magnetomotive force around a 
circle of magnetic intensity of radius r is 


Q=f=20rrH = qw= 2rrlDy 
g being the charge upon unit length of the inner cylinder and D 


the displacement at the distance r from the axis. With due re- 
spect to the signs of the vectors, the last equation gives 


IBY (9) 


Thus by assuming that the magnetic field of the steady con- 
duction current is a consequence of the (assumed) motion of its 
electric field we are led to the same relation between H, v and D 
as already deduced for the displacement current. 


430 ELEMENTS OF ELECTROMAGNETIC THEORY. 


If we imagine the electric field, likewise, to be developed by 
the (assumed) motion of the magnetic field with velocity x, (52), 


XIII., gives E=VBu (10) 
Equations (9) and Go) give for the relations between w and v 
| uv = 1/cp 
ufv = 3ED/$HB 
usHB=v3sE£ED=}EH 


Since the electric and magnetic energy densities are not in 
general equal, except in the case of pure electromagnetic waves 
(XVI.), the above conceptions lead to the anomalous result that 
uandv are different and may have any ratio to one another. 
Since in some cases (according to the dissociation theory), and 
probably in all (§ 15, IX.), the steady electric current in an actual 
conductor consists in the motion throughout the conductor in 
opposite directions of positively and negatively charged particles, 
and since the surface charges connected with the external field 
of the steady current do not take part in the conduction (§ 9, 
VIII.), the above results must be taken as at present only sug- 
gestive. 


7. The First Law of Circuitation for Media at Rest and in Mo- 
tion. When a given surface in a medium at rest is crossed by 
conduction, convection, and displacement currents simultaneously, 
the total current / through the surface and the m.m.f. O around 
its edge (the direction of the m.m.f. being related to that of the 
current as the direction of rotation to that of translation of a 
right-handed screw) are connected by the equation 


fect f, tel tO (11) 


and the total current density z and the magnetic intensity A’ are 
connected by the equation 


t=21+1,+2,=curl H (12) 
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where 7,+7,+ 12, is a vector sum. Here # denotes either the 
intensity due to the currents, or the total intensity due to both 
currents and magnets, if such are present (since the curl of the 
intensity due to the poles of a magnet is zero). 

If the medium is in motion, with the velocity — v at the point 
where the electric displacement is D (§5), and if #7 still denotes 

the total magnetic intensity, the curl of the motional magnetic 
| intensity, which we shall call the motonal current density, or 
the fictitious convection current density, and denote by 7, must be 
added to the first member of (12). Thus we have, 


tet+it,+¢ +2 = curl 1 (13) 


the first member being a vector sum. This is the most general 
form of the first law of circuitation. 


8. The Circuital Character of the Total Current. Kirchhoff's 
Law I. Generalised. That a steady conduction current flows in 
a closed circuit (div 7, = 0 everywhere) is shown in §5, VIII. 

From the Cartesian expression for the divergence of a vector 
(§31, I.), and the Cartesian expression for the curl of a vector 
(§4, XVI.), it follows that the divergence of the curl of any 
vector is zero. Hence it follows from (12) and (13), since #, the 
total current density, is equal to curl H, that 


div 2 = div curl H=o (14) 


That is, in any case, the ¢ofa/ current flows in closed tubes. 
Thus, for example, let an electric condenser AB be discharged 
through a wire C, and first suppose the capacity of the wire 
negligible in comparison with that of the rest of the system. 
Then during the discharge the conduction current / = — d¢/dt 
will be sensibly the same across every section of the wire (if the 
capacity of the wire were zero, any charge there accumulating 
would produce an infinite potential difference), and the displace- 
ment and displacement current will be confined sensibly to the 
region occupied by the tubes stretching from Ato B. During 
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the discharge the flux from A to B decreases at the rate — dg/adt 
and the flux from B to A increases at the same rate — dg/d¢. 
Thus the displacement current dII/dt = — dg/dt from B to A 
through the dielectric across any closed surface surrounding one 
of the plates is equal to the conduction current across every sec- 
tion of the wire from 4 to B. Thus the total current flows in a 
closed circuit, the displacement current starting where the con- 
duction current stops. , 

Similar phenomena occur when the wire is cut and its ends 
connected to the terminals of a voltaic cell. The conduction 
current through the wire and cell as the condenser is charged is 
equal to the displacement current in the same direction around 
the circuit through the dielectric. 

If the capacity of the wire C differs from zero (which is always 
the case to a greater or less extent), then, if the condenser is dis- 
charged by bringing the wire into contact with the plates at A 
and # simultaneously, tubes of displacement will move out along 
the wire stretching from the part near 4 to the part near B, giving 
rise to a displacement current through the dielectric from the 
one part to the other as well as to a conduction current through 
the wire; and the sum of the two currents, through the wire and 
through the external dielectric from A to B, is equal to the dis- 
placement current from & to A through the rest of the dielectric. 
During this process the conduction current is not constant from 
section to section of the wire, being zero across the more remote 
parts of the wire while it has an appreciable value across the 
nearer parts immediately after the beginning of the discharge. 


CHAPTER XVI. 


THE TRANSFERENCE OF ELECTROMAGNETIC ENERGY. 
ELECTROMAGNETIC WAVES. MAXWELL'S THEORY. 


1. Poynting’s Theorem * when E is Perpendicular to H. Fig. 
131 represents one end of a system consisting of two long coaxial 
perfectly conducting circular cylinders A and F, with external 
and internal radii R, and RX, respectively, closed by a non-con- 
ducting slab £ of zero permittivity, and plugged with a closely 
fitting right cylindrical conductor D of length Z and resistance 





W. A and F are connected at the remote end of the system 
with the positive and negative terminals of a voltaic cell or other 
electric generator, and are traversed by a constant current in the 
direction ABCDFF. 

Since A and F are perfect conductors and since £ has zero 
permittivity, the electric and magnetic fields are confined wholly 
to the dielectric and to the conductor D. (If the permittivity of 
E were not zero, the fields would be the same except that in 
addition a static electric field would extend beyond C to the right 
connecting F and C.) Also, the lines of electric intensity are 


*J. H. Poynting, PAi?. Trans., Part IJ., 1884 and Part II., 1885; Oliver 
Heaviside, Electrical Papers and Flectromagnetic Theory; J. H. Poynting, Raf- 
ports, Congrés Int. de Physique, 1900, Vol. II. 
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normal to both cylinders and straight, as in a purely static field. 
The lines of magnetic intensity are circles centered on the axis 
of the cylinders in planes perpendicular thereto. 

Let the steady current be denoted by /, and the steady differ- 
ence of potential from A to F (there is no fall of potential along 
A or along F) by V= WI, 

Energy, generated by the voltaic cell (or other generator), is 
supplied to the system ABF at the rate V/, and is dissipated by 
the resistance HV at the rate W/* = V/. Since there is no energy 
within the conductors A and F or outside the closed system, 
energy must therefore be ¢vansferrcd in the direction ABC across 
every section of the atelectric at the rate 


(R) = V[ = WI? (1) 


Since V= f Ear along a line of electric intensity, and / = 2rrH, 
where £ and # denote the electric and magnetic intensities at a 
circle in the dielectric distant 7 from the axis, (1) may be written 


(R) = VI = [EH-anrdr = { EHdS 


where S denotes the cross-section it 2mrar of the dielectric. There- 
fore, due attention being paid to the signs of the vectors, the time 
rate per unit area, R, at which electromagnetic energy is trans- 
ferred across an area whose plane contains £ and H, perpendic- 
ular to one another, or the electromagnetic energy flux density, is 


R = d(k)/dS =VEH (2) 


This is Poynting’s theorem for the case in which £ is perpen- 
dicular to H. A more general form of the theorem will be de- 
veloped in § 5. 

Let Z and S denote the inductance and capacity of unit length 
of the system, then }Z/* and 4SV? denote the magnetic and 
electric energies contained in a unit length of the dielectric. Let 
77 denote the velocity with which the electric energy moves in 
the direction ABZ, and uz the velocity with which the magnetic 
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energy moves in the same direction (see § 6, XV.). Then we 


may write 
(KX) = %4SV*) + u(3L7?) (3) 
which is equal to V/ if 
uv = 1/SL = 1/cp (see below) (4) 
In exactly the same way we have for the energy flux density 


R = o(3cE*) + (tut?) (5) 
which is equal to EH if uv = 1/cp. 
Thus the conception of moving tubes is consistent with Poynt- 
ing’s theorem if the relation (4) holds between the velocities. 
When 3Z/? = 3SV*, or cE? = bu’, 


w= = 1/(cn) (6) 


2. Mechanical Analogue. Consider a circular cylindrical rod 
rotating uniformly about its axis AB and transmitting power in 
the direction AB. Let the constant angular velocity be denoted 
by / and the torque acting across every section by V, the com- 
mon direction of both being related to the direction AB as the 
direction of rotation to that of translation of a right-handed 
screw. 

The rate at which energy is transferred across every section 
of the rod in the direction AB is 


(R) = VI 


Owing to the torque across every section, the rod is ‘wzsted, 
or any two sections are sheared with respect to one another. 


dr — >24%------ | I ibd pe | 


Fig. 132. 


For all points at a given distance r from the axis the (angle of ) 
shear, or relative shift per unit length between two cross-sections, 
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is the same and will be denoted by D. Fig. 132 shows the 
natural and sheared states of a ring of radius 7 and infinitesimal 
thickness dr. JD is zero at the axis and is proportional to rz, 
having its greatest value at the surface of the rod. The direction 
of D is everywhere radial from the axis, since a nght-handed 
screw at any point rotating in the direction of the twist or shear 
at the point, as shown by the arrows in the figure, would move 
radially toward the surface. 

Let the modulus of rigidity of the rod be denoted by , and its 
reciprocal, or the shear permittivity, by c. Then, at any point 
of the ring considered, the shearing stress (shearing force per 
unit area, or shearing torque per unit volume), which will be 
denoted by &, has the same direction as that of D and is equal to 


E=nD= Die 


Since the area of the cross-section of a ring of radius 7 and 
thickness dr is 27rdr, the torque about the axis acting upon the 


cross-section is 
aV = 20rdrEr 


Let the linear velocity at any point distant r from the axis be 


denoted by H. Then 
H= rl 


The rate at which energy is transferred across the zone of 


radius ry and width dr is 


/dV = 20r*drEH|r = EH2rrdr 
and the rate of transfer per unit area is 
R=VLH (2) 


if due attention is paid to signs. 

The potential energy per unit volume is cE? = 4nD*. 

Let the density of the rod be denoted by ». Then the kinetic 
energy per unit volume is }4/7?. 

If we assume the potential energy to travel in the direction AB 
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with the velocity v and the kinetic energy with the velocity x, 
we have also 


R = v}cE? + utp? 
which is consistent with (2) ifww—=1/cu. Ifu=mv 
R = o(3ck? + $4") 
which, combined with (a), gives 
v = VEH|/(4cE* + nH”) 


3. Two Perfectly Conducting Parallel Circular Plates Connected 
by a Right Ciroular Coaxial Conducting Cylinder. Let Z, Fig. 
133, denote the distance between the plates, or the length of the 





Fig. 133. 


cylinder, a the radius of the cylinder, both supposed small in 
comparison with the radius of the plates, and W the resistance 
of the cylinder. Let the plates be maintained at the constant 
difference of potential V. 

The electric field between the plates (except near their edges) 
is uniform and parallel to the axis of the cylinder in the direction 
AB. The electric intensity is E = V/L(= D/c in the dielectric). 
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The current flows in radial stream-lines in the plane 4A toward 
the axis of the cylinder, through the cylinder parallel to its axis 
in the direction AB, and from the cylinder in radial stream lines 
in the plane BB. 

The lines of magnetic intensity are circles parallel to the planes 
and centered on the axis of the cylinder. The intensity at all 
points of a circle of radius ris H= //2mr = V/2mrW, if r is 
greater than a. If,r is less than a4, H = r//271a’. 

Within the perfect conductors there is no field of cither kind. 

Energy is dissipated in the cylinder at the rate (R) = WP? = 
VI. Hence energy is transferrcd inwardly across every cylin- 
drical surface with its ends in the planes A and ZB and enclosing 
the cylinder at the same rate 


(R) = VI | (2) 


If the surface is a right circular cylinder of radius r coaxial 
with the conducting cylinder, (2) becomes 


(RX) = EL x 20r x H= EH-2nrLl 


But 27rZ is the area of the surface considered. Hence the 
energy flux density is, if due attention is paid to signs, 


R= VEH (2) 


as already proved for perpendicular intensities in § 1. 

The energy contained in each tube of displacement per unit 
cross-section is }VD. The velocity of the tubes of displacement 
(see § 6, XV.), or of the electric energy, inward at the distance r 
(greater than a) from the axis, if we assume that (8), § 5, XV., 
applies to the field of the steady conduction current, is 


v= H/D = L]omcerW (6) 


Hence the rate at which electric energy crosses the surface 
inward, or the rate at which electric energy is dissipated in the 
conductor, is, according to the conception of moving tubes, 


$VD x 20r x v=4W? 
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The magnetic energy density is 44477. The velocity of the 
magnetic tubes at the distance (greater than a) from the axis is 


um E/B= 2mrprWw (2) 


if we assume that (8), XV., and (6), XIII., apply to the field of 
the steady conduction current. 

Hence the rate at which magnetic energy crosses the surface 
inward, or the rate at which magnetic energy is dissipated in heat 
in the conductor, is, according to the conception of moving tubes, 


tuA® x 2mrxu=4Wl? 


Thus the energy dissipated by resistance is, according to this 
conception, half electric and half magnetic. The same thing 
may be shown to be true in the system considered in § 1, the 
velocities of the electric and magnetic tubes being there, as here, 
inversely proportional to the corresponding energy densities 
(u/v = $cE?/4yH”"). 

Within the cylinder the electric intensity is constant, the num- 
ber of tubes entering per second being equal to the rate at which 
tubes are broken up. The magnetic tubes contract as they ap- 
proach the axis, thus giving up their energy without being broken 
up; and as the magnetic intensity decreases the velocity of the 
tubes increases in such a way as to make the number of unit tubes 
cutting unit length of a line of electric intensity per second con- 
stant (EZ = Bu = constant). This appears also from the relation 


u= E/B = 20a WV /prl (e) 
Inside the conductor (c) is of course unmeaning. 
On multiplying together (c) and (d), we see that 
uv = 1 /cp 
as in § I. 


4, The Cartesian Expressions for the Rectangular Components 
of the Curl of a Vector. Curl H and Curl E. The -X, Y, Z com- 
ponents of a vector 17 being denoted by 4, H,, H,, the X, Y,Z 
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components of its curl will be denoted by curl,#, curl,/, curl, 
respectively. 

To find the Cartesian expression for curl, at a point P(z, y, 2), 
or 1, Fig. 8, at which the components of H/ are 47, H,, and ,, 
we may take the line integral of A around the infinitesimal rect- 
angle 17, the plane of which is parallel to the YZ plane and the 
sides of which, of lengths dz and ay, are parallel to Z and Y, 
divide the result by the area of the rectangle, dS, = dydz, and 
pass to the limit. 

This integration, which must be performed in the direction of 
the arrows around the circuit, gives 


dQ, = (H, + 44H,/dy dy)dy + [H, + aH, / dy dy 
+ $a(H, + 4H,/dy dy) /dz dz|\dz —[H, + aH, | dz dz 
+ 4a(H,+ @H,/d2 dz) /dy dy|dy — (H, + 4aH,/ dz dz)ds 


the separate terms being the integrals along the sides 1, 2, 3, 4 
in the order given. Cancelling equal and opposite terms, divid- 
ing by d@S,, and passing to the limit, we obtain 


aQ., /dS, = curl, H = dH,/dy — dH,/dz (a) 


By an exactly analogous process, or by the principle 


of symmetry and inspection of (a), we find (7) 
curl,H = dH, /dz — dH,/dx (4) 
and curl,H = dH,/dx — dH, /dy (c) 


From these equations we may write down at once the com- 
ponents of the curl of any other vector & Thus 


curl, E = d&,/dy —d£,/dz (a) 
curl,é = dE, /dze—dE,/dx (4) (8) 
curl,é = dad £,/dx—d E,/dy (c) 


5. The Flux of Electromagnetic Energy. Poynting's Theorem. 
Let R denote, in both magnitude and direction, the time rate per 
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unit area at which electromagnetic energy is transferred at a 
point P (z, y, 2) across a surface normal to the direction of trans- 
fer. Let the direction cosines of R, 4, and # at the point P be 
denoted by /, m, 2, /’, m’', n', l’, m'’, n'', respectively ; and let 
the angle between £ and # be denoted by 6. and A will be 
used to denote the non-intrinsic intensities of the field, intrinsic 
intensities, when present, being denoted by ¢ and 4. With these 
conventions we have (Poynting’s theorem) 


R = VEH sin 0 (9) 


to the demonstration of which we proceed. 

Consider first a region containing no intninsic electric or mag- 
netic intensity. From the definition of R and that of the conver- 
gence of a vector it is evident that the rate at which electromag- 
netic energy enters an infinitesimal volume ar at P through its 
surface (minus the rate at which energy leaves the volume) is 
conv R-dr. Hence, since no electromagnetic energy is de- 
veloped within dr (e = 4 = 0), this quantity is equal to the rate 
of increase of electromagnetic energy plus the rate of dissipation 
of energy in heat within the volume. That is 


conv R- ar = dr-d(fck? + 4H?) /dt + dr RE? 


or 
conv R = dick? + juH’) [dt + kE* = f(£dE,/adt 
+ Ef, |dt + EdE,|di) + WH,dH, [at (2) 
+ HdH,|dt + Ha@H,/dt) + Et, + Ey, + Lge, 
Since 
— padH, [dt = curl,Z£, etc. 
and 


cd E, [dt + 1, = curl,H, etc. (since 7, = 7, = 0) 
(9) may be wntten 


conv R = & curl, + £, curl, + £, curl, — #7, curl,E 
— H, curl,E — A, curl z= — [XE A, a EH) [dz (6) 
7 d(H, = E,F1,)/ay + CGE Jak are E,/1,)/ az] 
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But also, by definition of the convergence of a vector, 
conv R = — (dR,/dz + dR,/dy + dR,/dz) 

Hence R,—@, = £4, — 4,4, = EA(m'n" — 1! m’') 
R, — 2, = £4, — £,A, = £A(2'l’ — Tn’) 
R, — 2, = EH, — £,H, = EHX(Um! — ml") 


where a, with components @,, @,, 4,, is a vector whose conver- 
gence is zero. 

Without affecting in any way the generality of the conclusions, 
we may, for simplicity, give the rectangular coordinate system 
such an orientation as to make the plane XY parallel with the 
plane containing £ and /7, and the direction of X coincident with 
that of £ Then £,={£, £,=£,=0, or / =i! =n =0; 
and H, = 0, or #'’ = 0, while 7’ = cos @ and ”’ = cos (90° — @) 
= sin 6. With these simplifications the above equations become 


R, — 24, =0= R, —4,, and R,— a, = R—a= EH sin 0 
Hence, with due respect to the directions of the vectors, 
R= VEH sin6+a (10) 


Since div a = conv a= 0, 4, if it is not zero, represents a flux 
of energy in closed tubes and therefore contributes nothing to the 
net energy entering any volume. In what follows this circuitous 
energy flux will be neglected, or, what amounts to the same 
thing, a will be assumed equal to zero, unless the contrary is 
stated. With this assumption, (10) is identical with (9). 

If at any point P there is an intrinsic electric intensity ¢ and 
an intrinsic magnetic intensity 4 in addition to the field intensities 
E and H, then an element of volume at /, in addition to receiv- 
ing electromagnetic energy by ¢ransference across its surface at 
the time rate conv R per unit volume or R per unit area, receives 
electromagnetic energy by ‘ransformation on the spot at the 
time rate 


et cos & + hdB/dt-cos 0” 
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per unit volume, where @’ denotes the angle between ¢ and #, 
and @” that between 4 and dB/dt. 

The vector R is called, as stated in § 1, the electromagnetic 
energy flux density. 

Since R is perpendicular to £ and to H, the lines along which 
the energy flows, or the energy stream-lines, are the intersections 
of the electric and magnetic equipotential surfaces. (Even when 
the field is not static or steady, so that the term potential cannot 
be used legitimately, we may still use the expression equipotential 
surface to denote a surface perpendicular at every point to the 
intensity.) 


6. A Long Circular Cylindrical Conductor Traversed by a Steady 
Current. Fig. 134 shows a section of a small part of the electric 
field within and without the conductor when the current has the 








Oy 
Fig. 134. 


direction AB. The lines of magnetic intensity are circles about 
the axis AB of the cylinder, going down into the paper below 
AB and coming up out of the paper above AB. The electric 
and magnetic intensities are everywhere perpendicular. 

Outside the wire, the energy flux density R has the direction 
indicated at C, with a component R, m the direction of the axis 
AB, and a component R, toward the axis. Thus in the dielectric 
energy is transferred in the direction AB to parts of the field far- 
ther along the circuit by the component R,, and energy is also 
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transferred toward and into the conductor by the component R,,. 
Within the conductor, as at D, R is directed toward the axis 
with no component parallel to the axis. Hence within the con- 
ductor there is no transfer of energy along the circuit, all the 
energy entering the conductor from the dielectric and being dis- 
sipated in heat by resistance. 

If a conductor, either insulated from the circuit or connected 
thereto at a single point, is placed in the electromagnetic field, 
then there will be a magnetic field inside the conductor, but no 
electric field, and the tubes of electric displacement will terminate 
normally upon the outer surface of the conductor. Within the 
conductor there is no transference of energy, since F is zero. In 
the dielectric at the surface of the conductor the energy stream- 
lines are parallel to its surface, since they are perpendicular 
to £, which is normal to the surface. Thus the energy streams 
around the conductor as a liquid streams around an impervious 
solid. 


7. The Transfer of Energy in and About a Voltaic Cell and a 
Simple Electrolytic Cell. Figs. 135-138 represent diagrammatic- 
ally for several cases the electric field and the transfer of electro- 
magnetic energy in and about a Daniell cell under the assump- 
tions (for which evidence, though not wholly satisfactory, can be 
adduced) that the single difference of potential from the copper 
electrode to the copper sulphate solution is positive and equal 
to that from the zinc sulphate solution to the zinc, and that the 
single difference of potential from the copper sulphate solution 
to the zinc sulphate solution is negligible. ABC represents the 
copper electrode, H// the zinc electrode, DEFG the solutions, 
and the dotted line the porous partition between them. The 
distance between the electrolyte and the electrodes is of course 
enormously exaggerated in the diagrams. The intrinsic electro- 
motive forces are directed from the copper sulphate solution to 
the copper and from the zinc to the zinc sulphate solution exactly 
opposite to the electric fields they develop. 
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The electric field on open circuit is shown in Fig. 135. There 
is no electric intensity within the conductors, no current, no mag- 
‘netic field, and no transfer of energy. 

The field after closing the circuit above A and # is shown in 
Fig. 136. Above B/ the magnetic intensity is directed (in the 
plane of the diagram) normally into the paper, while below 27 it 
is directed up out of the paper. The direction of the transfer- 
ence of electromagnetic energy is shown by the arrows cutting 
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Fig. 135. Fig. 136. 


the lines of intensity normally. Electromagnetic energy, trans- 
formed from chemical energy with the deposition of copper and 
the solution of zinc at the electrodes, moves out from between the 
electrolyte and the electrodes into the dielectric, part there con- 
verging upon and moving into the electrolytic and metallic con- 
ductors, there to be dissipated in Joulean heat, and part being 
carried into other parts of the field. 

The field and transference of energy when an agent with a con- 
siderably greater e.m.f. than that of the given cell sends a cur- 
rent through it (or assists in so doing) in the same direction as 
befc re is shown in Fig. 137. Electrical energy generated by the 
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external e.m.f., as well as all the energy generated by the in- 
trinsic e.m.f. of the cell itself, is dissipated in the conductors. 
The field and the transference of energy when a current is sent 
through the cell in opposition to its intrinsic e.m.f., that is from 
copper to zinc, is represented in Fig. 138. Here a portion of 
the energy supplied to the cell by the external e.m.f. is dissipated 
in the conductors and the rest is transformed into chemical en- 
ergy with the deposition of zinc at the kathode and the solution 
of copper at the anode. 
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In Fig. 139 the electric field and the transference of energy in 
and about an electrolytic cell, consisting of copper electrodes 
AC and H/ dipping in a solution DEFG of copper sulphate, are 
represented diagrammatically for the case in which a current 
traverses the system from A to H. Between the kathode H/ 
and the electrolyte energy is transformed from chemical to 
electrical with deposition of copper, whence it moves out into the 
dielectric, and thence partly into the conductors and partly into 
the region between the anode AC and the electrolyte, where re- 
conversion into chemical energy occurs. The quantity of chemi- 
cal energy transformed into electrical at the kathode is equal to 
the quantity of electrical energy transformed into chemical energy 
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at the anode. Hence, since a portion of the electrical energy 
generated at the kathode is dissipated in heat, as much electrical 
energy coming from the external e.m.f. producing the current is 
transferred into the region about the anode, and there converted 
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Fig. 139. 


into chemical energy, as is dissipated in the conductors of the 
electrical energy generated at the kathode. On the whole, no 
work is done in the cell except that done upon resistance. (If 
the electrodes are at different levels, work will be done by or 
against gravity during the conduction, etc.) 


8. A Circuit Containing a Motional E.M.F. We shall con- 
sider only the simple case of a slider, AB, Fig. 140, running on 





Fig. 140. 


two parallel rails AC and BD, connected by a cross piece CD and 
immersed in a uniform magnetic field directed downward into the 
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plane of the paper. Let AB move to the right. Then there is 
induced in AB an intrinsic e.m.f. in the direction BA, producing 
a current around the circuit in the direction BACDB, with lines 
of magnetic intensity related to the current in the usual manner. 
The intrinsic e.m.f. in the direction BA produces an electric field 
intensity with the general direction from 4 to B along the slider 
and around the circuit, both within and without the conductor. 
The lines of electric intensity diverge from the upper half of AB 
in the dielectric and converge upon the lower half. Hence, since 
R = VEA sin @, the electromagnetic energy generated in AB 
moves outwards from AB and toward its ends, then contracts 
upon the rest of the circuit, all the energy being finally dissipated 
in heat. While the energy is moving outward through the con- 
ductor 4B a part of the energy is dissipated owing to the resist- 
ance of AB, not all the energy developed in AB reaching the 
dielectric. 


9. A Concentrated Electric Charge in the Presence of a Concen- 
trated Magnetic Pole. If the charge and pole are concentrated 
at two points A and 8B, respectively, and if the energy flux den- 
sity is given by VEA sin @, the energy stream-lines are circles 
about AB and AV produced as axis. Since both fields are 
purely static in this case, however, there is no reason to believe 
that any flow of energy, even in closed tubes, exists. To recon- 
cile this view with Poynting’s theorem, we have only to remem- 
ber that the energy flux density, in the general case, is VEH 
sin 0 plus a circuital flux density a, and to suppose that in the 
present case a = — VE// sin 6, or R = 0. 


10. Electric Radiation. Electric Waves. The damping of the 
mechanical vibrations described in § 45, III., C, XIII., was as- 
sumed to be due wholly to friction. A vibrating mechanical 
system, however, unless completely surrounded by a perfect 
vacuum, which is not possible, will set the adjacent parts of the 
surrounding medium into vibration, thus emitting a train of waves 


THE FLUX OF ELECTROMAGNETIC ENERGY. 449 


Owing to the energy thus radiated to the surrounding medium, 
the motion of the system will be damped, and the damping so 
caused may greatly exceed the damping due to friction. This is 
true, for example, in the case of a vibrating air column, most 
of whose energy is emitted in waves of sound. 

Other things being equal, it is clear that the damping due to 
radiation will be greater the greater the surface communicating 
the energy to the surrounding medium. 

The damping of the electrical oscillations discussed in § 43 C, 
XIII., was also assumed to be due wholly to the dissipation of 
energy by resistance. But since the electromagnetic field of the 
system extends into all space, it is evident that when its oscil- 
lations, or variations in the nearer portions of its electromagnetic 
field, occur, a train of electromagnetic waves must be emitted by 
the system and propagated into space, and that the oscillations 
will therefore be damped owing to the energy thus radiated, 
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Fig. 141. 


Other things being equal, it is clear that the damping due to 
radiation will be greater the farther into space the stronger parts 
of the system's electric and magnetic fields extend. Thus the 
system shown in Fig. 141, in which the fields spread far out into 
the surrounding dielectric, is a good radiator, the damping due to 
radiation being so great that only a few oscillations are com- 
pleted ; while a system such as that of Fig. 142, whose electric 
field is confined almost wholly to the region AB, and whose 
magnetic field is confined almost wholly to the region CD, is a 
good vibrator, but a poor radiator, its energy being completely 
radiated into space and dissipated in its resistance only after the 
execution of many oscillations. 
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At a considerable distance from an electrical oscillator the 
electromagnetic waves crossing a limited area will be approxi- 
mately plane, just like the sound waves emitted by a vibrating 
bell or diapason. 

In the electromagnetic wave train emitted by a symmetrical 
“dumb-bell’’ oscillator like that of Fig. 141, consisting of 
spheres at the ends of circular cylindrical rods, it is obvious that 
at any point the clectric intensity will lic in the plane containing 
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Fig. 142. 


the point and passing through the axis of the oscillator, and 
the magnetic intensity will lic in the plane perpendicular to the 
axis, both intensitics being perpendicular to the direction of propa- 
gation of the waves by Poynting’s theorem. 

Such a wave train passing through a given point at which the 
electric and magnetic intensities oscillate in fixed planes is said 
to be plane polarised. 

Electromagnetic waves can also be developed by means of the 
convection of electric charges or magnetic poles. Thus if two 
equal spheres, with equal and opposite charges, are made to 
approach and recede from onc another alternately, a wave system 
very similar to that of the ‘‘dumb-bell”’ oscillator will be emitted. 

Also, if a system consisting of two equal spheres with equal 
and opposite charges, mounted upon an insulating rod, is rotated 
uniformly about an axis passing perpendicularly through the 
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center of the rod, another interesting and important wave system 
will be emitted. At any point along the axis of revolution each 
intensity, always perpendicular to this axis, remains constant in 
magnitude, but passes uniformly through all azimuths during 
every revolution. The radiation along the axis is therefore said 
to be circularly polarised. At all points in the plane of revolu- 
tion of the centers of the spheres, the radiation is plane polarised. 
At points not in this plane and not on the axis of revolution, 
each intensity passes uniformly through all azimuths during each 
period, reaching a minimum and a maximum value twice each, 
but never becoming zero, and the radiation is therefore said to be 
elliptically polarised. The first and second cases are particular 
cases of the third. 

On the electron theory, waves of light, which are electromag- 
netic waves of extremely short wave-length and period, are devel- 
oped by the vibrations of the electrons, that is by electric con- 
vection, within the atom. 

For the continuous production of electric waves, or rather for 
the rapid production of successive trains of such waves, the two 
conductors of the oscillator are connected permanently to the 
terminals of an electrical influence machine or induction coil in 
operation, as shown in the figures. Every time the voltage be- 
tween the terminals of the oscillator reaches a certain value, the 
insulating propertics of the diclectric break down along a line 
between the terminals, and the oscillations occur, the path of the 
current being evident from the spark. With the cessation of the 
oscillation the insulation is restored, the voltage again increases, a 
spark occurs, another wave train is emitted, and so on indefinitely. 

For the detection of electric waves, any sufficiently sensitive 
electric vibrator may be employed. When used for this purpose, 
such an electrical system is called a rvsounator. One of the com- 
monest forms of resonator is the dumb-bell form, similar to the 
dumb-bell vibrator, Fig. 141, but with a shorter spark gap &. 
If such a resonator is placed in a region traversed by electric 
waves with the rods £F parallel to the direction of the electric 
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intensity, or in any direction not perpendicular to the intensity, 
an e.m.f. of the same kind as that of the vibrator will be im- 
pressed upon the resonator parallel to its length, and oscillations 
will be set up therein. If the maximum value of the voltage de- 
veloped between the terminals of the spark gap £ is sufficient, 
the insulator within the gap will break down and the oscillations 
of the resonator will become manifest by the passage of a spark. 
This effect will be a maximum when the rods £F are parallel to 
the electric intensity of the waves, and zero when they are per- 
pendicular to this intensity. For a given angle between the 
electric intensity and the axis of a resonator, the effect will also 
be a maximum when the period of the resonator is equal to that 
of the waves (or that of the vibrator), in accordance with the 
principles of § 44, XIII. One tuning fork set into resonant vi- 
bration by the waves from another in unison is an exact mechan- 
ical analogue. 

The sensitiveness of a resonator can be greatly increased, or 
the minimum intensity for which it will give noticeable indications 
greatly diminished, by the addition of any one of several devices. 

One of the most effective and widely used of these adjuncts 
is the coherer of Branly. This consists of a small glass tube 
plugged at the ends with metallic electrodes and loosely packed 
with metallic filings, or other small pieces of metal. The elec- 
trodes are connected to the resonator, usually on opposite sides 
of the spark gap, and also to the terminals of a circuit contain- 
ing a battery and a galvanometer or other current indicator. 
Before the incidence of electric waves upon the resonator, the 
electric resistance of the coherer is very great and only a very 
small current traverses the galvanometer. But when oscillations 
are set up in the resonator by the impact of electric waves, the 
resistance of the coherer is greatly diminished, and the current 
through the galvanometer is therefore greatly increased. The 
resistance of the coherer retains its reduced value after the cessa- 
tion of the waves, but the original high resistance can be imme- 
diately restored by tapping the instrument with a light hammer. 
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In practice this is done by a continuously operating hammer 
driven electrically by a separate circuit. The diminution of re- 
sistance on which the action of the coherer depends is probably 
brought about by the welding together of the metallic particles 
on the passing of very minute sparks between them when even 
very feeble oscillations are set up in the resonator. When the 
particles are shaken apart by the hammer, the resistance goes 
back to its previous magnitude. 

An indication of the relative magnitude of the electric intensity 
is given by the maximum distance between the spark gap termi- 
nals of the resonator (which are made adjustable when the in- 
strument is used for this purpose) at which sparking will occur ; 
or, if a coherer is employed, by the diminution of resistance, or 
increase of galvanometer current, produced. 

For a detailed account of the theory of electric waves and 
oscillations and of the extensive experimental investigations (in 
full accord with the theory) upon the subject, the reader is re- 
ferred to Poincaré’s Les Oscillations Electriques, J. J. Thomson’s 
Recent Researches in Electricity and Magnetism, Winckelmann’s 
Handbuch, and, for recent digests, to the Kapports of the Inter- 
national Congress of Physics, Vol. II. The most complete treat- 
ment of the theory of the propagation of waves along wires is con- 
tained in Heaviside’s Electromagnetic Theory and Electrical Papers. 
For the electromagnetic theory of light, see Drude’s Optt£. 

The following paragraphs contain the theory of some of the 
simplest and most fundamental phenomena of electric waves. 


11. The Propagation of Electromagnetic Disturbances in a Non- 
Conducting Dielectric Containing no Other Electric or Magnetic 
Fields than Those of the Disturbance Itself. In this case the 
electric convection and conduction current densities are zero, and 
e and ware constant in space and time. Hence the first and 
second laws of circuitation are 


i= dD/dt = cdE {dt = curl H (11) 


d 
at — dB/dt = pdH|dt = curl £ (12) 
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(11) is equivalent to the three component equations 


cdE, [dt = dH,[dy — dH,/]dz (a) 
" dE, Jdt = dH, Jdz ~ dH,]dz (1) (13) 
cdl:,/dt = dll,/dx — dH,]dy (c) 
and (12) is equivalent to the three equations 
— pd, [dt = dE,/dy — dE] dz (2) 
— pdH {dt = dE, [ds — dE/dx (6) (14) 
— pdH,/dt = dE,{dx— dl, /dy (c) 


Simple Plane Wave. Ve shall consider first only the simplest 
of plane polariscd electromagnetic waves, viz., a disturbance in 
which everywhere /:, = /, = 0, and £\(= £) is independent of 
x and y, or has the same magnitude and direction at all points 
of any plane distant z from .}" plane, ¢. ¢., a plane polarised 
plane wave. In this case (13) (@) becomes 


dD, |dt(= dD jdt) = ed £,[dt(= cd Efdt) = —dH,/ds (15) 
since the magnetic intensity must be independent of x and y when 
the electric intensity is independent of x and 7; and (14) (6) be- 


comcs 
dB, dt = pdH,]dt = — dE, | ds (16) 


Differentiating (15) with respect to ¢ and (16) with respect to 
z, and combining the resulting equations, we obtain 


dE, dt? = 1 /cu-d°E, dz? (17) 
a d*D, jdt? = 1 /ew-d*D, de? (18) 


Differentiating (15) with respect to z and (16) with respect to 

t and combining the resulting equations, we obtain 
@H,/dt? = 1/cu-a?H,/dz* (19) 
@B,[dt = 1/cu-a’B,/ dz (20) 


or 


These four equations have all the same form and show that 
the electric and magnetic intensities and inductions are propa- 
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gated in a direction parallel to the axis of Z with the velocity 
| v= 1/(ch)d (21) 
To demonstrate this, we have only to obtain the general solu- 


tion of one of the equations. Choosing (17), introducing two 


new variables 
a=z—uw 
and 
6é=z+ut 
where v is given by (21), and eliminating < and ¢ from (17) by 
means of these equations, we have 


d’E, /dadb = o, or d/da (dE, /db) = d/db (dE, /da) = 0 
Hence d£,/da is a function of @ only, and d£,/dé is a function 
of 4 only. Therefore £, consists of the sum of two terms, one 


a function of @ only, and the other a function of 4 only. Thus 
the general solution of (17) is 
£, = F(z — vt) + Fs + vt) (22) 

where /((z — vt) and F(z + v#) are arbitrary functions of (z — v¢) 
and (z+ vf), respectively. Either function may be zero, but 
neither can be constant or contain a constant term, since a con- 
stant field is excluded by the conditions assumed above. 

F(z— vt) represents a disturbance in the dielectric traveling 
unchanged in form in the positive direction of Z with the velocity 
v. For at the time ¢+ /, F, has the same value 


F(z + ot) — e+ ¢)) = Fe — 20) 
at the plane whose Z coordinate is s +77 which, at the time /, 
it had at the plane whose Z coordinate is <. 
Similarly, /,(z + v¢) represents a disturbance traveling in the 
negative direction of Z with the same speed v. 
At the time ¢ = 0, (22) gives 


£,= F(s) + FC) (23) 
If at the time ¢= 0, dE, /dt =o, or the initial electric field is 


static, (22) gives also 
Fi(e) = Fie) (24) 
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Hence we have at the time ¢= 0 in this case, by integrating 
(24) and making use of (23), 

F(z) = F(z) = 44, (25) 
there being no constant of integration, since there is no perma- 
nent field. 

As an example, suppose that at the time ‘= 0, £, = D,/e = 
2A cos 2rs/L between the limits z= + Z/4 and z= —L/4, 
and £, = o everywhere else; also that at the same time dE, /d¢ 
=o everywhere. Then 


F(z) = A cos 272/L = F(z) = F(a) 
and at any time ¢ 
Ly = E= F(s—vt)+ Fle + vt) 
=A cos 2r/L-(z — vt) + A cos 2mr/L-(z+ vt) 


Thus at the time ¢=0 the initial static displacement or in- 
tensity divides up into two equal waves, one running in the posi- 
tive direction of Z with the speed v, and the other running in the 





Fig. 143. 


negative direction of Z with the same speed. At the time ¢ the 
intensity is zero everywhere except between the planes z = vf 
+ L/4 and s=vt—L/q4 and between the planes z = — (vt + 
- L[4) and z= —(vt—L/4). The initial disturbance and the 
disturbance at the time ¢ are shown in Fig. 143. 
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12. The Relation Between E and H in the Electromagnetic 
Wave. From the exact similarity in the form of equations (17) 
and (19g) it is now evident that 


H, =f (2 — vt) + A(z + v2) (26) 


where f, and /, are arbitrary functions of (z — vt) and (z+ v4), 
respectively. 

H, is the total magnetic intensity. For since £,= &, = 0, 
and £, = £ is independent of x and y, (14), (a) and (c) become 
— udH,/dt = — pdH,/dt = o 

which gives 
H, = H,=0 
the constant of integration being zero, since there is no perma- 
nent field. 
The arbitrary functions /, and /, are closely related to 7, and 
F,, as will appear from the following deduction of H,= H from 
(16) and (22). From (16) we have 


H(= H)=—1/ufaE,/dedt (27) 
there being no constant of integration. Consider the disturbance 
B, = F(z—2) (28) 


traveling with the velocity v in the positive direction of Z. Dif- 
ferentiation of (28) gives 
aE [dz = F,'(2z — v?) 
which, substituted in (27), gives for the disturbance f, connected 
with F, 
H,=f(z — vt) = — 1/ef F(z —vt)dt 

2 
ax 1/uo f dF (2 — vt)/dt dt = 1/pu- F(z — vt) (29) 


In exactly the same way we obtain for the disturbance / con- 
nected with /, 
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A, =f(2 + vt) = 1/a — v)- Fz + vt) = — tipo Bz + vt) (30) 


which is exactly analogous to (29), since the velocity of the dis- 
turbance f,( + v¢) and F,(z + vf) is — v. 
Thus in the general case, when £= Z£, is given by (22), 


H = H,=f((s—vt) + 7,(< + v7) 
= ipy: [F(z — vf) — Fs + 22)] 


A(e—vt) +S7(< + v2), for the times ¢= 0 and ¢=4¢, is shown 
in Fig. 143 for the case in which /(z) = F,(s) = A cos 2ms/L. 
Since f(s) = —7,(2) = cvF(z), the initial magnetic disturbance 
is zero. 

With due regard to the directions as well as to the magnitudes 
of the electric and magnetic intensities and the velocity of the 
electromagnetic disturbance (/, and f,, or F, and /,), which will 
be denoted by 7, both (29) and (30) give the relations 


(31) 


f7¢ = H) = cVvE, = cVvE = VvD (3 2) 
and 
EY = £) = pV, = pV Hv = VBv (33) 


since 77 = 1 /cp. | 

Quantitatively, either of these equations is equivalent to the 
relation : 
hul* = tcl (34) 
between the electric and magnetic energy densities. 


The electromagnetic energy flux density at any point of the 
wave is 


R= VEH = 0(}cE? + 34H?) (35) 


and has always the direction of the velocity of the wave. 


13. A Plane Simple Harmonic Wave Train. As another ex- 
ample, we shall assume 


E= £,=A cos 29/L-(vt — 2) (36) 
Then we have 
H = H,= cvA cos 2r/L-(vt — 2) (37) 
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The relation between £, H, and the time, for the plane z = 0, 
as well as the relation between £, /#, and z, for the time ¢= 0, 
is shown in the curves of Fig. 144. 

The electromagnetic energy flux density at the time ¢ across a 
plane distant = from the -YY plane is 


R = VEH = cvA? cos® 2r/L: (vt — 2) (38) 
Land H being given by (36) and (37). 





Fig 144, 


As shown by the equation, R is always positive except at 
points at which £ and #, and therefore VEH=R, are zero. This 
is of course obvious, since the energy travels with the waves. 

The mean value of V at any point during a complete period is 


(R) = cd? x mean value of cos? 27/Z-(vt — 2) 
= cvA? x mean value of (39) 
$[1 —cos 47/L-(vt — z)] = cvA?/2 
Since in a pure electromagnetic wave the electric and magnetic 


intensities travel with the same velocity v, the above result may 
also be obtained from the relation 


R = u(hcE? + 34H’) = cv? = wvH? (40) 
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The mean value of £7 is A?/2, and the mean value of /7? is 
ev’ A’/2, Hence (R) = cvd?/2, as before. 


14. A Plane Electromagnetic Wave Train in a Non-conducting 
Dielectric Incident and Reflected Normally at a Plane Interface 
Separating the Dielectric from (1) a Perfect Conductor or a Di- 
electric of Infinite Permittivity, or (2) a Perfect Insulator with 
Infinite Inductivity. (1) Reflection from a perfect conductor. Let 
the electric intensity in the incident wave train be denoted by 

E\, = A cos (#t — pz) (41) 
the incident wave being propagated in the positive direction of Z. 

If £,, were the total intensity, the intensity at the interface 
would be A cos zt, a quantity differing from zero except at two 
instants in every period. But since the conductivity of the con- 
ductor, or the permittivity of the second dielectric, is infinite, a 
finite intensity parallel to the interface would necessitate an infi- 
nite current in the conductor, according to Ohm’s law, or an 
infinite displacement in the second dielectric, which is inadmis- 
sible. Hence there must be a reflected wave train whose in- 
ENS E,, = —A cos (nt + pz) (42) 
added to the intensity £,, of the incident train makes the total in- 
tensity 

£,=4,+4,,= A[cos (ut — pz) — cos (nt + pz)] (43) 
a quantity equal to zero, when z = 0, for all values of ¢. 

The total magnetic intensity is 

H, = H,,+ H,, = p/un-Al[cos (nt — pz) + cos (mt + p2)) (44) 

Equations (43) and (44) may be written 

’ £, = 2A sin nt sin pe = 2A sin 2mt/T-sin 2mz/L (45) 
an 

H, = 2Ap/un-cos 2mt/T-cos 2mz/L (46) 


Thus the incident and reflected wave trains interfere to produce 
a system of standing waves. The electric nodes, or points (planes) 
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at which the electric intensity and displacement are permanently 
zero, are distant from the interface 0, L/2, L, 3Z/2, etc.; and the 
antinodes, or points (planes) at which the electric intensity reaches 
its maximum and minimum values, are distant from the inter- 
face L/4, 3L/4, etc. 

The magnetic nodes have the positions of the electric antinodes 
at distances L/4, 3Z/4, etc., from the interface; and the mag- 
netic antinodes have the positions of the electric nodes at dis- 
tances 0, L/2, L, etc., from the interface. Thus the magnetic 
intensity is a maximum or minimum where the electric intensity 
is zero, and the electric intensity is a maximum or minimum 
where the magnetic intensity is zero. 

(2) Reflection from a perfect insulator with infinite inductivity. 
In this case the magnetic intensity at the interface must be zero, 
since otherwise the induction (2B = w/7) in the dielectric with infi- 
nite inductivity, and the ‘‘ magnetic current,’ * would be infinite 
except at two instants in every period. Therefore the magnetic 
intensities of the incident and reflected wave trains must be equal 
and opposite at the interface. Hence, if we use the nomenclature 
of (1), we have 


H, = Ap/un- [cos (nt — pz) — cos (nt + pz)] 


= 2Ap/un-sin ant/T- sin amc /L (47) 


and E, = A [cos (#t — pz) + cos (mt + pz)] 


8 
= 2A cos 2mt/7-cos 2m2z/L (48) 


Thus the interference of the two trains of waves produces a 
system of standing waves in which the magnetic nodes and the 
electric antinodes are located at the interface and at distances 
L/2, L, etc., therefrom, while the magnetic antinodes and electric 
nodes are located at distances L/4, 3L/4, 52/4, etc., from the 
interface. Thus the nodes in this case occupy the positions of 
the antinodes in (1), and the antinodes the positions of the nodes 


in (1). 


* That is, the rate of change of magnetic flux, by analogy with dielectric current. 
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15. The Flux of Energy in a System of Standing Waves. For 
the electromagnetic energy flux density at the time ¢ across a 
plane distant < from the YY plane, (45) and (46), or (47) and 
(48), § 14, give 

R=VEA,= A’p/un-sin 4rt/T - sin qrs/L 


= ci'A* sin 4mt/T - sin gas/L (49) 


since /p? = 77 = 1 / pc, 

Thus R is permanently zero at all points for which sin 47z/Z 
= 0, that is at all electric and magnetic nodes (or antinodes). 
At any point between an electric node and a magnetic node, R 
goes through a complete cycle of positive and negative values in 
the time 7/2, its amplitude being greatest at points for which 
sin 472/L = 1, that is points half way between clectric and mag- 
netic nodes. 

at any instant R_ has opposite signs on opposite sides of any 
node, and also on similar sides of successive nodes. During one 
quarter of a period the energy, wholly clectrostatic at the start, 
streams from the electric antinodes (magnetic nodes) toward the 
electric nodes (magnetic antinodes), being completely trans- 
formed into magnetic energy at the end of the quarter period. 
During the next quarter period the energy, wholly magnetic at 
the beginning, streams from the magnctic antinodes toward the 
electric antinodes, being completely reconverted into electro- 
static energy at the end of the quarter period. The energy 
density has now everywhere the same value as a half period 
earlier, but the sign of the electric intensity is everywhere oppo- 
site. During the next half period the same energy transfer and 
transformations occur, and at its close the electric intensity and 
the energy density have the same values as at the beginning of 
the period. 


16. The Propagation of a Plane Simple Harmonic Wave Train in 
a Conducting Medium Containing no Other Electromagnetic Field 
than That of the Wave Train. In this case we have 
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t= kE + edE/dt =curl H (50) 


d | 
av — pdH dt = eurl E (51) 


from which the six component equations can be easily written 
down. 

From these equations, by a process exactly analogous to that 
carried out in § 11, we obtain for the simple case in which £, = 
£, = 0, and £, = £ is independent of + and y, 


kudE, [dt + ped*E, | dt? = a°E, |d2 (52) 


and a similar equation for H,, the other components of 7 being 
zero. 

To solve (52) for the simple case of a harmonic wave train of 
given period 7, or given wave-length 1, progressing in the posi- 
tive direction of Z with the velocity v (to be determined), assume 


Ei fee Ac ™ cos 27/ L- (vt — 2) (53) 
For the sake of brevity put 
N= pus 20] T= 2nrv/L (54) 
then (53) becomes 
E, = E = Aew™ cos (#t — pz) (55) 


The damping factor e~” is inserted on account of the dissipat- 
ing effect of resistance, # being a quantity to be determined. 

Substituting for /, in (52) its value as given by (55), and 
equating to zero separately the cocffcients of sin (w/— ps) and 
cos (vt — pz) in the resulting equation, we obtain as the condi- 


tions that (55) may be a solution of (52), 
— Pyc— m+ pP=o 


and — pnk + 2mp=0 
Hence m= n{— pe/2+ [(uc/ 2)? + (we/ 22)"]4}4 (56) 
and p= n{pe/2+ [(me/ 2) + (ue/2n)*]*}) (57) 


both m and p being positive quantities, since the waves are 
damped and since they progress in the positive direction of z. 
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From (54) and (57), the velocity of the waves is 
van|p=t]{uc/2+ [(ue/2)' + (ue/2n)]'}4 (58) 


being thus a function of as well as of yw, ¢, and &. 
The total magnetic intensity is 


H= H,=—1/ufdE, /dzdt 


(59) 
= A/pn-e™[ p cos (nt — pz) + m sin (nt — pz)] 
If we put 
p=Ncos 6 and m= WN sin 6 
we have 
N = (m' + 7p’) 
and 
6 = tan—'m / p 
By means of these equations (59) may be written 
H, = A(nt + 97)! / un- cos (nt — pz — 6) (60) 


For good conductors, such as liquid electrolytes and metals, 
the ratio (uc/2)/(ué/2") = cn/k is exceedingly small except for 
enormous values of #. Thus, even for so great a value of # as 
10°, cz/& for common aqueous solutions of salts and acids is of 
the order 107°, and for metallic conductors is too small to have 
been detected by experiment. For good conductors, therefore, 
we may write without sensible error, except for enormous values 


of 1, 
m= p = n(pk/2n)t = (ukn/ 2) 
and 
6 = tan m/p = tan! 1 = 37/4 (61) 


(55) and (59) thus become 


B= Aen (nknt\'s cos n[t — (wk/ 2n)hz] (62) 
and 
H,= A(k | pn)he-(ueneyte cos {n[t— (uk/2n)iz] —m/4} (63) 
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The velocity of the wave train in the conductor is 


v= n/p = (2n/ue) (64) 


The relations between £, = £, H,=H, and z at the time 
t= 0, are similar to the relations between g, /, and ¢, Fig. 119. 

At a distance z from the origin the amplitudes of the electric 
and magnetic intensities are less than their amplitudes at the 
origin in the ratio ~*"™ to 1, The distance 1/m = (2/pén)}, 
in which the amplitude of either wave is reduced to 1/e of its 
value at the ongin, is called the re/axation distance for the given 
medium and the given value of ”. The distance in which the 
amplitude of either intensity falls to any fraction of its value at the 
origin is, like the relaxation distance 1/#, inversely proportional 
to w, 4, and #. Thus if wu, 4, or is very great the intensity of 
the waves falls off very rapidly. If either 4, w, or x is infinite, 
that is if the conductor is a perfect conductor, its inductivity in- 
finite, or the frequency of the waves infinite, all ideal cases, the 
electromagnetic disturbance does not enter the conductor at all. 
Thus a perfect conductor or a medium of infinite inductivity 
would form a perfect electric and magnetic screen in either a 
static or a variable electric or magnetic field. 

For copper, when 2 = 2m x 100, m= 17/2 approximately. 
In this case the amplitudes of the intensities are reduced to the 
fractions 0.208, 0.043, and less than 1/500 the origin values at 
the distances 1, 2, and 4 cms., respectively, from the origin. 
When # = 27 x 1,000,000, m = 507 approximately, and the 
amplitudes are reduced to less than 1/6,000,000 the origin 
values in going a distance of I mm. 

In the case of iron, if 4#= 1000, # = 20, approximately, when 
m= 2m x 100. The amplitude of either intensity falls off to 
about thirteen hundredths and one twenty-thousandth part of 
the value at the origin in traversing the distances 1 mm. and 
5 mm., respectively. When # = 27 X 1,000,000, 7” = 2000 ap- 
proximately, and the amplitudes fall off in 1/10 mm. to about 
one five hundred millionth part of their values at the origin. 
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These examples are given by J. J. Thomson, Elements of the 
‘Mathematical Theory of Electricity and Magnetism, p. 418. 


17. The Propagation of an Electromagnetic Field into a Con- 
ducting Cylinder. The magnetic field of a long circular solenoid 
traversed by a steady current is described in § 20, XII. The 
electric field, if the resistance of the solenoid is small, is weak, 
and the only flux of energy into the solenoid is the flux develop- 
ing the Joulean heat in the wire. In what follows the resistance 
of the solenoid will be supposed very small and its counter e.m.f. 
negligible in comparison with the e.m.f. of induction. The radius 
of the solenoid will be denoted by a. 

If the magnetic flux through the coil varies, that is if tubes of 
magnetic induction move outwards or inwards, an electric field 
will be developed within and without the solenoid. The lines of 
electric intensity will be circles centered on the axis in planes 
perpendicular thereto, and the e.m.f. around any circle of radius 
will be given, in magnitude and direction, by 


2rrE = —da®P [at 


where d®/dt is the rate at which magnetic flux in the positive 
direction crosses the circle inwardly, or by 


2mrrkE = 2mrV Bu 


where w is the velocity of the tubes of magnetic induction at 
the circle of radius ry. The electric intensity is always zero on 
the axis. 

The energy flux density, whose direction coincides with the di- 
rection of motion of the electric and magnetic tubes, is R = VEH, 
which is always radial, toward or from the axis. 

If now an alternating e.m.f. acts upon the coil, the electric and 
magnetic inductions will be propagated inwards and outwards 
alternately, the direction, as well as the direction of motion, of 
each being reversed once every half period. 

If the period of the alternation is large, so that the distance 
traversed by the tubes of induction dunng one period is great in 
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comparison with the radius of the solenoid and the radii of all 
circles of electric intensity considered (all supposed small in com- 
parison with the length of the solenoid), the magnetic induction 
will have sensibly the same value throughout the solenoid at any 
instant. The electric intensity at a distance r from the axis will 
be approximately 


E= — mr [ra’: (dad /dt)/arr = Kd /dt)/2ra* 
if ry is less than @; and 
E= — (d®/dt)/2rr 


if r is greater than a; ® being total flux in the positive direction 
through the solenoid at the time 2. 

If the period of the alternation is small, so that the distance 
traversed by the tubes during one period is of similar magnitude 
to that of the. radius of the solenoid, then the magnitude and 
direction of both intensities will vary with r+. 

If in addition the core of the solenoid is a conductor, or if it 

exhibits hysteresis, or both, as when made of iron, then the 
energy of the tubes will be partly dissipated during their propa- 
gation in the core. Hence, since the direction of each intensity 
is periodically reversed, the amplitude of the magnetic intensity 
as well as that of the electric intensity, will steadily diminish as 
the axis is approached. 
_ If the radius of the core is great, or the curvature of its surface 
small, the law of the diminution of the intensities with the dis- 
tance from the surface is approximately the same as that deduced 
for a conductor traversed by plane waves, § 16, the ratio of the 
amplitude of either intensity at the distance z from the surface to 
its surface value being approximately ¢~(#"/1, 

Precisely the same form of reasoning applies to the propaga- 
tion of an alternating electromagnetic field into the cylindrical 
conductor of § 3. 

The same form of reasoning also applics to a cylindrical con- 
ductor (§ 6) to whose surface the electric intensity is not parallcl, 
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since the parallel component only is concerned in the propagation 
of energy into the conductor. 

Thus a rapidly alternating current is not distributed uniformly 
throughout the conductor, but is more or less concentrated near 
its surface. This increases the resistance of the conductor, and 
decreases its inductance, the former being greater the less the 
area of the section across which the current flows, and the latter 
being less the thinner and farther from the axis the walls of the 
tube through which the principal part of the current now flows 
(6:22) ex Ie]. 

In the case of a very thin wire, all points of the surface are 
very near to the axis, hence both the above effects are small. 


18. The Propagation of Waves Along Wires. Since the elec- 
tromagnetic waves discussed in §§ 11-15 are propagated un- 
changed at right angles to the intensities, it is clear that the 
results there obtained hold good for any plane plane polarised 
wave, whether the wave front is infinite or not and whether the 
direction of £ (as well as that of //) is the same for all parts of 
the wave front or not. a 

Thus they apply to plane waves propagated between two 
parallel perfectly conducting planes, or to waves propagated 
along two parallel perfectly conducting cylinders concentric like 
those of §§ 22, XIII., and 1, or side by side like those of § 24, 
XIII. That the electric and magnetic intensities of these systems 
are perpendicular at any point in the case of electric waves as in 
the case of a steady current is apparent from previous discus- 
sions without reference to (32) or (33), § 12. 

If the resistance of the conductors is not zero, but small, the 
relations deduced in the articles referred to above will apply 
approximately. Thus electric waves travel along wires of small 
resistance surrounded by a given medium with approximately the 
same velocity as in free space containing the same medium. 

If the two wires are joined at the end remote from the oscil- 
lator by a large plane conductor perpendicular to their lengths, 
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or even by bending them together, a system of standing waves, 
resembling that of § 14, (1) will result, with an approximate 
electric node and magnetic antinode at this end. 

If, on the other hand, the wires are insulated from one another 
at this end, a system of standing waves, resembling that of § 14, 
(2) will result, with an approximate magnetic node and electric 
antinode at this end. 


19. Mechanical Analogue of an Electromagnetic Wave. Waves 
in Frictionless Elastic Media. Consider a plane transverse wave 
traversing an infinite elastic medium in the positive direction of Z. 
Let the displacement of the medium take place parallel to the Y 





axis. Then at the time ¢ while the disturbance is crossing any 
plane distant z from the XY plane, every point of the medium in 
this plane will be shifted in the same direction and through the 
same distance, y, from its equilibrium position. 

Fig. 145 shows a section parallel to the YZ plane of a portion 
of the medium in its undisturbed state AV, and in a disturbed 
state A’A’ at the time ¢ while a wave is passing. Every infini- 
tesimal parallelepiped with its sides parallel to the coordinate 
planes which is bounded on the sides parallel to YY by planes 
distant z and z+ ds from the XY plane is shifted and sheared 
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precisely like the parallelepiped aécd, which is shifted and 
sheared into the parallelepiped a’d’c’a’. 

Let the shear (equal to the angle between ad and a’d’) at the 
plane ¢ be denoted by D. Then 


= — dy|de (65) 


the negative sign being chosen since D, which is a vector per- 
pendicular to aé and a’d’, is positive, as in the case represented 
in the figure, when a right-handed screw rotating from aé to a’ 
would move in the positive direction of X (up from the plane of 
the paper in the figure). 

Let the area of each face of the parallelepiped parallel to the 
XY plane be denoted by dS; and let the modulus of rigidity, or 
shear modulus, of the medium be denoted by » = 1/c, ¢ being 
the shear permittivity. Then, if & denotes the shearing stress 
in the plane 2, 


E=nD = — ndy{dz = — 1/c:dyjdz (66) 
The shearing force upon the face a’c’ is therefore 
EdS = nDdS 
and that upon the face 4’d@’ is 
— (£4 dE]dzdz)dS = — nD + dD/dzdz\dS 


the force being positive when directed in the positive direction of ° 
the Yaxis. The total force upon the parallelepiped a’/d’c’d’ is 
therefore — dE}ds dsdS 


Let the density of the medium be denoted by wu. Then, since 
the volume of the parallelepiped is dz dS, its mass is 


zaS 
Let the velocity of the parallelepiped be denoted by A (posi- 
tive when in the positive direction of Y). Then 
H = dy/dt (67) 
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Hence, by the second law of motion, 


pds aS dH | dt =— dE|dz dz aS 
whence 


padH dt = — dE/dz (68) 
By differentiating (66) with respect to ¢ we obtain 


cdE|dt = dD|dt = — dJdt-(dy|ds) 


by i EAC | ect Pitas 


By differentiating (69) with respect to ¢ and (68) with respect 
to z and combining the resulting equations we obtain 


cud *E/dt? = d*E/ dz (69) 
or cud*D dt? = d*D/at? (70) 


By differentiating (69) with respect to 2 and (68) with respect 
to ¢ and combining the resulting equations we obtain 


cud*H [dt? = d*H {dz (71) 
or cpa? B/dt® = d*B/d? (72) 


Equations (69)-(72) are identical with equations (17)-(20), 
and _ show that all the results of §§ 11-15 apply also to the 
dynamical waves here considered, the shear permittivity and 
density of an elastic medium being substituted for the electric 
‘permittivity and magnetic inductivity of a dielectric, shearing 
stress and shear for electric intensity and displacement, and lin- 
ear velocity and momentum per unit volume for magnetic inten- 
sity and induction. 

By introducing internal friction, the analogy may be readily 
extended to the damped electromagnetic waves of § 16. 


20. The Stresses in an Electromagnetic Wave. Electromag- 
netic Radiation Pressure. At every point in an electromagnetic 
wave there is a pressure normal to the plane containing the elec- 
tric and magnetic intensities, that is normal to the wave front, 
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equal to the sum of the electric and magnetic pressures, or the 
sum of the electric and magnetic energy densities, at the point, 
by §§ 40-41, I., and § 18, XI. Thus, if p denotes this pressure, 


p= hck* + yu? (73) 


In a single wave, or train of waves, $cZ* = 3477 at any point, 
and, as seen in all the electromagnetic waves considered above, 
the electric and magnetic intensities at any point are perpendicu- 
lar to one another. Hence the electric tension in the direction of 
the electric intensity is just neutralised by the magnetic pressure 
perpendicular to the magnetic intensity, and the magnetic tension 
in the direction of the magnetic intensity is just neutralised by the 
electric pressure perpendicular to the electric intensity. Thus 
the pressure / normal to the plane of the intensities is the total 
(dynamical) stress in the wave. 

In wave systems in which at any point }c£* is not equal to 
3/7’, as the systems of § 14, there is in addition to the normal 
pressure f, a tension }cE* — 4uH’, or a pressure 34H? — }c£?, 
parallel to the electric intensity, and a tension 34/7? — }cE?, or 
a pressure cE” — }u/H7’, parallel to the magnetic intensity. 

If electromagnetic waves in a given dielectric (1) are incident 
normally upon the interface separating this dielectric from another 
medium (2), at the surface of which, or within which, the inten- 
sities, and therefore the pressures, are reduced to zero (by total 
reflection from the interface, partial reflection and partial absorp- 
tion, or total absorption), the interface will, in accordance with 
what precedes, experience a force directed toward medium (2) 
and equal to / x the area of the interface exposed to the waves. 
If the waves are partially transmitted ¢hrough medium (2), emerg- 
ing at a second interface, the total pressure upon medium (2) in 
the direction of the propagation of the incident waves is equal to 
the difference between the values of / at the two interfaces. 

If medium (2) is a perfect conductor, the waves are totally re- 
flected, the electric intensity at the interface is zero, and the mag- 
netic intensity at the interface is twice the magnetic intensity of 
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the incident wave, that is, 2H cos wt, if H cos mt denotes the 
magnetic intensity at the interface of the incident wave. Thus 
the radiation pressure upon the interface at the time ¢ is 


2 = 3u(2H cos nt)? = 24H? cos? xt ji (74) 
and the mean value of the pressure during a complete period is 


(~) = 24H? x mean value of cos? nt 
(75) 


= 2H? x mean value of ($ + $ cos 2n¢) = wH’ 

If medium (2) is a non-conductor with infinite inductivity, the 
waves are totally reflected, the magnetic intensity at the interface 
is zero permanently, and the electric intensity there is twice the 
electric intensity of the incident wave, that is 2E cos mt, if E cos n¢ 
denotes the electric intensity of the incident wave at the inter- 
face. Thus the pressure upon the interface at the time ¢ is 


pf’ = 3¢(2E cos nt) = 2cE? cos? at = p (76) 
and the mean value of p’ during a complete period is 
(7) = cE?) (77) 


If the energy of the incident wave is totally absorbed by me- 
dium (2), there is no reflected wave, and the pressure upon me- 
drm (2) is 


p”’ = 4c(E cos nt)? + $u(H cos nt)? 


== }(cE*+ uH*) cos’ nt = 4p’ = hp (78) 


The mean value of the pressure during a complete period is 
(0"") = 4(cB? + HH’) = 3(f’) = (2) (79) 


For experimental investigations confirming in a striking man- 
ner the theory of radiation pressure, developed independently 
and in different ways by Maxwell and Bartoli, see P. Lebedew, 
Ann, der Physik, Vol. 6, p. 433, 1901; and especially Nichols 
and Hull, Astrophysical Journal, Vol.o17, p. 315, 1903. 

For the theory of vibration pressure in general, see Lord 
Rayleigh, Phzlosophical Magazine, Vol. 3, p. 338, 1902. 
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Cylinders, coaxial 
electric field of 65 
electromagnetic field of 426, 429, 433 
magnetic field of 305 
Cylindrical 
condenser 66, 126 
shell in uniform field 166 


Decrement, logarithmic 381 
Density 
electric surface and volume 23 
energy (see enervy) 
fictitious 142 
magnetic surface and volume 276 


Deprez-D'Arsonval galvanometer 316, 


324 
Diagrams 
Maxwell’s, of electric and magnetic 
fields 63, 68, 72 (see also fields) 
thermoelectric 256, 260 





INDEX. 


Diamagnetic substances 366 
Dielectric 1 
constant 8 
current 200, 424 
Dimensions 422 
Discharge 
by successive contacts 54 
induction, through a circuit 342 
oscillatory 379 
unidirectional 374, 375 
Displacement 
electric 11 
current 200, 424 
Dissociation 232 
ratio 238 
Divergence of a vector 23 
Cartesian expression for 25 
Doublet, electric 
line 87 
point 76, 102, 103 
Dynamical and electrical analogues 11, 
£25030, 177: 202, 213, 220, 343, 244. 
385, 469, 473 


Earth, electric field surrounding 62 
Electrets 181-191 
Electrisation 
intensity of 145 
intrinsic 181 
Electrodes 202 
Electrodynamic balance 363 
Electrodynamometer 327, 363, 364 
Electrolysis 228 
Electromagnetic induction 333 
Electrometers 
absolute 126, 128 
quadrant 130 
Electromotive force 14 
impressed and intrinsic 213, 217 
induced 336, 339 
motional 334 
thermal 246 
comparison of, with: another e.m.f. 
126-130, 328; current  resist- 
ance 328 
Electromotive forces, superposition of 27, 
217 


INDEX. 


Electrons 244 
Electrostriction 170 
Energy 
electric 30, 44 
electric, mechanical, and change of 
configuration 51 
electrokinetic or magnetic 275, 342, 
347 
electrokinetic, 
change of configuration 360 
density 
electric 31 ° 
electrokinetic or magnetic 274, 
345 
flux of electromagnetic 440 
mutual electrokinetic 348 
Equipotential surface 
electric 16 
magnetic 273 


mechanical, and 


Ferromagnetic substances 366 
Fictitious 
charges 142 
convection current 429 
Field 
electric 10 
magnetic 269 
Fields 
electrostatic, various 57-167, 182— 
19! 
magnetostatic, various 280-281 
magnetic (of currents), various 288- 
316, 351-357 
electromagnetic, various 424-427, 
429, 433, 437, 443-469 
equilibrium of 22, 26, 32-44, 274 
superposition of 10, 26, 72, 271, 274 
Flux 
electric 17 
of electromagnetic energy 440 
magnetic 271, 365 
magnetic, through a coil 332 


Force 
coercive 371 
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Galvanometers 316-327 
Gauss’s theorem 
in electrostatics 17, 22, 139 (gener- 
alised ) 
in magnetostatics 27 
Gaussage 273 
Gram atom 233 
ion 233 
molecule 233 


| Hollow conductors, experiments with 4 


Hysteresis 
dielectric 179 
magnetic 370 


Images 
electric 43 
various (see fields, electric) 
electric, by inversion 114 
geometrical 97 
Impedance 383 
Impressed 
electric intensity 181, 218 
electromotive force 213 
Inductance 332, 349 
and linear dimensions 349 
and number of turns, 348 
comparison of, with : another induct- 
ance 408; capacity 404; mutua) 
inductance 410; resistance 413 
Inductances 
in series 350 
standard 350 
Induction 
coefficient of (see coefficient) 
electric 11 
electrification by 3, 37 
electromagnetic 333 
magnetic 270, 365 
remanent 371 
residual 371 
measurement of magnetic 
by the ballistic method 369, 402 
by the magnetometric method 


367 


| 
electric and magnetic (see i/ensi/y) | Inductive circuits 375 


on various conductors and insulators | 


(see fickds) 


Inductivity, magnetic 268, 365 
Insulators 2 
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Intensity Magnet 265 
coercive 371 permanent 279 
electric 10 torque on 282 
impressed 218 Magnetic substances 366 
induced 334, 336 Magnetisation 
intrinsic 218 curves 365 
motional 333 intensity of 276 
magnetic 269 measurement of 367, 369 
due to currents 297 intrinsic 371 
induced 424 work done in 359 
intrinsic 428 | Magnetism 


motional 428 

measurement of 282, 402 

comparison of, with another mag- 
netic intensity 285 





Intrinsic 
displacement, etc. 181 
electric intensity 216 
electromotive force 213 
magnetic intensity 279, 428 
magnetisation 279, 371 
Inverse squares, law of 
in electrostatics 8, 61 
in magnetostatics 267 
inversion 
electrical 113 
geometrical 110 
thermoelectric 252 
lons 228, 232 
velocity of 234 


Joule’s law 211 


Kathode 203 
Kation 228, 232 
Kirchhoft's laws 202, 222, 431 


Lag, angle of 381, 383 

Laplace's equation 25, 60, 67, 71 

Lead, angle of 381, 383 

Lenz’s law 338 

Leyden 29 

Line 
of current or flow 202 
of intensity, induction, etc., 14, 271 
thermoclectric 253 





Lorenz’s method of determining a resis- | 
tance 341 


“quantity of 268, 278 
remanent 371 
residual 371 


| Magnetometer 283 


Magnetometric method 366 
Magnetomotive force 273 
induced 424 
Mance’s method of measuring the resis- 
tance of a generator 226 
Moment 
of a doublet 76, 88 
of a magnet 282, 285 
Motional 
electric intensity and e.m.f. 333 
magnetic intensity and m.m.f. 428 
Mutual inductance 333, 349 
and linear dimensions of circuits 349 
and number of turns 348 
comparison of, with : another mutual 
inductance 401, 403; a capacity 
409 ; an inductance 410; a resis- 
tance 341, 400 


Neutral temperature 252 


Non-inductive circuit 374 


Ohm's law 
for a homogeneous conductor 203, 
206, 238 
for a steady current 219 
for variable currents 374-379, 383, 
394-396 
general forms of 217, 218 


' Oscillatory discharge 379 


Parallel cylinders 
electric Held of 83 


INDEX. 


Parallel cylinders 
magnetic field of 306 
Paramagnetic substances 366 
Peltier effect 246 
Permeability 365 
Permeance 275 
Permittance 28 
Permittivity 8 
Permittivities, comparison of 192 
Piezoelectric crystals 188 
Phase difference 381, 383 
Plane 
infinite charged 69 
in presence of a concentrated charge 
116 
Planes 
intersecting at various angles 107 
magnetic field between parallel 312 
Poisson, equation of 25 
Poles 
electric 144 
magnetic 266, 281 (resultant) 
Pole strength 
electric 144 
magnetic 268, 278 
Potential 
electric 16, 61, 147 
magnetic 273, 278 
Potential difference 
electric 14 
magnetic 273 
single 263 
Poynting’s theorem 433-448, 458, 459, 
462, 466 
Pressure 
electric 32, 35 
magnetic 274 
electromagnetic (radiation) 471 
Pyroelectric crystals 187 


Radiation, electric 448 
Radiator, electric 449 
Ratio 
dissociation 238 
Hittorf’s 235 
of ES and EM units 420 
of transformation 398, 399 








479 


Reactance, 383 
Refraction 
of lines of electric displacement 140 
of lines of magnetic induction 276 
of stream-lines 208 
Reluctance 275 
Remanent magnetism 371 
Residual 
charge 176 
magnetism 371! 
Resistance 203, 213 
absolute determination of 213, 341, 
401 (see also comparisons ff. ) 
to alternating currents 466 
comparison of, with : another resis- 
tance 226, 227, 402, 404; a ca- 
pacity 329, 411; an inductance 
413 ; a mutual inductance 400 
of conductors in multiple 203 
of conductors in series 204 
of various conductors 209 
specific 205 
temperature coefficient 242 
Resistivity 205 
Resonance, 384 
Resonator 451 
Retentiveness 371 


Screens, electric 4, 164, 166 
Seebeck effect 246 
Self induction (see inductance) 
Single potential difference 263 
Solenoid 
circular 316 
infinite 309 
inductance and energy of field of 351 
Solenoidal electrisation 146 
Specific 
heat of electricity 248 
inductive capacity 192 
resistance 205 
Sphere 
conducting 
isolated 59 
in presence of concentrated 
charge 96, 98, 116 
in uniform field too 
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Sphere 
insulating, in uniform field 158 
Spheres 
in contact 118 
intersecting at right angles 117 
Sphencal 
condenser (see condenser) 
electret (see electrets) 
shell (dielectric) in uniform field 164 
Spheroid, isolated go 
Stream-lines and stream-tubes 202 
Strength of a tube of induction 
electnc 19 
magnetic 272 
Susceptibility 
electric 145 
magnetic 277 
Systems, electrical 
with inductance and capacity 373, 
39! 
with mutual inductance 392, 396 
of insulated conductors 44-55 


Tension 
electric 32-35 
magnetic 274 
Thermal effect, reversible, in dielectrics 
168 
Thermal e.m.f.s 246 
Thermocouple 246 
Thermoelectric 
diagram 256, 260 
line 253 


INDEX, 


Thermoelectric 
power 250 
Thermoelement 246 
Thomson effect 247 
Time constant 375, 376 
Toroid, field and inductance of 312, 354 
Transformer 392 
Tubes of intensity, etc. 
electric 14 
magnetic 271 


Units 
electromagnetic systems 290, 416 
electrostatic systems 290, 415 
practical 421 
ratio of ES and EM 420 
table of 419 


Vector product 287 
Vibrator 449 
Voltage 14 
Voltages, superposition of 27, 217 
Voltaic cell, reversible 
flux of energy in 444 
von Helmholz’s theory of 261 


Waves, electric 448 
along wires 468 
in non-conducting dielectric 453, 458 
in conducting media 462 
reflection of 460 
standing 460-462 
stresses in 471 
Wheatstone’s bridge 223 
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